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Wide Band Transmission Over Balanced Circuits * 
By A. B. CLARK 

In a recent paper 1 amplifiers capable of handling frequency band widths 
of the order of 1,000 kc. or more are described, tagether with terminal 
apparatus for effectively utilizing these wide bands for telephone, telegraph 
and television purposes. The paper confines itself to the coaxial line 
structure for transmitting these wide frequency ranges but points out that 
broad-band transmission is also applicable to balanced conductor systems. 
The present paper discusses briefly some of the possibilities of the more 
familiar balanced < ircuits, circuits more or less as they now exist in the 
present plant being first considered, following which are circuits obtained 
by new construction. vVide-band transmission over balanced circuits offers 
interesting possibilities both for circuits in the present plant and for new 
construction. 

A HIGH degree of electrical balance 2 has been for a long time a 
fundamental requirement of telephone transmission lines. This 

has been required not only to prevent interference entering into tele
phone circuits from other types of electrical circuits but also to prevent 
mutual interference between the closely adjacent telephone circuits on 
open-wire lines or in cables. 

In the central offices, to be sure, unbalance in apparatus has been 
frequently employed for simplicity and convenience. In toll circuits, 
however, such office unbalance has been electrically separated from the 
outside plant by the use of repeating coils or otherwise. In local cir
cuits the high standard of balance required for toll circuits has not 
generally been necessary since the exposures to interfering fields are less 
severe and the range of speech levels is much smaller. However, when 
local circuits are connected to toll circuits the unbalances are kept 
electrically separated from the toll circuits by the use of repeating coils. 
In recent years the tendency to the use of lügher frequencies in com-

* Published in January, 1935 issue of Electrical Engineering. Scheduled for pres
entation at Winter Convention of A. I. E. E., New York City, January 22-25, 1935. 

1 "Systems for Wide-Band Transmission Over Coaxial Lines" by L. Espenschied 
and M. E. Strieby, Elec. Engg., October, 1934; Bell Sys. Tech. Jour., October, 1934. 

2 As used here, the term electrical balance refers to the two sides of a telephone 
circuit. To secure such balance, the aim has been to construct the go and return 
conductors of each circuit of the same gauge and material and to locate them sym
metrically with respect to earth and to surrounding conductors. The aim has also 
been to apply to each circuit terminal apparatus symmetrical with respect to its 
series impedances and shunt admittances to ground. 

1 
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municat ion circuits, the increase in the strength of interfering fields and 
the development of highly efficient amplifiers has led to constantly more 
exacting requirements in electrical balance of telephone circuits. 

The development of multichannel systems by carrier methods em
ploying constan·t ly increasing frequency ranges has placed particularly 
exacting requi rements on such electrical balance. In a recent paper, 
"Carrier in Cable," 3 are described the balancing methods which have 
been developed to permit the use of an increased frequency range in 
such cables. The recently published paper, "Systems for \Vide Band 
Transmission Over Coaxial Lines" 1 points out the possibilities and 
possible requirements for very much wider frequency ranges. In that 
paper, coaxial lines are proposed which are particularly interesting in 
that they abandon electrical balance altogether and depend entirely on 
metallic shielding. 

For such wide frequency range transmission, very interesting and 
important questions are raised, first as to the extent to which such wide 
bands can be placed on existing types of structure which are based on 
balance and, second, as to whether new construction designed par
ticularly for such wide bands should depend on balance or shielding 
alone or a combination of the two. It is the purpose of this present 
paper to discuss these questions. 

As noted in the Espenschied-Strieby paper, the apparatus described 
for broad-band transmission on concentric structures would also serve 
for other types of line structures. There would, of course, be problems 
in either balancing the apparatus or isolating its unbalances from the 
line structure. For the purposes of the present paper it is assumed 
that there will be no important reaction from the apparatus stand
point on this consideration of line balance and shielding. 

EXISTING CABLES 

The attenuation of pairs in existing cables has a characteristic with 
respect to frequency generally similar tothat of coaxial conductors but 
is, naturally, considerably higher because of the smaller physical di
mensions and higher dielectric Iosses of the cable pair. For example, 
a t a million cycles an ordinary 19-guage cable pair has an attenuation of 
about 18 db pcr mile, an ordinary 16-gauge pair about 14 db per mile, 
whilc a small-sized coaxial structure has an attenuation of about 6 db 
per milc. This means more repeaters for the cable pairs, threc times as 
man y for 19-gauge and a little more than twicc as many for 16-gauge. 
Also, it means morc clifficulty in maintaining stability of transmission, 

3 1\ . B. Cla rk a nd B. \V. Kcnda ll , li /er . I~ngg., Juh-, 1933; Bell Sys. Teclr. Jour., 
j ul y, 1CJ33. · 
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including overcoming of the variations due to the effect of temperature 
changes. 

Stable and highly linear repeater gain can b~ produced so readily 
now-a-days, thanks to the negative feedback amplifier invented by 
Mr. H. S. Black,4 that the idea of such high attenuations is no Ionger 
appalling even though on 16-gauge pairs it means repeaters spaced only 
about four miles apart. Overcoming the transmission variations due 
to temperature with automatic regulators introduces no fundamentally 
new problems, but, of course, the complexity and precision of regulation 
must be considerably higher due to the considerably larger variations. 

Crosstalk, of course, must be given special consideration. First of 
all, it is necessary to restriet transmission of a given high-frequency 
band to only one direction in a single cable; the other direction must be 
supplied by another cable 3 or other separate transmission medium. 

Considering transmission in one direction only, if only one pair in a 
cable is set aside for high-frequency transmission of, say, a million
cycle band, most, but not all, of the crosstalk difficulty can be avoided. 
However, the fact must be reckoned with that if one pair in a cable is 
singled out and an amplifier is applied having 60 db or more gain at a 
point intermediate between voice-frequency repeater stations, the 
amplifier will have a strong tendency to sing due to crosstalk between 
the pairs connected to the input and output and the other pairs in the 
cable. If two cables are available, this difficulty can be avoided by 
jumping from one cable to another every time the high-frequency 
amplification is introduced. If two cables are not available, overcom
ing the difficulty may call for the insertion of high-frequency choking 
devices in some or all of the low-frequency cable conductors at points 
where high-frequency amplification is introduced. 

Considering now crosstalk between two circuits in a cable trans
mitting in the same direction, assuming the amplifier difficulty to have 
been overcome, tests have been made on various cables in the field 
from which these conclusions have been drawn. For telephone 
message purposes it is probably uneconomical to apply million~cycle 
frequency ranges to more than a single pair in an existing cable. 
However, with television, the crosstalk requirements are much less 
exacting. This is because the range of intensities necessary for a good 
television image is much less than is needed to accommodate message 
telephone subscribers and, therefore, a considerably !arger ratio of 
extraneous current to maximum signal current can be tolerated. 
Tests indicate that two or more television channels, each a million 

4 "Stabilized Feedback Amplifiers," H. S. Black, E /cc. Engg., January, 1934: 
Bell Sys. Tech. Jour., January, 1934. 
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cycles wide (possibly wider), can be transmitted over separate properly 
arranged pairs in thc same direction in a single existing cable without 
serious disturbancc due to crosstalk. 

\Vith respect ·to noise in existing cables, the matter of principal con
cern is noise produccd in telephonc offices by apparatus working on 
other circuits, since the natural shielding afforded by the cable sheath 
largely eliminates noise from outside sources. Two methods are avail
able for control of the noise produced in telephone offices: (1) Intro
duction of high-frequency choking devices in all wires not assigned to 
carrier service at the points where the cables enter offices in which noise 
is produced; (2) Attack on noise at points where it is produced by in
troduction of spark-killers and individual high-frequency choking 
devices. The lenient noise-to-signal ratio requirement for television 
mentioned above makes high-frequency television application much 
easier than message telephone. 

\Vhile a million-cycle frequency range over more than one pair in an 
existing cable seems unlikely for telephone message purposes, there are 
interesting possibilities in the use of lower maximum frequencies. For 
example, it seems likely that twelve same-directional telephone chan
nels may be obtained from each one of a large fraction of the pairs in 
existing toll cables and that the crosstalk between the pairs may be kept 
within proper bounds by simple balancing methods previously de
scribed.3 

ÜPEN \VIRE 

\Vith open wire, conditions are just about the reverse of those with 
cable. A mile of open wire has an attenuation of only about 1 db at a 
million cycles as compared to 6 db for the small-sized coaxial. How
ever, overcoming crosstalk between different pairs of wires on a pole 
line presents very formidable problems while avoiding interference from 
and to radio systems may be even more formidable. 

The attenuation of opcn-wire pairs has been checked up to several 
million cycles and it has been found that it behaves as expected. \Vhen 
there is little crosstalk from the high-frequency band to other wires in 
the Iead the attenuation-frequency characteristic is smooth; when 
thcre is scvere crosstalk, thc characteristic is bumpy. For a given 
length of circuit the attenuation is small compared with that of the 
small-sized coaxial, and the variation due to changing weather condi
tions is also small- about one-third that of the coaxial. It is interest
ing to notc, howevcr, that the percentage change in attenuation for the 
coaxial is le~s than half that for the open-wire line. \Vhile it is, of 
course, evident that the open-wire transmission variations depend in 
part on changes in the scries resistance of thc wires due to changing 
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temperature and in part to changes in leakage and capacitance due to 
varying weather conditions, automatic transmission regulating systems 
similar in general principles to those already developed for other pur
poses should be adequate to maintain the requirecl stability. 

Crosstalk between different circuits becomes so severe at high 
frequencies that special transposition treatment or respacing of the 
wires becomes necessary.· l\1inimizing interference from and to 
radio systems calls for a high degree of balance which may or may not 
dictate changes in the wire configuration. Here again it is necessary to 
distinguish between the requirements for television and for message 
telephone. Tests indicate that, in view of the more lenient television 
requirements, several million-cycle television channels can be trans
mitted over different pairs of a single open-wire line without serious 
disturbance and that to do this it will not be necessary to make radical 
changes in present wire configurations. 

NEW CABLES 

For new construction, if television is not considered, effective carrier 
telephone systems may be set up by various methods. One might be a 
very broad-band method, a good example of which is given in the 
Espenschied-Strieby paper. 1 Another might be a much narrower band 
method using conductors similar to those in an ordinary cable. In the 
one case many telephone channels are obtained from a single pair by 
dividing up a frequency range, say one million cycles wide, into some
what more than 200 channels. In the other case only 20 odd channels 
are obtained per pair of wires and use is made of 10 pairs of wires 
to obtain the sametotal number. I t is too early to say which of these 
plans might be best under various practical conditions. 

To meet future television needs, it may be necessary to provide for 
transmission of continuous frequency bands a million cycles in width or 
wider. It is interesting to compare the coaxial with balanced pairs 
surrounded by individual shields for such transmission. 

For 6 db loss per mile at a million cycles, it works out that a solid 
copper coaxial unit with the rubber disc insulation described in the 
Espenschied-Strieby paper 1 has an internal diameter (inside of shield) 
of about 0.25 inch. For the same attenuation a pair of wires, each the 
same size as the central wire in the coaxial unit (70 mils diameter), 
insulated with rubber discs and with a copper shield, will have an inside 
diameter under the shield of about 0.4 inch. For outside conductors 
or shields made of Iead the inside diameters become about 0.4 inch for 
the coaxial and 0.5 inch for the balanced pair. Therefore, if the thick
ness of the outer conductor is determined by mechanical considerations 
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rather than outside interference, the coaxial is smaller and cheaper. 
As the frequency is made higher, the shielding from outside interference 
afforded by the surrounding cylinder increases, so that at Yery high 
frequencies mechanic-al considerations alone control and the coaxial is 
clearly eheaper than the balanced shielded pair. 

In the frequency range up to about a million cycles, however, inter
ference from outside sources, including natural static and radio, must be 
considered in determining the thickness of the surrounding cylinder and 
the cost comparison is not so clear. I t will be evident that as regards 
shielding, the balanced pair is at a large advantage because the two 
sides of the circuit are designed to be electrically similar. By proper 
care in manufacture this balance can readily be rnade sufficient to in
sure adequate shielding with a surrounding Iead tube of thickness de
termined solely by mechanical considerations. 

\Vith a coaxial structure, however, it appears likely that to keep 
interference within proper bounds, a simple Iead tube must be rnade 
considerably thicker than required by mechanical considerations, so 
that such a structure would probably be rnore expensive than a Iead 
shielded pair. However, by adding other materials an adequately 
shielded coaxial unit can be constructed which will have a considerably 
thinner outside wall. 

For example, there is described in the Espenschied-Strieby paper 1 a 
coaxial unit in which the inside diameter is minimized by first using 
copper tapes, the thickness of wall is minimized by adding thin iron 
tapes and the whole is made waterproof by a thin surrounding Iead 
tube. This results in a unit of smaller inside and outside diameters 
than those of a Iead tube surrounding a balanced pair of like attenua
tion. Since, however, the wall of the coaxial is thicker and the struc
ture more complicated, the costs of the two units are estimated to be 
not greatly different when they are designed for the frequency range 
up to a million cycles. A minor advantage for the balanced pair re
mains, however, in that, whatever may be the top frequency, there is no 
Iimitation as to the Iowest frequency permissible for interference 
reasons. 

In the above discussion of new cable construction the amplifiers and 
transmission regulators required have not been mentioned. lf similar 
cond ucting and insulating materials are used, shielded balanced pairs 
and coaxials have similar transmission-frequency characteristics. The 
variations with temperature arealso similar. The factors which Iimit 
the overall amplifications arealso the same. There is only one impor
tant point of difference between the amplifiers requircd for the two 
systems. This is the necessity for input and output transformerstobe 
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balanced to ground with the balanced pairs. The excellence of balance 
required, of course, depends on the extent to which balance is relied on 
to reduce the required thickness of sheath. In view of the fact that 
very thin sheaths are impracticable for mechanical reasons it appears 
probable that only very modest requirements as to balancc need hc 
imposed on the design of these transformers. 

To proviele several circuits in new cables for meeting wide-bancl 
television needs, another methocl may be considered, that is, to proviele 
balanced pairs considerably larger in size than ordinary pairs and with 
the rubber disc form of construction, or other form giving low dielectric 
losses, but with no shields at all around the individual pairs. Shielding 
from outside disturbances would be adequately provided by the outside 
lead sheath of the cable. Crosstalk between different pairs would be 
the principal concern. If all of the high-frequency pairs were to be 
used for television transmission, the crossta:Ik requirements, as already 
mentioned, would not be severe, so that by careful design the crosstalk 
could readily be kept within proper bounds-of course, restricting 
transmission of ali wide-frequency bands to a single direction within a 
single sheath. Such high-frequency balanced pairs might prove suit
able for telephone message circuits also. If not, the high-frequency 
pairs would be restricted to television only, and other pairs, worked at 
lower frequencies, would be provided for telephone message service. 

SUMMARY 

I t appears feasible und er certain conditions to transmit continuous 
frequency ranges of 1,000,000 cycles or more over conductors in the 
existing telephone plant. This may some day prove very important, 
particularly if the art of television develops to the point of calling for 
such wide frequency range circuits to carry television impulses around 
the country as sound programs are now carried. 

For new construction, the balanced type of circuit, as weil as the 
unbalanced coaxial circuit, offers many interesting possibilities. 



A Survey of Magnetic Materials in Relation to Structure* 

By W. C. ELLIS and EARLE E. SCHUMACHER 

The structure dependence of magnetic characteristics of the more im
portant magnetic materials is uiscussed. The natural grouping into soft 
magnetic materials and hard or permanent magnet materials is used. In 
the first group are: magnetic iron, silicon steel and the alloys of iron, nicke! 
and cobalt. The latter group includes the well-known carbon and alloy 
steels, and also the newly developed precipitation hardening a-solid solution 
types. Examples of the latter are the iron-nickel-aluminum and the iron
cobalt-molvbdenum allovs. 

In discussing the properties, the relationship to structure is emphasized. 
With the soft magnetic materials purification and the development of proper 
structural configuration are important. The special metallurgical control 
required to produce .certain magnetic materials in dust form is described. 
The generalization is made that permanent magnet characteristics are due to 
precipitation effects resulting from decomposition of supersaturated solid 
solutions. 

INTRODUCTION 

M AGNETIC materials may be classified according to properties 
into two groups: (1) soft magnetic materials, and (2) hard or 

permanent magnet materials. The differences in properties of the two 
groups are illustrated in Fig. 1, which shows typical magnetization 
cycles for the two types. The dashed line is a normal magnetization 
curve while the closed full line is known as the hysteresis loop. 

A soft magnetic material is, in general, characterized by a steeply 
a~cending magnetization curve; that is, large values of flux density are 
produced by small magnetizing forces. For certain applications where 
the ftux density is low, the initial portion of the curve is important. 
For intermediate flux density applications the steeply ascending portion 
is of paramount interest while for higher densities, the upper portion is 
of prime importance. 

Another term which is widely used in discussing soft magnetic ma
terials is permeability. The permeability at a given flux density is the 
slope of the straight line joining that point on the magnetization curve 
with the origin. Algcbraically, it is the ratio of the flux density, B, to 
the magnetizing force, 11. It varies with the ftux density, and for soft 
magnetic materials at low magnetizing forccs, is a largc quantity. The 
permeabilities usually reportecl in discussing magnetic properties are 
the initial permcability, fJ.o, and the maximum permeability, f.l.max.· The 
initial permeability is the initial slope of the magnetization curve. The 

* l'uhlishcu in Metals and Alloys, first part in Dcccmhcr 1 93-l issuc, sccond and 
cuncluding part in January 1935 issuc. 

8 
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maximum permeability is the maximum value that the ratio B/H 
attains. 

Hysteresis is also of importance, especially in alternating current 
applications. The phenomenon of magnetic hysteresis results in a loss 
of energy in a magnetic material when the material is carried through a 
magnetization cycle. The loss of energy is proportional to the area 
of the hysteresis loop. In soft magnetic materials, the aim, in prac
tically all cases, is to keep this loss a minimum. 

A hard or permanent magnet material is characterized by a gradu
ally ascending magnetization curve; that is, the material at all magnet-

SOFT MAGNETIC MATERIAL 
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B= H+41TI 

HARD (PERMANENT) MAGNETIC MATERIAL 

B 
15,000 

).l = PERMEABILITY = ~ 
BR= RESIDUAL INDUCTION IN GAUSS 

He= COERCIVE FORCE IN OERSTEDS 

Fig. 1-Schematic representation comparing characteristics of soft and permanent 
magnet materials. 

izing forces has a relatively low permeability. To attain practical 
saturation is difficult, requiring in some alloys magnetizing forces of 
thousands of oersteds. The important properties are associated with 
the demagnetization curve, that portion of the hysteresis loop between 
points (1) and (2) in Fig. 1. In general the hysteresis loop in its en
tirety is of little importance. The constants usually determined in 
permanent magnet investigations are the residual induction, Br, and 
the coercive force, He. The product of these two quantities (Br He), 
which is roughly proportional to (BH)max. on the demagnetization 
curve, has been considered by some 1 as a quality index for permanent 
magnet materials. 
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Summarizing the general properties of soft and of hard magnetic 
materials, in the former, high maximum permeability is associated with 
low coercive force and a hysteresis loop of small area. In the latter, a 
low permeability is associated with a high coercive force and a large 
hysteresis loop. The range of properties which can be obtained in 
magnetic materials by alloying and other metallurgical control is most 
remarkable. Permeabilities from 1 to over 600,000 and coercive 
forces from 0.012 to 600 oersteds, are attainable. 

In manufacturing soft magnetic materials, the metallurgist strives 
constantlv to eliminate those chemical elements (impurities) which 
broaden the hysteresis loop, while in the case of the permanent magnet 
materials he intentionally adds certain of the same, or other elements, 
and resorts to heat treatments which broaden the loop. Some details 
of these procedures with weil known materials, and also with some 
more recently developed, are described in the following pages. 

SoFT l\1AGNETIC MATERIALS 

Magnetic Iron 

Of the ferromagnetic elements iron, nickel, and cobalt, iron, at the 
present time, is the only one of industrial importance as a soft magnetic 
material in the unalloyed condition. Throughout the last half century, 
a continual improvement in the magnetic quality of iron has been 
effected until at present, laboratory samples have been prepared with 
permeabilities 2 • 11 of over 200,000. Careful analysis of the data shows 
that this improvement has paralleled closely increases in the purity of 
the iron. 

Since the production of iron of high magnetic quality is of consider
able interest at this time, it seems worth while to examine, in some de
tail, the methods which have been used for producing high purity iron. 
l\1ethods which have been developed for the purification of iron, have, 
in each instance, removed from the iron, elements (impurities) which 
are harmful to easy magnetization. 

The elements which enter into iron as impurities may be grouped, 
structurally, into two classes: substitutional elements and interstitial 
elements. The substitutional elements exist in the iron structure at 
latticc points; that is, they substitute for iron atoms in the lattice 
shown in Fig. 2. These elements include most of the metals, for ex
amplc: nickel, cobalt, manganese and silicon. The interstitial elements 
cnter into the iron lattice at intermediate points; that is, they take 
positions in the structure between the iron atoms. Elements included 
in this classification are carbon, oxygen, and nitrogc11. It is these latter 
elements which, although present in small quantities, cause severe 
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strains in the lattice, and are believed, on this account, to be par
ticularly harmful to the magnetic softness. 

The solubilities of the interstitial elements at room temperature have 
been determined by a number of investigators. The most reliable 
values, which, because of the difficulties involved, probably should be 
considered tentative, place the room temperature solubility of carbon 
at approximately 0.008 per cent; 3 the solubility of oxygen at 0.01 per 
cent; 4 of nitrogen at 0.015 per cent; 5 and of sulfur at 0.015 per cent.. 6 

The solubilities of the interstitial elements vary with the tempera
ture, increasing, in general, at higher temperatures. Varying solu
bility provides the possibility of precipitation hardening, which, in the 
case of iron, results in magnetic hardening. It is this latter type of 

Interstitial Elements 

Carbon 
Oxygen 
Nitrogen 
Sulfur 

Iron Purification 

a Iron 

Substitutional Elements 

Nickel 
Cobalt 
Silicon 
Manganese 

Elimination of Interstitial Elements 

1. Addition of Sub
stitutional Element 

C (Sol. in Iron) +Si-+ 
C (Graphite) + Fe-Si 
0 +Si.- Si02 

2. Vacuum Melting 

C + 0.- CO 
FexNy .-Fe + N2 

3. Hydrogen Treatment 

C + H .- CH. 
0 + H .- H20 
N + H .- NH3 

S + H .- H~S 

Fig. 2-Schematic representation of methods of purifying iron for magnetic 
purposes. The lattice structure shown is that for a-iron. The iron atoms are 
located at the cube corners and at the center and are represented by the circles shown. 

hardening to which the magnetic aging of iron is attributed. This is 
possible because the supersaturated phasewill in most of these systems 
precipitate the interstitial element at room temperature in a form 
which produces severe strains with deleterious effects on magnetic 
softness. Because of their harmfu] effects, the purification of iron for 
soft magnetic purposes has been in the direction of eliminating these 
interstitial elements. The three methods of purification which have 
been used are illustrated in the chart shown in Fig. 2. 

The earliest method used was the addition in the molten state of a 
substitutional element which diminishes the harmful effect of inter
stitial elements in the iron lattice. Silicon* is an element beneficial in 

,.. Messrs. Barrett, Brown, and Hadfield 7 reported the magnetic properties of 
iron-silicon alloys in 1900. 1\Iore recent studies have been reported by Yensen.7 
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this respect. I ts action may be explained by postulating that its 
presence decreases the solubil ity of carbon in iron. The silicon enters 
the iron lattice as a substitutional element, and as such, is less harmful 
to the magnetic softness than the interstitial element, carbon, which is 
removed. Since silicon is also a strong deoxidizer, it will remove 
oxygen from the iron. These reactions do not completely eliminate the 
carbon and oxygen , and consequently, although a noticeable increase 
in magnetic softness is obtained, the high values of permeability 
achieved with the more efficient methods of purification are not 
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Fig. 3- A comparison of the magnetization curve of commercial 4 per cent silicon 
steel8 with that of Annco iron17 showing the superiority of the formerat low induction 
densitics. 

reached. The improvement attained by this treatment is illustrated 
in Fig. 3 by comparison of typical magnetization curves for armco 
iron 17 and for a commercial 4 per cent silicon steel. 8 

The second method of proclucing a purer iron consists of eliminating 
some of the harmful elements by melting in a high vacuum. 9 Und er 
these conditions, the residual carbon and oxygen in the iron will com
bine to form carbon monoxide, which is removed by the exhausting 
pumps. At the same time, due to the dissociation of the nitrides at the 
high temperature, the nitrogen is similarly removed. Again, the 
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reactions do not go to completion, and residual impurities remain. 
Another obvious disadvantage is the fact that it would be only acci
dental if oxygen and carbon were present in the iron in the right pro
portians to eliminate one another. If the oxygen and carbon contents 
of the raw materials are known, adjustments can theoretically be made 
by adding either carbon or iron oxide, but if such a process is in com
mercial operation, the writers are not aware of it. 

Yensen 9 reports a Iabaratory experiment in which this method of 
purification was used. A nurober of samples were prepared in high 
vacuum from electrolytic iron. To successive samples, increasing 
amounts of carbon were added to a maximum of 0.5 per cent. The 
maximum permeability increased with additions of carbon from ap
proximately 25,000 for the sample with no addition to a maximum of 
61,000 for a 0.06 per cent addition. From this value, the permeability 
dropped rapidly with further additions of carbon. The maximum 
value of 61,000 is explained as due to the fortuitous coincidence that the 
correct amounts of carbon and oxygen were present for optimum 
elimination. 

Vacuum melting and vacuum purification present some interesting 
possibilities in connection with the preparation of magnetic materials. 
Commercial vacuum melting has been developed in Germany at the 
Heraeus plant,10 where furnaces with capacities of 5 tons are in opera
tion. I t is stated that capacities of 20 to 30 tons can be achieved 
without large departures from the present designs. Vacuum melted 
metal is mechanically softer and works more readily than meta l pre
pared by ordinary melting procedures. For magnetic alloys, the com
bination of vacuum melting and casting provides facilities for preparing 
material without contamination by the atmosphere. There seems to 
be no reason why one cannot go further and actually carry on refining 
operations in the furnace. The future of vacuum melting and casting 
appears extrernely rich in possibilities, particularly for producing 
magnetic alloys where high purity is a primary consideration. 

The third method of purification of iron is by treatment with an 
element which reacts with the interstitial elements to form gases which 
are removed. Hydrogen has been used for this purpose by Cioffi, 11 

and the method has been described recently. The treatment is carried 
out at high temperatures between 1300° C. and the melting point of 
iron. Cioffi states that ordinary amounts of carbon, oxygen, nitrogen, 
sulfur and phosphorus are reduced to very small quantities by hy
drogen treatment. The excess hydrogen is either liberated as the metal 
cools, or, if it remains in the rnetal, is without harmful effects on the 
magnetic characteristics. A value of maximum permeability of 280,000 
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has been reported 11 for iron prepared in this manner. In Fig. 4 is re
produced a curve from the unpublished work of Cioffi showing the enor
maus improvement in magnetic softness achieved by the hydrogen 
treatment. 
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The mechanism of the purification is outlined by the reactions in 
Fig. 2. The carbon is climinated as a hydrocarbon gas, probably 
methane; the oxygen as water vapor; the nitrogen as ammonia or as 
nitrogen gas due to thermal dissociation of nitrides; the sulfur as 
hydrogen sulfidc; and the phosphorus probably as phosphine. The 
mostprobable explanation to account for the purification is that, at the 
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high temperatures, the impurities continually diffuse to the surface of 
the sample where the reaction with hydrogen occurs. Another 
possibility isthat the reactions occur within the body of the sample, in 
which case the hydrogen must diftuse in and the reaction products out. 
The first possibility appears the more promising in that the diffusion 
of reaction products through the iron samples would be difficult, since, 
in general, the products are rather !arge molecules. 

Another type of high purity iron which is being used for magnetic 
purposes is· carbonyl iron 12 manufactured by the I. G. Farbenindus
trie in Germany. It is prepared by first forming iron carbonyl under 
suitable conditions of temperature and pressure, and subsequently de
composing the carbonyl. For the best quality, the material is further 
purified by a low temperature hydrogen treatment. This iron is in the 
form of spherical particles, a few microns in diameter. 

One use for this material is in cores of high frequency inductance 
coils. The cores of such coils are prepared by pressing the insulated 
magnetic particles into the desired core shape. 

The material is also used in preparing iron sheet 13 and as an alloying 
constituent for the manufacture of iron-nickel alloy sheet.H The 
process of alloying consists of pressing the powders and sirrtering at a 
high temperature, followed by working and annealing in hydrogen or 
vacuum. Typical permeability values for iron sheet prepared in this 
manner are: f.J.o = 2000-3000; f.J.max. = 15,000. The values are de
cidedly lower than those for a Iabaratory sample of hydrogen-treated 
iron shown in Fig. 4. 

Iron Nickel Alloys 

No alloy system has been more fruitful in yielding interesting and 
useful magnetic alloys than that of iron and nickel. In this system, the 
three regions marked with arrows on the constitutional diagram in Fig. 
5 are of principal importance. 

In the proximity of 25 per cent of nicke!, which is the region of re
tarded phase change, alloys can be obtained at room temperaturein the 
non-ferromagnetic state. How this is accomplished is evident from a 
consideration of the constitutional diagram. The 'Y solid solution 
above the magnetic transformation is non-ferromagnetic while the a 

solid solution is ferromagnetic. When alloys in the region of 25 per 
cent nicke! are cooled, the transformation to the ferromagnetic state is 
not completed until temperatures below room temperature are reached. 
If the alloy is cooled until the ferromagnetic structure is obtained, the 
transformation to the non-ferromagnetic state does not occur on heat
ing until the temperature has reached approximately 600° C. 
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Elmen 11 has investigated alloys containing more than 30 per cent 
of nickel which are characterized by great magnetic softness and have 
been called "permalloys," 17 the name suggesting high permeability. 
These alloys in the region of 40-55 per cent nickel find industrial ap
plication assoft magnetic materials. They are used in telephone and 
radio transformers and telcphone relays. An alloy typical of this 
rcgion is thc one containing 45 per cent of nickel. A cun·e 15 showing 
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the permeability of this alloy is plotted in Fig. 6. From the data given 
on this curvc, the material exhibits an initial permeability of 2000 and 
a maximum permeability of 16,000. 

Another alloy in this rcgion is thc one containing 50 per cent of 
nickel which has becn investigatecl by Yensen. He has applicd the 
name "Hypcrnik" Hi to it. Yensen, by giving this material a spccial 
heat trcatmcnt, ohtaincd an initial permeability of 4000 and maximum 
pcrmeabi lit y of 70,000. 
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Arnold and Elmen 17 have investigated in great detail the alloys in 
the region of 70 to 80 per cent nickel. These alloys are used where 
extremely high initial permeabitity is required. One espccially in
teresting use is in the toading of submarine telegraph cable. An alloy 
typicat of this region is the one containing 78.5 per cent of nickel. 
Magnetization curves for this alloy after two different heat-treatments 
are compared with the curve for anneated a rmco iron in Fig. 7. In the 
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air-quenched condition, in which the alloy is magnetically the softer , 
typical vatues for the initial and maximum permeability are 7000 and 
65,000, respectivety. 

In comparing the properties of 45 per cent nicket and 78 per cent 
nicket alloys with reference to Fig. 6, the initial permeabitity is higher 
for the higher nicket alloy. Therefore, for very low magnctizing forces, 
the higher nicket alloy is characterized by higher flux densities. For 
higher magnetizing forces, the -!5 per cent alloy has more attractive 
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properties in that the flux density is higher. In addition , t he elect rical 
resistivity of the alloy is approximately three times that of the 78 per 
cent alloy. The electrical resist ivity is importa nt in alternating current 
applications since the eddy current loss in sheet of the same physical 
dimensions varies inversely with the electrical resistivity of the 
material. 

To the metallurgist t he effects of heat treatment in establishing the 
magnetic propert ies of iron-nickel alloys possess a great fascination . 
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T he effects in question a re illustrated by curves shown in Fig. 8. In 
q1e region of 78 per cent nickel, the maximum magnetic softness is ex
hibited after air-quenching, while increases in magnetic hardness are 
obta ined after annealing or baking for extended ti mes at low tempera
t ures. The compositions near 50 per cent nickel are not as much af
fected by heat treatment. 

E lrnen 17 attributed t he heat treating effect to the separation of the 
homogeneaus phase, stable at high t emperatures, into two phases on 
slow cooling. The two phase structure under these conditions would 
be less magnetic. l\1ore recentl y in Germany, investigators 18 have 
advanced the a na lysis by postula ting that in the region of 76 per cent 
n ickel, where the ratio of iron to nickel a toms is 1: 3, thc alloy can exist 
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in two states: one, a solid solution state in which the atoms of iron and 
nickel are in a disordered distribution; and two, a state in which the 
iron and nicket atoms are regularly distributed. 
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In the disordered distribution the lattice points are fixed but the 
atom positions are not; that is, any lattice point may be occupied by 
either an iron or nicket atom. In the regular or ordered distribution, 
the lattice points are fixed and also the atom positions. The second 
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arrangemcnt may be clearer to some if it is considered a "compound," 
although strictly spcaking, the arrangement does not correspond to a 
compound in the chemical sense. The regular arrangement is now 
ordinarily called a "superlattice" or a "superstructure," and as such. 
will be designatcd in this paper. If it is clearer to the reader, he may 
substitute for the term "superlattice" or "superstructure," the term 
"compound" without great sacrifice in the sense of the discussion. 

\Yith this picture in mind, the effect of heat treatment is immediately 
evident. Rapid cooling prevents the formation of the ~~ superlattice" 
arrangement, which occurs somewhere in the region of 500° C., and a 
disordered distribution of atoms is retained. This is the distribution 
possessing the higher magnetic permeabilities. Slow cooling or baking 
promotes the transformation to a superlattice of lower magnetic 
quality. 

Heat treatment effects are much less in the alloys in the region of 50 
per cent nickel, andin fact would not be expected, since a face centered 
cubic binary alloy with the atomic ratio of 1: 1 would not be expected to 
have a special structure (superstructure). 

The hypothesis of superlattice formation in the 7 5 per cent nicke! 
region is supported further by the effect of heat treatment on other 
physical characteristics, for example the electrical resistivity and the 
tensile strength. That such special structures are formed in the solid 
states is weil established from detailed studies of the copper-gold 
system.19 Unfortunately, in the nickel-iron system where the nicke! 
and iron atoms are so near in at01nic number, the detection of super
structure by x-ray methods appears, at the present time, a difficult task. 

The effcct of heat treatment and the general magnetic softness of 
iron-nickel alloys in the region of 7 5 per cent nicke! may be explained 
by another hypothesis which returns for its basis to the considerations 
sct forth in the section on high purity iron. The improvement in 
magnetic softness may be attributed, first, to the effect of nicke! in 
decreasing the residual quantities of interstitial elements originally 
present 1111ron. \\7hethcr or not such an effect is present awaits a care
ful investigation of the intcrstitial element contcnt of iron-nickel 
alloys. Secondly, assuming the interstitial elements the responsible 
factors, the effect 20 of heat treatment on magnetic quality can be ex
plaincd in that thc quench (rapid cooling) retains the residual elcments 
in solution, while slow cooling permits precipitation in a form more 
delcterious to magnetic quality. 

The t\"vo hypotheses possess intercsting possibilities, but it appears 
that further invcstigation will be required bcfore thc structural rela
tionships arc definitely established. 
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The permalloys in the region of 7 5 per cent nickcl have been further 
modified by the addition of third elements 17 which are non-ferro
magnetic. :i\Iolybdenum and chromium are elements of this nature 
which confer on the alloys certain characteristics of sufficient interest 
to warrant discussion. The effects of molybdenum and chromium on 
the magnetic quality are shown in Fig. 9, which indicates that higher 
initial permeabilities may be expected with the ternary alloys. The 
addition of a third element increases the electrical resistivity of the 
alloy. This is of importance in alternating current applications where 
eddy current losses are a consideration. In commercial manufacture 
the third element is particularly valuable, since it decreases the sensi-
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Fig. 9-Permeability curves obtained for laboratories' samples comparing the 
properties of chromium permalloy and molybdenum permalloy with those of standard 
permalloy-Elmen 17• 

tivity of the magnetic properties of the alloy to the rate of cooling after 
annealing and, in fact, permits the attaining of high permeabilities with 
slow cooling. The significance of this from a structural viewpoint is 
that the third element keeps the iron and nicke! atoms in a disordered 
distribution. 

Iron-nickel alloys have a limited field of application in the form of 
thin tape in the hard rolled condition. A representative material is 
one containing from 30 to 70 per cent nicke! and, in addition, a few per 
cent of aluminum or copper, which in the hard rolled condition has been 
called "isoperm." 21 The material is reported to have a low perme
ability of 50 to 7 5, which is fairlY. constant over a range of magnetizing 
forces of 0-10 oersteds. Laminated cores of this material have prop-
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erties similar, but somewhat inferior to, those of magnetic dust cores 27 

which are described in a later section of the paper. 

Jron-Cobalt Alloys 

Iran-cobalt alloys in the region of 50 per cent cobalt are of impor
tance for magnetic purposes because of the high values of flux densities 
obtained with medium magnetizing forces. The desirable magnetic 
properties of the alloy containing 50 per cent cobalt were first reported 
by one 22 of the authors. A very complete investigation of alloys o\·er 
the whole range of cobalt contents has been described by Elmen Ji 

from whose paper the curves shown in Fig, 10 are taken. \Vith 
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magnctizing forces from 5 to over 1500 oersteds the intrinsic induction 
is greater than that obtained with iron. 

Because of anomalies in properties of the alloys in the rcgion of 50 
pcr ccnt cobalt, thc structural features of the alloys becomc of intercst. 
In addition to the maximum in intrinsic inrluction, the clectrical con-
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ductivity in this region at room temperature is greater than that of 
either of the components. The anomalous behavior was attributecl 
several years ago by one of the authors, 22 not to compound formation, 
but to a "peculiar solid solution." Kussman, Scharnow and Schulze 22 

in a recent paper attribute the effects to the formation of superstructure 
in the body centered lattice which exists at this point. This, in a sense, 
is an extension of the earlier explanation. Here again, it appears that 
further work is warranted and is required before the structure is 
completely understood. 

In connection with the metallurgy of the 50-50 iron-cobalt alloy, 
there are some interesting considerations. The binary alloy can be 
worked hot, but is extremely brittle when cold. This imposes definite 
limitations where thin sheet produced by cold rolling is required. The 
Iimitation can be overcome by adding a few percent of vanadium 23 to 
the composition. This alloy can be worked hot, and after a quench 
from a high temperature, also can be cold-rolled to thin sheet. The 
magnetic characteristics are not greatly affected by the vanadium, 
provided the addi tion is small. 

The structural changes resulting from the additions of vanadium are 
not clearly understood. I t is known that vanadium retards the trans
formation which occurs in these alloys at approximately 900° C. and 
therein lies a possible explanation for its action. The high temperature 
modification is malleable as shown by satisfactory hot working prop
erties. By quenching, sufficient of this modification may be preserved 
at room temperature, when vanadium is present, to permit cold rolling. 

Iron-Cobalt-Nickel Alloys 

In the ternary system, iron-cobalt-nickel, is a region in which the 
alloys exhibit an unusual and useful property, namely, constant perme
ability in low fields. Because of this characteristic, alloys in this region 
have been named perminvars. 24 A typical alloy with marked permin
var characteristics contains 45 per cent nickel, 25 per cent cobalt and 
30 per cent iron. The effects of heat treatment are illustrated in Fig. 
11. The effect on the magnetization curve of air quenching, annealing, 
and baking at a Iow temperature is shown for this typical alloy. The 
extension of constant permeability to higher magnetizing forces by a 
low temperature bake is clearly demonstrated. 

The constancy of permeability in perminvar has been explained in 
one hypothesis as due to the presence of two constituents in the alloy, 
one a soft magnetic material, the other a hard magnetic material. The 
experimental evidence for this hypothesis is derived largely from the 
constricted hysteresis loops which are obtained for these alloys after a 
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baking treatment. A similar type of constricted loop can be obtained 
in a magnetic sample which is composed ofthin parallel sheets of a soft 
and of a hard magnetic material magnet ized longitudina lly. 

It may be that the two constituents result from a process similar to 
that described · for the iron-nickel a lloys in t he region of 7 5 per cen t 
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nickel. In line with this, t he baki ng treatmen t m ay for m a supcr
structure 2'

1 which is magnetically hard, but to a greater degree, t han 
the one in the binary iron-nickel alloys. I t is probable t ha t t he similar 
effects of heat trcatments in the h inary and ternary al loys are due to 
similar structural transformations. 



l.fAGNETIC MATERIALS IN RELATION TO STRUCTURE 25 

Heat Treatment of J..Iagnetic J..Iaterial in J..Iagnetic Field 25 

Recently it has been reported that radical changes have been pro
duced in the magnetic properties of some ferro-magnetic alloys by heat 
treatment in a magnetic field. For example, the maximum perme
ability of the permalloy containing 65 per cent of nickel has been in-

Fig. 12-Structure of an iron-nickel alloy, as cast, containing 80 per cent nicke! 
and 0.030 per cent sulphur. The sulfide constituent exists as a brittle film surround
ing the crystallites. l\iag. 2000 X. 

creased from 10,000 to 250,000 by heating to 700° C. and cooling 
slowly in a field of 15 oersteds. The maximum permeability has been 
further increased to 600,000 by so treating a specimen which had 
previously been treated in hydrogen at 1400° C. This value of max
imum permeability is the highest which has been reported for any 
ferromagnetic material. 
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In thc iron-cobalt-nickel alloys, high val ues of maximum permea
hility are also generally obtaincd by such a heat treatment, pro,·ided 
tht> magnctic change point is higher than about 500° C. Another 
fcature in connection with this special heat treatment is that the heat
trcated specimens have hysteresis loops which tend to have sharp 
corners and vertical sides. 

An interesting explanation for the effect of heat treatment in a 
magnetic field is given by Bozorth.25 According to modern magnetic 
theory, when a specimen is cooled through the Curie point in the 
absence of an applied field, small regions or domains are magnetized to 
saturationindefinite directions. The specimen in its entirety exhibits 
no external magnetic effects since the vector sum of the· individual 
effects would be nearly zero and not detectable. The magnetization of 
the domains produces internal strains in the material due to lengthening 
in one direction and contraction at right angles (magnetostriction). 
By the application of an e.xternal magnetic field in the temperature 
region near to, but below, the Curie point, (1) the magnetic domains 
are oriented nearly in the direction of the applied field, and (2) the 
internal strains which were introduced by the local magnetization at the 
Curie point are removed by plastic ftow of the sur;ounding domains. 
For this to occur, the temperature of Curie point must be higher than 
that at which plastic flow begins. Subsequent application of an ex
ternal magnetic field at room temperature in the direction of, or op
posite to, the direction of the magnetization at the higher temperature 
introduces no strains in the material tending to decrease the ease of 
magnetization. For that reason relatively higher permeabilities are 
obtained than with material heat treated in the absence of a field, in 
which case opposing strains are present. 

The theory also offers another e.xplanation for the effects of heat 
treatment on the permalloys in the region of 75 per cent nicke!. This 
cxplanation will not be discussed further here except to say that it is 
conccrned with the same magnetostrictive strains as havc bcen 
mentioned above. 

Thc fundamental idea of the theory proposed to account for the 
cffccts of heat trcatmcnt in a magnetic field, and the general effects of 
heat treatment on certain ferromagnetic materials, isthat the magneto
striction associatecJ with the local maguetization in the domains is 
sufficient to cause plastic ftow. Experimental data indicate that the 
magnetostrictivc strcss is sufficient to cause such plastic ftow at about 
the tempcrature which is known tobe critical for the hcat trea~mcnt of 
the permalloys. 
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Ileus/er Alloys 

One of the most interesting groups of magnetic materials comprises 
the Heusler alloys 26 which are ferromagnetic although composed of 
non-ferromagnetic elements. A representative alloy ofthistype is one 
containing copper, manganese, and aluminum. The magnetic prop
erties are associated with the composition Cu2l\1nAl, since the magnetic 
intensity of the alloys varies in proportion to the amount of this phase. 
These properties also depend upon structure. 26 Tbe ferromagnetic 
condition is obtained by quenching the alloy from approximately 
800° C. This treatment produces a body centered cubic structure 
with a face centered superlattice. l\1anganese is essential to the com
position; copper may be replaced by silver; 26 aluminum by other triva
lent or tetravalent elements-for example, tin. 

Although possessing no properties of commercial utility, the alloys 
are extremely important in relation to magnetic theory. For those 
who may be particularly interested, a rather complete list 26 of recent 
papers on the subject is given in the references. 

Summary oj A1agnetic Characteristics oj Sheet J.lJaterials 

There are now available for magnetic purposes a large nurober of 
materials which are suitable for use over different ranges of magnetizing 
force and at different flux densities. In summarizing properties, the 
materials are grouped according to their adaptability at different 
magnetizing forces. 

For low forces, where very high permeabilities are required, as in 
some signal apparatus, 78-permalloy is a suitable material. Molyb
denum or chromium permalloy has properties similar to those of 
78-permalloy but has higher initial permeability, is more readily heat
treated and is to be preferred for alternating current applications be
cause of the higher resistivity. Hydrogen-treated iron at low mag
netizing forces also has properties similar to those of the 78-permalloy. 

For small magnetizing forces where a constant permeability and very 
low hysteresis loss is required, the heat-treated perminvars are avail
able. The flux densities in cores of this type, if constant permeability 
and low hysteresis loss are retained, must be kept below 1000 gauss. 

For apparatus using higher magnetizing forces, iron-nickel alloys in 
the range of 40 to 55 per cent nickel, and the silicon steels are most 
suitable. These two materials are widely used in electric transformers. 

In the region of fields of 10 to 50 oersteds and high er, the 50-SO 
iron-cobalt and vanadium-modified alloy are attractive because of the 
high intrinsic induction of approximately 22,000 gauss. This superi
ority exists even in fields of over 1000 oersteds, but in the higher 
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ranges, the saturat ion value is approached by that of the less expensive 
material, magnetic iron. In connection with high flux density applica
t ions, the permalloys, the perminvars, and modified alloys of this 
character are of.little interest since they are saturated at comparatively 
low flux densities. 

The data given here are not sufncient to select a material for a spe
cific application since many other detailed properties must be con
sidered in connection with each individual problem. The materials 
which have been described, however, cover, in a generat manner, the 
entire range of magnetic fields. 

Jllagnetic Alloys in Dust Form 

For certain purposes where a substantially constant low permeability 
is desired, andin particular, for high frequency applications where eddy 
current Iosses are of consequence, it is desirable to produce the magnetic 
material in a fine powder, which is subsequently insulated and pressed 
into the desired core shape. One alloy prepared in this form is the 
permalloy 27 containing approximately 80 per cent of nickel. This is a 
material suited for use at audio frequencies, for example in the cores 
of loading coils. 

The alloy may be prepared in powdered form by a nurober of 
methods. In one method, which is essentially metallurgical in nature, 
advantage is taken of the effect of small amounts of added elements.27 

I t has been found that the addition of a few thousandths of a per cent 
of sulfur to the iron-nickel alloy containing approximately 80 per cent 
of nicke] produces a structure which can be hot-rolled to a small section, 
but which when cold, is exceedingly brittle and can be pulverized to a 
fine dust. The presence of other elements in small amounts also 
affects the properties of the alloy. One element, manganese, has an 
effect opposite to that of sulfur, and if present in sufficiently large 
amounts, nullifies the action of sulfur by producing a tough and 
malleable casting. 

The structural behavior of sulfur and manganese in permalloy is 
interesting in explaining the embrittling action. Sulfur exists in the 
structure as microscopic films of complex sulficles at the crystallite 
bounclarics as illustrated in Fig. 13. These films are brittle, and when 
they extend over the greater portion of the crystallite surface, procluce 
an interface of weakness permitting easy pulverization. Thc satis
factory hot-working properties can be explained in that at the high 
temperature, either the sulfide film is mallcable, or dissolves in the 
iron·nickel solid solution. If mangancse is addecl to an alloy contain
ing sulfur, the sulfidc constituent is blackened, loses its continuous 
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characteristics, and becomes agglomerated as is weil known in the case 
of iron and of nickel. In this form it has a minimum embrittling effect 
since contact between metallic crystallites exists over the greater pro
portion of the interface. The structure is illustrated in Fig. 14. lf 
sufficient manganese is present, alloys containing fairly high percent
ages of sulfur can not only be hot worked, but are malleable when cold. 

\ 

• . 
' 

Fig. 13-Structure of an iron-nickel alloy containing 80 per cent nicke! to which 
had been added 0.12 per cent sulphur and 1.05 per cent manganese. The sulfide 
constituent exists along the crystallite boundaries as grayish rounded inclusions. 
Mag. 2000 X. 

The production of magnetic dusts is unique as a metallurigcal process 
since the metallurgist is concerned with adding elements yielding a 
product which can be pulverized to a fine dust. Generally, the met
allurgist exercises his greatest ingenuity to produce ductility and 
malleability in the end product. 
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HARD l\'IAGNETIC ~IATERIALS ( P ERMANENT 1\IAG~ETS) 

Permanent magnet materials, as pointed out in the introduction to 
this paper, are characterized by properties different from those of the 
soft magnetic alloys. \Vith these materials, a high residual induction 
and high coercive force are required. Permanent magnets in use 
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Fig. 14-Effect of aging trcatment on typical iron-nickel-aluminum magnct alloys
Köster31. 

commercially at this time are steels. High intrinsic induction is as
sured by a high proportion of iron in the composition; the magnetic 
hardness is assured by the addition of carbon , which, when the stcel is 
suitably heat-treated, precipitates as a finely dispersed carbide 
throughout thc matrix. This finely clispersed prccipitate kcys the 
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structure and furnishes resistance to change in magnetic condition, a 
property which is measured as coercive force. 

Permanent Magnet Steels 

Many types of steel have been developed for magnet applications. 28 

The most important commercial ones are carbon-manganese, 1 per cent 
and higher chrome steels of which 3.5 chrome is typical, tungsten steel, 
and 35 per cent cobalt steel. Typical magnetic characteristics and 
required heat treatments are shown in Table I. 

TABLE I 

THE PROPERTIES OF PERMANENT MAGNET STEELS 

Typical Magnetic Characteristics 

Type of Steel Composition Heat Treatment 
Per Certt 

He B, llc X Br X 10-a 

Carbon-Manganese 
Steel .......... C-ü.60 Quenched 800° C. 40 9,000 360 

l\1n-0.80 in water 
Si-0.20 

Low Chrome Steel Cr-0.90 Quenched 800° C. 50 9,500 475 
C-0.60 in oil 

3.5% Chrome Steel Cr-3.5 Quenched 830° C. 68 9,500 645 
C-0.90 in oil 

Tungsten Steel .... \V-5.0 Quenched 845 ° C. 60 10,500 630 
C-0.7 in water 

35% Cobalt Steel. Co-35 Quenched 940° C. 220 9,500 2090 
W-7 in oil 
Cr-4 
C-0.75 

The heat treatment for the permanent magnet steels consists of a 
quench from a high temperature at which the carbon is in solution. 
During the period of cooling in the quench, the supersaturated solution 
precipitates the carbides. This is designated "quench hardening." 
The quenching treatment varies with the type of steel, but in general, 
quenching in either oil or water is used. In this connection, it is im
portant that the austenite transformation occur during the quench, 
since austenite is non-ferromagnetic and its presence will result in low 
values of residual induction. 

The carbon-manganese and 1 per cent chrome steels are the least 
expensive and enjoy a large use in low cost apparatus where space re
quirements are liberal. Typical values for coercive force and residual 
induction for these materials are 40-50 oersteds and 9000 to 9500 
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gauss. The 1 per cent chrome steel has the advantage over the carbon
manganese steel in t hat the desirable characteristics are produced by 
oil queuehing while the carbon-manganese steel is ordinarily water
hardencd. \Yater-hardening frequently results in cracked magncts 
and consequeritly a higher proportion of rejections. 

Of slightly higher quality are the 3.5 per cent chrome and the 5 per 
cent tungsten steels.* Typical values of coercive force are from 60 to 
iO oersteds, and of residual induction from 9500 to 10,500 gauss. In 
general, tungsten steel in the hardened condition has a higher residual 
induction than the other magnet steels. Tungsten steel requires 
water-quenching, while 3.5 chrome steel is oil-quenched. In addition, 
chrome steel is a somewhat lower cost material. For t!"lese reasons, in 
recent years it has been substituted to some extent in applications 
where tungsten steel was formerly used. 

The bestpermanent magnet steel in commercial use is the 35 per cent 
cobalt steel,29 a complex alloy which contains, in addition to the cobalt, 
tungsten, chromium and carbon. Typical values of coercive force and 
residual induction for this material are 220 oersteds and 9500 gauss. 
Although this material is decidedly superior in properties to the other 
magnet steels, because of high cost, its use is limited to applications 
where space curtailment and apparatus requirements eliminate the 
eheaper steels. 

New Developments in Permanent .Afagnet Alloys 

\Vithin the last five years, there have been a nurober of publica
tions 30 • 31 describing new materials which have properties of interest to 
engineers using permanent· magnets. These materials are alloys with 
no intentional carbon additions, and, hence, are a radical departure in 
this field. The new magnet alloys solidify as alpha-solid solutions 
which by suitable heat trcatment at a lower temperature dccompose 
precipitating sccond phases. Contrary to the casc with thc iron
carbon alloys, thc alpha-solid solution undergoes no phasc change with 
decrcasing temperaturc. Consequently thc alloys have a coarse grain 
while the hardeneo magnet steels have a fine grained structurc due to 
the intermediate phase change. 

The permanent magnet qualities, however, result from the same 
type of metallurgical reaction that occurs in the carbon steels, that is, a 
precipitation of a second phase which is dispersed throughout the 
alpha-solid solution. The useful properties are secured by the usual 
precipitation hardening treatments; either a quench from a high 

* A. commcndable dctailcd discussion of tungsten nngnet stcels is givcn by 
Grcgg m the rccent uook, i\lloys of lroll and TungstCI], p. 212, l\IcGraw llill, 193-!. 
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temperature during which precipitation occurs, or a quench followed by 
an aging treatment at almver temperature to produce the precipitation. 
Examples of alloys of this type are the iron-nickel-aluminum alloys, 
which have been described by Mishima.30 and the iron-cobalt-molyb
denum and iron-cobalt-tungsten alloys, which have been described by 
Seljesater and Rogers 31 and Köster.:n 

Iron-Nickel-Aluminum Alloys 

A representative composition of the alloys described by l\lishima :!0 

consists of 65 per cent iron, 25 per cent nicke] and 10 per cent aluminum. 
The composition may be further modified by the addition of manganese, 
vanadium, cobalt, chromium, tungsten, molybdenum, or copper. 

For the simple ternary alloy in the cast condition a coercive force of 
240 oersteds and a residual induction of 9600 gauss have been reported 
by Mishima.30 By slight modifications in compositions, coercive 
forces of over 500 oersteds in combination with residual inductions of 
approximately 9500 gauss are reported. Values for three l\1ishima 
alloys, presumably of different composition, have been reported recently 
by Steinhaus and Kussman 30 and are given below. 

Type of C0ercive Force 
l\Iishima Alloy Oersteds 

MK10 •. 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 0 0 0 0 0 0 0. 0. 660 
MK3 0. 0 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 •• -!40 
MKs 0 0 0 0. 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 0 0 0 •.•. 130 

Residual Induction 
Gauss 

7,600 
9,800 

10,800 

Köster 30 has investigated the ternary equilibrium conditions for the 
iron-nickel-aluminum alloys. In the range of compositions of interest 
for magnet purposes, a surface of solubility varying with the tempera
ture exists. It would be expected, therefore, that these alloys would 
be amenable to age hardening treatment. This has actually been 
demonstrated by Köster for the alloys of iron-nickel-aluminum. The 
curves shown in Fig. 14 are reproduced from his published data and will 
be recognized as demonstrating typical age hardening phenomena. 
The optimum aging temperature appears to be 700° C. 

The fact that Mishima obtained high permanent magnet quality in 
specimens in the cast condition can be explained in that the precipita
tion of the second phase occurs during the simple cooling of the casting. 
I t would be expected, therefore, that the magnet properties obtained 
would depend upon the casting dimensions and the rate of cooling. lf 
this is true, it might be desirable in some magnet structures to subse
quently heat treat the material to obtain uniform and reproducible 
results. 

The fact that precipitation occurs is indicated more completely by 
examination of the photomicrographs in Figs. 15 and 16 of a typical 
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iron-nickel-alumi.num alloy after quenching, and after quenching 
followed by aging at 1000° C. for 24 hours. There is no visual evidence 
of the second phase in the quenched specimen although some precipita
tion of submicroscopic particles undoubtedly has occurred. In the 
aged specimen, in Fig. 16, the second phase appears unmistakably . 
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Fig. 15-Typical structure of an iron-nickel-aluminum alloy, containing 25 per 
ccnt nicke! and 10 per cent aluminum, aftcr quenching from 1200° C. in oil. In this 
condition thc alloy has its optimum permanent magnct quality. 1\Iag. 125 X. 

I ron-Cobalt- .. U olybdenwn and I ron-Cobalt-Tungsten A lloys 

The age hardening characteristics of alloys in these systcms \Vere 
established some years ago by Sykcs, who devclopcd the alloys for 
tools. Later, Seljesatcr and Ragcrs 31 rcported that thesc alloys posscss 
permanent magnct characteristics. A dctailed report on thc magnct 
propertics has bccn maclc by Köstcr. 31 Of thc two systcms, it appcars 
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that appreciably higher coercive forces are available in the one con
sisting of iron, cobalt and molybdenum. In Fig. 17 are shown the 
combinations of residual induction and coercive force obtained by 
Köster in the latter system with variations in molybdenum and cobalt 
content. Coercive forces of over 200 oersteds, associated with residual 
inductions of approximately 10,000 gauss, are given. 

Fig. 16-Structure of the same alloy shown in Fig. 15 after a subsequent aging 
treatment of 24 hours at 1000° C. This treatment has resulted in the precipitation 
of a !arge amount of the second phase. Mag. 125 X. 

The desirable properties of this class of materials are developed by a 
double heat treatment which consists of a quench from a high tempera
ture followed by aging at a lower temperature. The alloys are precipi
tation hardening in the same manner as the non-ferrous Copper
beryllium alloys or Iead-calcium cable sheath alloys. The heat treat
ment is illustrated in Fig. 18, which shows the effect of aging on the 
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properties of an alloy containing 15 per cent cobalt and 18 per cent 
tungsten reproduced from Köster's published data. The alloy was 
initially quenched from a temperature of 1300° C., and subsequently 
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Fig. 17-Effect of different combinations of cobalt a nd molybden um on the 
coercive force and residual induction of iron-cobalt-molybdcn um a lloys in the heat
treated condition- Köster 31 • 

aged at temperatures from 300 to 800° C. The best results are ob
tained by aging at temperatures between 700° C. and 800° C. 

The precipitation of the second phase in a typical iron-cobalt
molybdenum alloy is illustrated by a comparison of Figs. 19 and 20. 
The section in Fig. 19, which is for the alloy after quenching from 1300° 
C., shows a typical solid solution structure with a small nurober of 
rounded inclusions resulting either from the deoxida tion of the melt or 
from incomplete solution at the high temperature. In Fig. 20, a section 
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of the same alloy after quenching and subsequent aging, the precipitate 
is visible as rounded particles within the grains and as elongated, 
needle-Iike structures \Vithin and along grain boundaries. 

(/) 
(/) 
::::> 
<{ 
t:) 

(/) 
0 
w 
1-

ISO 

125 

:Q 100 
w 
0 

;?; 
w 75 
u 
a: 
f2 
w 
> 50 
ü 
a: w 
8 

25 

0 

12,000 

11,000 

~------< ~------

,_ __ .., 
I \ 

/ \ 
I '. • 

I \ 

COERCIVE FORCE--....: 
\ 
\ 

I \ 

!! I ~ 
HARDNESSj j ~ 

II/ 
/ I 

/~ 
I 

II' 
., .... 

~-- ...... 

/ ~-----~ 
I 

I 

;?; 10,000 " .......... / 
\SATURATION 

........ 

N' z 
0 
f= u 
::::> 
0 
;?; 
..J 
<{ 
::::> 
0 
Ü) 
w 
0:: 

9000 

8000 

7000 

I \ I 
I 

I \ RESIDUAL INDUCTION 
I 

I "' 
I/ 

~-----------_l __ .."/' 
6000 

300 400 500 600 700 

AGING TEMPERATURE IN DEGREES CENTIGRADE 

800 

700 

600 (/) 
(/) 
w 
z 
0 
a: 

500 
<{ 
I 

..J 

..J w 
z 

400 a: 
lll 

300 

200 

18,000 

I 7,000 

I 

(/) 
(/) 
::::> 

6,000 ~ 

;?; 

I 5,000 6 
~ 
a: 
::::> 

~ 
14,000 

(/) 

13,000 

Fig. 18-Effect of aging treatment showing typical age-hardening phenomena for an 
iron-cobalt-tungsten magnet alloy-Köster31 • 

Köster 31 reports that these alloys can be rolled or otherwise shaped 
at sufficiently high temperatures and can be readily stamped at red 
heat. The alloys machine readily in the quenched condition but on 
account of the coarse grained structure and consequent brittleness they 
must be machined without shock. 
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Oxide J.lfagnets 

In this dass of materials are included the metallic oxide magnets 
recently described in the 1iterature by Kato and Tokei. 32 The metallic 
oxide magnets.open a new field of permanent magnet materials. 
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Fig. 19- Typical structurc of an age-hardening iron-cobalt-molybdenum alloy, 
containing 12 per cent cobalt and 16 per ccnt molybdenum, after qucnching from 
1300° C. l\Iag. 125 X. 

These magnets are composed, according to the J apaoese authors, in 
one instance of a solid solution of cobalt ferrite (CoFe204) in magnetic 
iron oxide (FeFe204). Altbough the method of manufacture and exact 
compositions arenot completely disclosed, it appears that the prepara
tion involves the powdering of the metallic oxicles, compressing in a 
suitable die to the desired shape, and subsequent heating. 

Cobalt ferrite magnets, it is reportcd, are not easily magnctized at 
room tcmperature; but if the temperature is raised, for example, to 
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300° C. the magnetization is readily accomplished. In this procedure 
the magnet is cooled in the magnetizing field. If the magnet has once 
been magnetized at the high temperature, succeeding magnetizations 
can be carried out at room temperature. 
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Fig. 20-The same alloy as shown in Fig. 19 after a subsequent aging treatment of 
5 hours at 725° C. Mag. 125 X. 

The magnetic characteristics of the material are illustrated in Fig. 21, 
in which a hysteresis loop forametallic oxide magnet is compared with 
one for carbon steel. The coercive force of the new material is ap
proximately 600 oersteds and the residual intensity of magnetization, 
320 units, corresponding to a residual induction of approximately 
4000 gauss. 

The high coercive brce of the oxide magnet makes possible the more 
exact location of poles and permits the utilization of the material in 
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short magnets. Because of the lower density of the oxide compa red 
with that of iron , the oxide m agnets have a pproximately the same 
induction flux as metallic m agnets on a weight basis. 
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Fig. 21 -Comparison of some magnetic characteristics of an oxide magnet \\'ith those 
of ca rbon steel from Kato a nd Tokei32 • 

The description of t he materials given here has been obtained from 
t he J apanese publicat ion.32 So far as is k nown , no investigation of the 
preparation or of the p roperties of t he materia l has been reported m 
this country. 

Summary of New Permanent .1lfagnet 1\Iateria.ls 
The properties of the new permanent magnet m aterials d iscussed are 

summarized in Table 11. 

TAilLE I I 

T im P HOPERTIEs OF Smm NE\v P tmM ANENT l\1 AGNET 1\ l ATE RL\ LS 

Materia ls /I 0 -0crstcds B,-Gauss llc X B, X I0 -3 

lron-Cobalt-Molybden um Alloys . ... 50- 300 12,000- 8,500 600- 2,550 
Iran-Cobalt -Tungsten Alloys ... .... 150 11,500 1,720 
lron-Nickel-Aiuminum Alloys .. .... l J0- 660 10,800- 7,600 1 ,400- 5,000 
Oxide Magncts .... . . .. ... .. .. .... 600 4,000 2,400 
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An important consideration in connection with the new materials is 
the broadening of the field of possible new magnet alloys. Previously 
it had been generally considered that the field of useful permanent 
magnet materials was confined to the plain and alloy stecls. The new 
metallic materials are systems which are precipitation hardening, and 
suggest possibilities for developing useful alloys in other similar systems 
of iron. 
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Theory of Multi-Electrode Vacuum Tubes * 
By H. A. PIDGEON 

Physical principles underlying the characteristics and performance of 
multi-electrode vacuum tubes are presented in simple form in this paper. 
Presentation of the subject is based, as far as possible, on the well-known 
theory of the three-electrode tube. lt is shown that the definitions of elec
trical tube parameters applicable to triodes are, with certain modifications 
in their interpretation, also applicable to tubes having more than three 
electrodes. 

The characteristics of the screen-grid tetrode are discussed in detail since 
they are typical of those found in a number of multi-electrpde structures. 
Except for the effects produced by the emission of secondary electrons from 
the plate and screen, it is shown that the characteristics of the screen-grid 
tctrode are in general accord with those tobe expected from the application 
of simple theory. The presence of the electrostatic screen in such structures 
inherently results in high values of the plate resistance and amplification fac
tor, but the transconductance remains normal and has about the same value 
as in comparable triodes. 

One of the necessary modifications in the screen-grid tetrode to produce 
a satisfactory output power tube is some means of removing the fold in the 
plate current-plate voltage characteristics, which Iimits the permissible 
plate voltage swings. This is accomplished in the power pentode by the 
addition of a suppressor grid between the plate and screen grid. The 
efficiency of power pentodes, and of some other tubes having positive grids, 
is higher than that usually found in triodes. The reason fo r this is discussed 
and also certain peculiarities in the harmonic output of pentodes. 

The arrangement of electrodes in the space-charge-grid pentode corre
sponds to that of the screen-grid tetrode with an additional grid inserted 
between the cathode and control grid. This space-charge grid, which is main
tained at a positive potential of 10 to 20 volts with respect to the cathode. 
reduces the effects of space charge near the cathode surface. This results in 
extraordinarily high values of transconductance and, consequently, in high 
amplification. Practically, such tubes are limited to use as voltage ampli
fiers, since operation over the wide range necessary for !arge output power re
sults in prohibitive distortion. 

In the co-planar-grid tetrode the lateral wires of the positive grid are ar
ranged in the same planes as those of the control grid. This results in com
paratively low plate resistance while retaining the advantages of a positive 
grid. The plate efficiency is comparable with that in the power pentode but 
the available amplification is lov,·er. 

I NTRODUCTION of the threc-electrode vacuum tube into the field 
of communications and in other applications represented such a 

tremendous advance over thc possibilities of any other known device 
that, despitc some of its rather obvious limitations, it proved entirely 
adcquate for thc service rcquired until comparatively rcccnt years. 
1-Iowever, wi th increasing dcmands madc by scrvice requiremcnts for 
)arger power output at higher cfficiency, reduced distortion, higher 

* PuiJiished in November 1934 issuc of Electrical Engineering. Schcdulcd for 
prcscntation at \\'iutcr Con\'cntion of A. I. E. E., Ncw York City, January 22-25, 
1935. 
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gain, amplification at higher frequencies and greater frequency dis
crimination, it even tually became necessary to investigate the possi
bilities of making changes in vacuum tubes enabling them to meet 
these requirements more satisfactorily. l\1easures taken to meet this 
situation have included improvements in the three-electrode tube that 
reduce the effects of some of its limitations, and the development of 
vacuum tubes ha ving more than three electrodes. 

The purpose of this paper is to present, in simple form, the 
physical principles underlying the characteristics and performance of 
multi-electrode vacuum tubes. For present purposes, such tubes may 
be defined as those having more than the three electrodes of the 
conventional triode. The procedure will be to show that the definitions 
of electrical tube parameters applicable to triodes are, with certain 
modifications in their interpretation, also applicable to tubes having 
more than three electrodes; and, utilizing the theory of the triode, to 
analyze the characteristics of a few typical multi-electrode structures 
that illustrate the types of characteristics found in many such tubes. 
No attempt is made to present new material in the paper or to discuss 
in detail the many different types of multi-electrode tubes now in use. 
The author has attempted to present the subject from the viewpoint of 
those readers who have a satisfactory understanding of the physical 
principles, characteristics, and operation of the triode, but who do not 
have a similarly clear analysis available for the more complex structures. 

l\1ulti-electrode tubes may be divided conveniently into two classes. 
In the first class are those the purpose of which is to perform some 
function that cannot be performed readily by a triode, or which 
perform some function better by reason of the elimination or reduction 
of some Iimitation in triodes. The second class includes those struc
tures in which additional electrodes are introduced to permit them to 
perform simultaneously more than one function, or to permit them to 
function in two or more ways, depending on the voltages applied to the 
various electrodes and on the manner of their operation. This paper 
will deal exclusively with typical structures of the first class. 

FUNDAMENTAL DEFINITIONS AND TUBE EQUATIONS 

Regardless of the type of multi-electrode tube considered, the space 
current to any electrode may be expressed as some function of the 
voltages applied to the various electrodes. However, in the operation 
of any multi-electrode device, or any section of such a device per
forming a single function, one usually is concerned with variations in 
the voltages and corresponding currents of only two of the electrodes, 
the other electrodes being m!'lintained at fixed potentials. One of these 
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two electrodes, which usually is maintained at a negative Operating 
potential, is connected to the input circuit and acts as a control 
electrode. The second of these two electrodes, which is maintained at 
a positive potential with respect to the cathode, acts as an anode or 
collector of electrons and is connected in the output circuit. J ust as 
in the case of the triode, then, a study of the characteristics of multi
electrode tubes is concerned with variations in the current collected by 
the anode with variations in the potential applied to the control grid. 

This anode or plate current may be expressed as a function of the 
various electrode voltages by the following equation: 

(1) 

in which EP is the operating valtage applied to the output anode or 
plate, and E 0 11 E 02 , E 03 , etc., are the Operating voltages applied to the 
various grids numbered outward from the cathode. The variatiori in 
the anode current, neglecting second and higher order terms, is gi\·en by 

dl arp dE arp dE arp dE arp , 
P = 1JE P + aE 111 + aE 02 + aE dE(Ja + etc. 

p 0 ! ll2 (/3 

(2) 

The partial differential coefficients in equation 2 have the physical 
dimensions of conductances and, if these conductances be designated 
by the Ietter S with appropriate subscripts, the equation may be written 

The plate or output anode conductance of a multi-electrode tube is 
defined in the same manner as for the three-electrode tube. I t is the 
rate of change of plate current with plate voltage, that is, it is the 
slope of the plate current-plate valtage characteristic at the selected 
Operating point, the potentials of all the other electrodes remaining 
constant. Under this condition, from equations 2 and 3 

()] 
Plate conductance = aE' = S)J]J = S w 

-')J 

(4) 

Obviously, the plate resistance also must be defined m the same 
manner as in the triode, that is 

1 
Plate resistance = RP = - - · aJp - sp (5) 

aEp 

In a similar manncr, the t ransconductance from the control grid to 



THEORY OF A1ULTI-ELECTRODE VACUUM TUBES 47 

the output anode or plate of a multi-electrode tube is defined, as it is in 
the triode, by the rate of change of plate current with variation of the 
control-grid voltage; that is, it is the slope of the plate current-grid 
voltage characteristic at the given operating point, the potentials of all 
electrodes other than the control grid remaining constant. 

In conventional screen-grid tetrodes and pentodes, the grid next to 
the cathode is the control grid. Consequently, for such structures, the 
transconductance is defined from equations 2 and 3 by 

T d 
a11, 

5 ranscon uctance = aE = pl· 
171 

(6) 

In space-charge-grid tetrodes and pentod~s. the grid next to the 
cathode is maintained at a fixed positive potential and the second grid 
acts as the control grid. Consequently, in these and similar structures 

Transconductance = :~p = Sp'J· 
02 

(7) 

Similarly, considering the control grid (assumed to be the first grid) 
and the output electrode of a multi-electrode tube, the amplification 
factor is defined, as it is in the triode, by the ratio of the transcon
ductance to the plate conductance. I t is expressed by 

arp 
Amplification factor = fJ.por = aEar . 

aJ1, 
aEP 

(8) 

Or, assuming that E 01 and EP are varied in such a manner that I]l 
remains constant, the amplification factor 1s expressed in the usual 
form by 

dEp] 
fJ.py1 = --- . 

dEo1 Ip = constant 

Combining equations 5 and 6 with equation 8 gives 

Transconductance Spt = 7;_"1 

p 

(9) 

(10) 

just as in the case of the triode. Exactly similar equations apply if 
g2 is used as the control grid. 

Obviously, the currents to the other electrodes in a multi-electrode 
tube may be expressed by functions of the electrode vol tages, similar to 
equations 1 and 2. The various differential coefficients of these equa-
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tions define transconductances, electrode resistances, and amplification 
(or reflex) factors analogaus to those just given. Since these quantities 
are not used in this paper, they will not be given further consideration 
here. The valtage applied to the control grid will be designated by E 0 , 

regardless of the grid employed for the purpose; and the trans
conductance (or mutual conductance) and the amplification factor, 
applying to the control grid and plate, will be designated by Sm and J.l., 

respectively. 
lf a Ioad resistance, R, is inserted in the plate circuit of a multi

electrode tube, and if the potentials of all of the elements othet than the 
control grid and plate are maintained constant, equation 3 reduces to 

In this case, the only independent variable is E 0 , and EP varies by 
reason of the changing potential drop across the external Ioad resistance, 
R, due to variations in the plate current, lp, produced by the varying 
grid potential. Consequently 

dEp = - dlp·R. (12) 

Substituting equation 12 in equation 11 and reducing, 

(13) 

For vacuum tubes having curvilinear characteristics, equation 13 
applies rigorously, of course, only to infinitesimal variations in lp and 
E 0 • However, as in the case of the triode, the output from multi
electrode tubes may be expressed by a power series in terms of finite 
valtage variations applied to the elements, the coefficients in the series 
being functions of the static characteristics. If these finite variations 
in l p and E 0 are designated by ip and e0 , respectively, the output current 
is expressed to the first order by 

. J.le" 
tp = Rp + R' (14) 

which is identical with the cquation expressing the output current from 
a triode. 

Letting ep reprcsent the variable valtage across the Ioad resistance, 
R, the valtage amplification is given by 

(1 5) 
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I t may also be written in the following form which will be found 
useful later: 

(16) 

I t should be emphasized, perhaps, that the electrical parameters of 
multi-electrode tubes and the output current, as defined by the 
foregoing equations, are subject to the condition that the voltages 
applied to all of the electrodes other than the plate and control grid 
are maintained constant. The satisfactory operation of multi
electrode tubes in circuits also usually requires that this condition be 
fulfilled. I t requires that the impedance to alternating current com
ponents in each of these circuit branches be very low. This is ac
complished in practice by connecting these electrodes to ground, so far 
as alternating currents are concerned, through reasonably }arge 
ca paci tances. 

From the foregoing analysis it is apparent that, with proper inter
pretation, the definitions of plate resistance, transconductance, and 
amplification factor applicable to triodes are also applicable to multi
electrode tubes; in addition, the same expressions for output current 
and voltage amplification are applicable. This follo\\·s from the fact 
that these quantities are expressed in terms of the differential coeffi
cients of the static characteristics, that is, they depend only upon the 
slopes of these characteristics at the given Operating voltages and not 
upon their form. However, as will appear later, the difference in the 
shape of the static characteristics of multi-electrode tubes from those of 
triodes is very important in determining great differences not only in 
the magnitude of the electrical parameters, but also in the character 
and amount of distortion resulting when the tubes are operated under 
conditions such that large portions of the characteristics are traversed. 

In multi-electrode tubes, as weil as in triodes, the total space current 
drawn from the cathode is determined by the extent to which the 
resultant field, due to the electrodes, overcomes the opposing field 
produced by space charge. While space charge extends throughout the 
interelectrode space, it is relatively so much more dense in regions of 
very low electron velocity that, as a first approximation, its effect 
usually may be neglected in other regions. Except in space-charge
grid tubes and a few other special tubes, the only important space
charge region is confined to a relatively thin sheath near the cathode 
surface. Consequently, in such structures the total space current is 
determined largely by the extent to which the resultant positive field 
due to the electrodes neutralizes the negative field near the cathode 
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surface produced by space charge. An appreciation of this fact is 
essential to a clcar understanding of the characteristics of multi
electrode tubes. 

ScREE~ -G RII? TETRODEs 

etilizing the simple theory of triodes, \\·hich has been shown to be 
applicable to multi-electrode tubes also, the characteristics of a multi
electrode tube "·ill be analyzed next. Forthis purpose the screen-grid 
tube is chosen, since it admirably illustrates the type of characteristics 
found in several types of multi-electrode tubes. 

The objecti\·e in this case is to reduce the direct capacitance bet\\·een 
the plate and control grid through which energy is fed back from the 
plate to the input circuit. This is accomplished by inserting an 

.. . 

. 

:~\LArH:o, 
""'\CCONTROL GRID 

SCREEN GRID 
PLATE 
OUTER SCREEN 

Fig. 1-Schematic diagram showing the arrangement of electrodes in a screen-grid 
tetrode. 

clectrosta tic shield between the plate a nd control grid of what other
wise \\·ould be a three-electrode tube. The condition that such a 
screen must allow an electron stream to flow through it to thc plate, is 
satisfied hy making it of fine mesh or in the form of a finely wound grid 
structurc. To be cffectin·, it must be maintained at some constant 
potential with rl•spect to ground. 

Tlw arrangement of tlw electrodes in such a tube is shmn1 cliagram
matically in Fig. 1. The scn·en structure outside theplate i~ added for 
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the purpose of completing the electrostatic isolation of the plate and its 
Ieads from the grid, thus reducing the capacitance between these t\\·o 
elements to the lowest practicable value. This outer screen is of no 
further concern, since it has no effect on the static characteristics of the 
tube. The usual characteristics of a typical screen-grid tetrode are 
shown in Figs. 2, 3, and 4. In this case, as is usual in screen-grid tubes, 
the shielding is very complete, reducing the direct capacitance between 
the plate and control grid to a few thousandths of what its value \Yould 
be in the absence of the screen. 

First, the characteristics of Fig. 2 will be considered. Since the 
direct capacitance between the plate and the control grid, g1. is ex
tremely small, the electric fi.eld in the immediate vicinity of the latter, 
produced by any potential on the plate, also must be extremely small. 
The cathode is electrically even more remote from the plate than the 
control grid, because it not only is shielded from the former by the 
screen grid, but also has some additional shielding from the control grid. 
Consequently, the field produced by the plate at points between the 
cathode and control grid is smaller even than the field produced at the 
control grid and, hence, is negligibly small. Since, as previously 
discussed, the total space current is determined almost wholly by the 
fi.eld very near the cathode surface, the plate in this case can haYe 
practically no effect on the total space current drawn from the cathode. 
This is shown by the curves giving the total space current, It, in Fig. 2. 
These curves are seentobe so flat as tobe almost entirely independent 
of variations in the plate voltage. 

The plate, then, in a screen-grid tube plays an essentially passive 
röle which is to collect those electrons that succeed in passing through 
the screen. The remainder of the space current is collected by the 
screen, the sum of the plate and screen currents remaining nearly 
constant with changes in plate voltage. 

There is nothing in the theory of the triode by which to determine the 
ratio in which space current divides between two or more positiYe 
electrodes in a multi-electrode tube. As a rough approximation, one 
might assume that when their potentials are nearly equal, the currents 
to the plate and screen would be proportional to the ratio of the area of 
the openings in the screen to the area subtended by its lateral wires. 
Also, it might be expected that this ratio would increase slightly with 
increasing valtage of the plate with respect to the screen, because of a 
tendency of the plate to pull more electrons through the screen. This 
effect should be less for very fine mesh screens than for coarse ones. 

From this simple theory, one would expect the plate current-plate 
valtage characteristics to be very flat for plate potentials higher than 
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the screen potential. Consequently, the plate conductance, given by 

is a very small quantity ; and the plate resistance, given by 

is a very )arge quantity compared "·ith its value in triodes, and in
creases with the fineness of mesh of the screen grid. The plate-current 
curves of Fig. 2 are seen tobe in general accord with this simple theory 
at the higher values of plate voltage, although they arenot quite as flat 
as might be expected from the theory. This, and the rapid falling off 
in the vicinity of 100 volts, will be discussed later. 

Taken alone, the extremely high resistance of a screen-grid tube 
would seem tobe a very serious disadvantage. From.equation 14, the 
tube may be considered as analogaus to a generator the electromotive 
force of which is p.eu and the internal resistance of which is RP, working 
into an external Ioad resistance R-a generator with extremely high 
internal resistance. \Vhy this is not fatal to the usefulness of the tube 
will be pointed out later. 

\Yhile the plate current in a screen-grid tube is nearly independent 
of plate valtage for values of the latter higher than the screen potential, 
this obviously cannot hold at low values of plate voltage. At zero 
plate voltage, the plate current must be zero. At this point the screen 
collects the entire space current and ! 8 = lt. As the plate potential 
increases from zero, the plate current would be expected to rise 
rapidly, with a corresponding drop in the screen current, as the plate 
collects more and more of the electrons passing through the screen. 
However, two factors tend to prevent an abrupt rise in the plate 
current to its nearly constant value when the plate becomes slightly 
positive. The first of these is space charge in the region closely 
adjacent to the plate produced by the electrons that pass through the 
screen, reach zero velocity in the region adjacent to the plate, and 
return to the screen. Some of them may perform several oscillations to 
and fro through the screen before being captured by it. This spacc
charge effect is largely masked by the more importan t second factor 
which is the deftection of the majority of the clectrons from their 
normal paths by the intense electric fields about the lateral wires of the 
screen. This results in !arge ditTerences in the components of velocity 
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of the electrons normal to the surface of the plate and, consequently, in 
the distance to which they approach the plate in their trajectories 
before being turned back to the screen. As a result, the plate must 
become positive by several volts with respect to the cathode before it 
captures substantially all of the electrons that pass through the screen. 

From this simple theory, the plate-current and screen-current curves 
would be expected to have the form shown by the ideal curves of Fig. 2. 
Obviously, the screen-current curves must be complementary to the 
plate-current curves since the sum of the t\\·o currcnts is substantially 
constant. 

The difference between these ideal curves and the actual charac
teristics, in the region extending from a few volts to potentials some
what higher than the screen voltage, is attributed to the phenomenon of 
secondary electron emission. \Vhen electrons strike a meta! surface 
with velocities equivalent to more than a few volts, other electrons, 
known as secondary electrons, are liberated from the surface. The 
number of electrons so liberated varies not only with the velocity of the 
primary bombarding electrons, but also with the character of the metal 
surface, the amount of adsorbed gases and other materials on the 
surface, and other factors. The number of such electrons leaving the 
surface may even exceed the number of primary electrons striking it, in 
which case the net current to the metal surface is negative. The 
velocity of the secondary electrons varies greatly. A very few have 
velocities approaching that of the primary electrons. The great 

·majority, however, have low velocities equivalent to only a few volts. 
In the screen-grid tube, an appreciable number of secondary electrons 

is liberated from the plate at potentials between 5 and 10 volts, and 
they increase in number with plate voltage. For plate potentials lower 
than the screen potential, in this case 75 volts, the secondary electrons 
from the plate are drawn to the screen, thus increasing the screen 
current by the amount the plate current is decreased. \Vhen the plate 
reaches a potential equal to that of the screen, secondary electrons no 
Ionger can escape from the plate to the screen, except those emitted 
with appreciable velocities; consequently, the plate curren t rises 
rapidly to its normal value. 

At plate potentials higher than the potential of the screen, secondary 
electrons emitted from the latter are drawn to the plate. Conse
quently, in this region the plate current is slightly higher than it would 
be in the absence of secondary electron emission from the screen. The 
gradual rather than abrupt rise in the plate current curves at 75 volts is 
attributed primarily to the distribution of velocities with which the 
secondary electrons are emitted; to a lesser extent, it is dependent also 
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on the combined effects of space charge, intensity. and distribution of 
the field at the surface of the screen wires. 

Normal operating conditions for the screen-grid tube the character
istics of which are shown in Fig. 2 are: EP = 180 volts, Es = 7 5 volts, 
and E 0 = - 1.5 volts. At this operating point P in Fig. 2, the plate 
current is 5.5 ma and the plate resistance is 400,000 ohms. The 
operating range is confined to the fl.at portion of the characteristics. lf 
the tube is operated with plate-voltage swings sufficiently !arge that the 
instantaneous values of the plate potential extend into the region of 
rapidly falling plate current, serious distortion of the output results. 
This is a serious Iimitation in screen-grid tetrodes, because it requires 
that the operating plate potential be much higher than the screen 
potential. How this Iimitation may be removed by the introduction 
of an additional electrode in the tubewill be shown later. 

Curves showing the variation of plate resistance with plate voltage 
are shown in Fig. 2. The plate resistance decreases with plate voltage, 
falling off very rapidly as the plate voltage approaches the screen 
voltage. The ordinates of the plate-resistance curves give a measure of 
the fl.atness of the plate-current curves. That the latterare not as flat 
as the total-space-current curves, thus resulting in values of plate 
resistance approaching infinity, is attributed to t"·o factors: secondary 
electron emission from the screen, and an increasing ratio of plate 
current to screen current with increasing plate voltage. The increasing 
percentage Qf the primary space current drawn to the plate \Vith 
increasing plate voltage is an involved and undetermined function of 
several factors including: the ratio of the openings in the screen grid to 
the total conducting area subtended by it, the intensity and distribu
tion of the field at the screen grid, the velocity and directional distribu
tion of the electrons arri ving a t ~he screen grid, and space-charge effects 
in its vicinity. 

Thus, there is the interesting situation in screen-grid tubes that, for 
any given set' of operating voltages, the magnitudes of the plate 
resistance and amplification factor are determined largely by factors 
not directly determined by the geometry and design of the tube. This. 
is quite different from triodes in which the plate resistance and 
amplification factor both are determined directly by geometrical 
dimensions and the arrangemen t of the electrodes. 

Obviously, the number of electrical parameters in vacuum tubes 
increases rapidly with the number of electrodes. The curves of Fig. 2, 
which correspond to the usual plate current-plate voltage characteris-. 
tics for a triode, were obtained with the screen maintained at a constant 
potential of 75 volts as a fixed parameter. To obtain a complete 
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charting of the characteristics \\·ould require several such families of 
curves taken with different screen voltages. One such additional 
family of characteristics, in which Es is maintained at 90 volts, is shown 
in Fig. 3. 

Since the plate in a screen-grid tube has practically no effect on the 
total space current, so far as consideration of the latter is concerned, 
one may regard the plate as being removed from the structure and 
consider only the remaining elements. The cathode. control grid, and 
screen then may be regarded as constituting an ordinary triode. By 
maintaining the screen at a positive potential, it is enabled to perform 
the function usually performed by the plate of a triode, viz., that of 
supplying the positive field necessary to produce the flow of space 
current against the opposing resistance due to space charge. This 
function does not interfere with its screening action, so long as its 
potential is not allowed to vary. In fact, there is an actual gain in 
efficiency, as will be shown later, in having the electrode that provides 
the main driving field for the space current maintained at a fixed 
potential instead of varying over the operating cycle, as it must in the 
triode. 

Usual design principles and equations applicable to triodes are also 
applicable to screen-grid tetrodes. By making the spacings between 
the electrodes small. particularly that between the cathode and control 
grid, a high transconductance can be obtained. Using the subscript t 
to designate total space current, the transconductance .is given by 

St = :~~ and has the same value as that for a triode of the same 

dimensions. Letf represent the fraction of the total space current that 
passes through the openings in the screen and is collected by the plate, 
which is assumed to be at a higher potential than the screen. By 
proper design, f can be made !arge, say from 0.7 to 0.9, in the normal 
operating range. The transconductance from the cont_rol grid to the 
pla te is gi ven by 

which is 0. 7 to 0.9 of the normal value of transconductance for the 
three-electrode tube. 

The amplification factor, ;.t, for the tetrode, is gi\'en by 

aT" 
aE 

;.t=~=Sm·Rw 
1' 

CJEp 

(17) 
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Since the transconductance, Sm, has a value not greatly different from 
the normal value for a triode, and since Rp is very !arge, p., which is 
proportional to Rp, also must be very !arge. Referring to equation 14 
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Fig. 3-Characteristics of a screen-grid tetrode similar to those shown in Fig. 2 
except that E. = 90 volts. 

and its analogy with the generator equation, it may be seen that, 
despite the fact that the screen-grid tube considered as a generator has 
a very high internal resistance, it gives normal output because it is 
provided also with a very !arge electromotive force, p.e0 • 

From this analysis of the characteristics of the screen-grid tube, 
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based upon the simple theory of triodes, one would expect that families 
of characteristics corresponding very closely with those of ordinary 
triodes ,,·ould be ohta ined if the tot~! space current, or the plate current, 
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werc plotted as functions of the control ·grid vol tage and screen-grid 
voltage, \\'ith the plate maintained at any fixed potential higher than 
the screcn potential. I t would be expected further that the family of 
curves showing total space current would remain practically invariant 
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with variations in plate voltage. The plate-current family of charac
teristics should show only small variations with plate valtage (so long 
as EP is higher than Es), depending on the magnitude of the change in 
the ratio of I P to l s. 

Families of such characteristics are shown in Fig. 4. They are seen 
to correspond very closely indeed with similar characteristics for a 
triode. The lt curves vary so little with plate valtage that t he 
families of characteristics taken at EP = 135 volts and EP = 180 volts, 
coincide within the breadth of the curves. The plate current curves 
show a small variation with Ep, as was discussed previously. 

In Fig. 5 the transconductance and amplification factor are shown as 
functions of the plate valtage for four different values of grid bias and 
with the screen potential maintained constant at 75 volts. At the 
normal operating point P, the transconductance is 1375 micromhos 
and the amplification factor is 550. The shape of these curves is . 
typical of that for screen-grid tubes and pentodes. Throughout the 
normal operating range, the transconductance curves have about the 
same degree of flatness as the plate-current curves. This is to be 
expected from consideration of the plate-current curves of Fig. 4. 
Since these curves change only slightly with variations in plate 
potential, their slopes or transconductance values also change but 
slightly. The amplification-factor curves are very similar in form to 
the plate-resistance curves of Fig. 2. This follows at once from 
equation 17, for since Sm remains nearly constant with Varia tions in Ep, 
JJ. must vary in the same manner as R w 

In Fig. 6 the transconductance, plate resistance, and amplification 
factor are shown as functions of grid valtage for three different values 
of the screen valtage and with the plate valtage maintained constant at 
180 volts. These curves are also typical of those found for several 
multi-electrode tubes. The transconductance curves agree in form 
with those for a triode, as would be expected from the plate-current 
curves of Fig. 4. The plate-resistance curves are similar in form to 
those for a triode, but rise more rapidly with increasing negative grid 
bias. The amplification-factor curves, however, are entirely different 
in form from those for a triode, since they rise with increasing negative 
grid bias, whereas in triodes the amplification factor decreases with 
increasing negative grid bias. The reason for this difference isthat the 
plate resistance in many multi-electrode tubes, over the normal range 
of operation, increases more rapidly with decreasing plate current than 
in triodes. At sufficiently large negative val ues of grid bias and very 
low plate currents, the amplification-factor curves frequen tly reach 
maxima and then fall rapidly as they do in triodes. 
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In the Operation oftriodes as valtage amplifiers, it is usually possible 
to ha\'e the external Ioad rcsistance large with respect to the plate 
rcsistance. Consideration of equation 15 shows that this results in a 
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valtage amplification ratio approaching the amplification factor. In 
thc operation of screen-grid tubes and conventional pentades as well, 
which have high plate resistanccs, it is usually necessary that the Ioad 
resistances be much smaller than the plate resistanccs. This Iimitation 
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is imposed by circuit coupling requirements and sometimes by restric
tions on the permissible harmonic conten t in t he power output. This 
Iimitation results in an amplification ratio that is much smaller t han 
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the amplification factor ; but even so, a considerably high er amplifi.ca
tion ratio usually can be obtained t han wi t h triodes. This is apparent 
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from consideration of equation 16 which may be \\Titten in the form, 

R 
A v =Sm· R 

1 +Rp 

(18) 

Since in screen-grid tubes and pentodes, R /R P is small, the ,·oltage 
amplification is given approximately by 

Av = Sm·R. (19) 

1\'ow, in a comparable triode the transconductance will have a value 
comparable \Yith Sm, and it may be assumed that a Ioad resistance could 
be used comparable \Yith R. Ho\\·ever, the ratio R /R P for the triode is 
not small and may be greater than unity. Hence, from equation 18, 
the amplification obtained with the triode is correspondingly smaller. 

I t has been shown that the presence of the electrostatic screen in the 
screcn-grid tetrodc rcsults in a high plate resistance and a high amplifi
cation factor, butthat the ratio of J1. to RP (transconductance) remains 
normal. Such tubes yield high amplification and, with suitable 
associated circuits, are relatively free from feed-back; but they are 
limited in their range of operation because of the fold in the plate 
current-plate voltage characteristics resulting from secondary emission 
from the plate. 

PowER PENTODEs 

In order to deliver a !arge power output, a vacuum tube must be 
capable of large variations in plate current and plate ,·oltage from their 
normal operating values. Both of these conditions are fulfilled by the 
power pentode. The arrangement of the electrodes, shown sche
matically in Fig. 7. corresponds tothat in a screen-grid tube except that 
an additional grid, g3, is inserted between the plate and screen grid, g2. 
As in the screen-grid tube, the first grid, g1, has a negative ,·oltage 
applied to it and acts as the control element. The second grid, g2, is 
maintained at a fixed positive potential, E s. and JXO\·icles the main 
dri,·ing field for the space current. 

As in the scrcen-grid tube, the total space current is determined 
almost wholly by the geometrical dimensions ancl spacings of the 
cathoclc, g1 and g2, and by the ,·oltages appliecl to tlwse electrodes. 
Consequently, in the clesign of this portion of the structure, the same 
consiclerations apply as in thc design of an ordinary triocle to cleli,·er 
large power output. By making thc inner grid comparatin·ly coarsc 
and lJy designing the second grid to opcrclte at comparat ively high 
potentials, a structure having a low amplification factor is ohtaincd 
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which draws a !arge space current from the cathode at a control-grid 
bias sufficiently negati\'e to permit relati,·ely !arge s" ·ings of the 
control-grid voltage. In pentodes designed to operate at low fre
quencies, screening bet\\·een the plate and control grid is unimportant; 

., ., : . . . 
~CATHODE 
~ ~CONTROL GR ID,q 1 

SCREEN GRID,q2 

SUPPRESSOR GRID,g 3 
PLATE 

Fig. i-Schematic diagram showing the a rrangement of electrodes in a power pentode. 

hence, the second grid can be comparati,·ely coarse, thus pennitting as 
!arge a portion as possible of the space current to pass through it to the 
plate. 

To permit the largest possible swings in plate voltage, it is necessary 
to remove the "fold" in the plate-current characteristics, caused by 
secondary electrons emitted from the plate. This is accomplished by 
the insertion of a third grid, g3, bet\\·een the plate and second grid , g2. 

This grid, known as a suppressor grid, must be maintained at a lower 
potential than the lowest instantaneous potential reached by the plate, 
and is usually maintained at the cathode potential by connecting it to 
the cathode inside the tube. The suppressor grid exerts a retarding 
force on the primary electrons flowing toward it from the cathode, but, 
because of its coarse structure, all but a small fraction succeed in 
passing through it and are accelerated again, finally reaching the plate 
with the same velocity they would have if the suppressor grid "·ere 
absent. On the other hand, secondary electrons emitted either by the 
plate or screen grid find themseh ·es in a retarding field, which they are 
unable to tra,·erse because of their Im,· , ·elocity, and are constrained to 
return to the electrode from which they came. 
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Plate current-plate valtage characteristics and 5creen current-plate 
valtage characteristics for a power pentode of the indirectly heated 
cathode type, arc shown in Fig. 8. The secondary emission "fold" 

100 

90 

(/) 80 
w 
a: 
w 
~ 70 
4: 
::; 
~ 60 
~ 

z 
-ä.SO 
..... 
I-

~ 40 
a: 
a: 
::::> 
u 30 
w 

~ 
Ci! 20 

10 

0 

30 

25 

~---(/) 

z ~ 20 ww 
a:a.. 
a:~ 
::::>4: 
u::; 15 
Z..J 

~~ 
5~ 10 
(/) .,; ..... 

5 

0 

---~ i-0, _... 
/_~ Eg 

I'- VOLTS 

) " ~.5 E5 =250VOLTS 

""' l'i ' ~ ---X :...---
~ ..... 

1-h r 'oa~ · R IN OHMS oo Oo -- 2o900 ............_~ 

I r--:~ p -15.0 

I I 
V - ~ ~ 

....___ ---......... ~ 

(/_ "" .......... ....... 
....___ 
~.5 

" '~ 
I V 

~""" 
"-..... 
~ l30.0 '/ 

~ "' ~ 
!\\ 
\\ 
I"\ ~ E5 = 250 VOLTS 

\' "'" I'----- Eg 
r- o--VOLTS 

I~ ~ --- -7.5 
1- p 

I~ '-
15.01 

I'-. 
-22.5 
-30.0 

0 50 100 150 200 250 300 350 400 450 500 550 600 650 

PLATE VOLTS, Ep 

Fig. 8-Chamcteristics of a po\ver pentode. Plate current, 111 , and screen current, 
I., as functions of the plate voltage with various values of the control-grid voltage, Eq, 
as parameters. Screen voltage, E. = 250 vo lts throughout. Load lines are shown 
for resistance Ioads of 6000, 10,000, and 20,000 ohms. 

in the characteristics is almost completely eliminated by the suppressor 
grid. 

The effcctivcncss of the suppressor grid is shmn1 by the charac-
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tenst1cs of Fig. 9. These curves were obtained from a tube of the 
same type as that for which the characteristics are shown in Fig. 8. 
One set of curves was obtained with the suppressor grid operating in 
the normal manner. The other curves were obtained with the 
suppressor grid tied to the screen grid and maintained at a positive 
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Fig. 9-Curves showing the effect of the suppressor grid in a power pentode. 

potential of 250 volts. In this latter case, the number of secondary 
electrons escaping from the plate is practically the same as if the 
suppressor grid were removed from the tube. The presence of the 
suppressor grid not only permits the plate to swing to very much lower 
potentials than otherwise would be possible, but also permits the plate 
and screen to operate at the same potential, which is 250 volts in this 
case. 

The characteristics of Fig. 8 closely approach the formthat would be 
expected from simple theory. As is usual with power pentodes, the 
plate-current curves arenot quite as flat as those for screen-grid tubes. 
This is because of the more open character of the grids which permits 
the plate to have a slightly greater effect on the magnitude of the space 
current. This is evidenced also by the tendency of the curves to turn 
up at the higher plate voltages. 

The normal operating point for this tube is at point P in Fig. 8, at 
which the plate and screen potentials are both 250 volts and the control 



66 BELL S YS TEM TECHNICAL JOURNAL 

grid poten tial is - 15 volts. Under these conditions, the average 
characteristics are : l p = 42 ma, 16 = 5 ma, J..L = 156, R P = 52,000 
ohms, and Sm = 3000 micromhos. 

Curves sho~,·ing the amplification factor, J..L, the plate resistance, RP, 
a nd the transconductance, Sm, for several different values of grid bias, 
a re ~ho\\·n in Fig. 10. They correspond in general form to those 
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shown in Figs. 3 and 5 for the scrccn-grid tubc. Thc maxima in somc 
of thc platc-resistancc curves result from thc fact that the corrc-
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sponding plate-current curves turn up at the higher plate poten tial s 
and thus have points of inftection. 

In Fig. 11, the plate current is shown as a function of control-grid 
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voltage for various values of the plate voltage, with the screen potential 
constant at 250 volts. The curves are very similar to corresponding 
ones for the screen-grid tube shown in Fig. 4. Here, curves are 
included at such low plate voltages that a large falling off in plate 
current occurs. 

In Fig. 12, the output power in watts, and the second a nd third 
harmonics, expressed in decibels below the fundamental, are shmvn as 
functions of peak volts for a sinusoidal input applied to the grid. 
These data were obtained under the normal operating conditions 
previously given, and with the indicated Ioad resistances. Since the 
curves are typical in form of those obtained in several types of multi
electrode tubes, i t will be of in terest to examine them in some detail. 
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Except at the higher inputs, the power output increases continuously 
with Ioad resistance over the Ioad range considered. This is to be 
expected, since the highest Ioad resistance of 12,000 ohms is much 
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and third harmonics in decibels bclow the fundamental, as functions of the pcak input 
when a sinusoidal valt age is applied to the control grid. 

smaller than the plate resistance of t he tube, which is 52,000 ohms. 
For small inputs, the maximum power output \\'ould be obtained, as it 
is in triodes, when the Ioad resistance is equal to the plate resistance of 
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the tube. The decrease in power output with increasing Ioad resist
ance, at the higher inputs, results from the progressive turning over of 
the dynamic characteristics as shown by the curves of Fig. 11. 

The second harmonic decreases continuously with increasing Ioad 
resistance at small inputs. At large inputs, it decreases at first, then 
increases with increasing resistance. At very low resistances, the 
second harmonic increases continuously with input. At higher Ioad 
resistances, it rises to a broad maximum, then falls to a very sharp 
minimum, after which it again rises rapidly with increasing input. 
The explanation of these phenomena will be given later. 

The third harmonic increases continuously both with increasing 
input and with increasing Ioad resistance. At Ioad resistances that are 
small compared with the plate resistance of the tube, it rises to a higher 
Ievel than the second, over a certain range of input. Relatively high 
Ievels of third harmonic are characteristic of pentodes, screen-grid 
tubes, and also of some other types of multi-electrode tubes. For 
example, from the curves of Fig. 12, with a Ioad resistance of 6000 
ohms and an input of 15 peak volts, the power output is 3.8 watts 
with the volume Ievel of the second and third harmonics 31 db and 
26 db, respectively, below that of the fundamental. At an input of 10 
peak volts, the volume Ievel of the second harmonic rises to 27 db 
and of the third harmonic falls to 36 db below that of the fundamental. 

These results are quite different from those obtained with triodes 
where the third harmonic is, in general, 10 db or more below the second. 
Furthermore, in triodes, both the second and third harmonics decrease 
continuously, as a rule, with increasing Ioad resistance. There are 
exceptions to this, however, where the third harmonic curves show 
minimum points or cusps, similar to those shown by the second 
harmonic curves for pentodes. 

The reason for the relatively large harmonic content in the output of 
pentades is apparent from consideration of the load lines drawn through 
the Operatingpoint P in Fig. 8. At the lower values of plate voltage, 
the Ioad lines cut across the rapidly descending portians of the plate
current characteristics. This effect is more marked and begins at 
more negative values of grid bias as the Ioad resistance increases and 
the slope of the Ioad lines becomes correspondingly Iess. The effect of 
this is to produce current variations through the external Ioad re
sistance that are not proportional to the variations in grid voltage, 
thus resulting in distortion of the output. 

The character of the distortion is made clearer by reference to the 
dynamic characteristics of Fig. 11, for resistance Ioads of 6000, 10,000, 
and 20,000 ohms. All the curves show a flattening out at the top which 
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increases progressively ,,·ith Ioad resistance. It readily is shown that 
such dynamic characteristics, having points of inAection at which the 
curvature changes sign, give rise to peculiarities in the harmonic output. 

If such a characteristic be expressed by a power series in terms of 
grid-volta~e variations from the operating point P, there usually is 
found a relatively ]arge contribution by third and higher odd-power 
terms the coefficients of which are predominantly negati\·e in sign. 
Since odd-power tcrms yield odd harmonics, this accounts for the 
relatively high Ievels of third harmonic at input voltagcs sufficiently 
largc that the fiat portion of the characteristic is traversed. However, 
positive and negative signs are about evenly divided among- the 
coefficients of the even-power terms, which yield even harmonics. At 
some value of the input voltage, which varies with the load resistance, 
the contributions to the second harmonic by positive and negative 
terms are approximately equal, resulting in a very small value of this 
harmonic. This accounts for the cusps in the second harmonic curves 
of Fig. 12. For inputs less than the value at the cusp, the contribution 
of positive terms (largely the second-power term) prevails over that of 
negative terms, while at higher inputs the reverse is true. Conse
quently, there is a reversal in the phasc of the second harmonic at the 
cusp. 

If the point of infiection were at the operating point P in Fig. 11 
and, if the dynamic characteristic were symmetrical about P, then only 
odd-power terms would appear in the equation of the curve. Conse
quently, in this special case, even harmonics would vanish from the 
output and only odd harmonics would remain. 

Plate-circuit efficiency of pentades is higher than that usually found 
in triodes. The underlying physical reasons for this difference are as 
follows: In the triode, the plate simultaneously performs two functions. 
First, it is the element in the output circuit whose tluctuating potential 
is impressed across the Ioad resistance. Second, assuming that the 
grid potentialisnot positive at any time, the plate is the only positive 
electrodc providing the necessary driving force for thc spacc current. 
These two functions militate against each other to a certain extent, for, 
as is evident from consicleration of the dynamic characteristic of either 
a triode or a pcntocle, the plate voltage reaches its minimum , ·alue at 
thc instant whcn thc plate current reaches its maximum value. This 
minimum voltagc, which must bc sufficicntly large to draw thc peak 
currcnt through the tubc, is a very substantial fraction of thc Operating 
plate voltagc, particularly when the latt<.'r is comparatively low. 

In pentades and in some other multi-electrode tubes, thc positive 
grid, maintaincd at a constant voltage, provide8 the necessary dri,·ing 
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· force for the space current, thus relieving the plate from performing this 
function. Consequently, the plate is free to swing to lower voltages 
than otherwise would be possible, which results in a corresponding 
increase in efficiency. 

In Table I, similar data are shown for typical pentodes and triodes. 

TABLE I 
CoMPARATIVE DATA FOR TYPICAL TRIODEs AND PENTODES 

Triodes Pentades 

A B c D E F 
--- ---

Plate voltage, EP . ...... .. 200 250 325 180 250 250 
Screen voltage, E, . ....... 180 250 250 
Grid voltage, E 0 • ••• •••••. -45 -50 -68 -18 -16.5 -15 
Plate current, lp, ma ...... 45 34 60 14.5 34 42 
Screen current, I,, ma ..... 2.8 6.5 5 
Transconductance, Sm, mi-

cromhos ............... 2,810 2,175 5,200 1,050 2,200 3,000 
Amplification factor, p. ... .. 2.9 3.5 3.8 105 220 156 
Plate resistance, Rp, ohms . 1,030 1,610 730 100,000 100,000 )2,000 
Load resistance, R, ohms .. 2,060 3,900 ~. 750 12,000 7,000 6,000 
Input, peak volts ........ . 45 so 68 18 16.5 15 
Power output, watts ...... 1.9 1.9 7.8 1.2 3.0 3.8 
Second harmonic, % ... ... 7.4 5.7 5.0 5.0 2.3 2.8 
Third harmonic, % ...... 0.7 1.2 1.1 7.5 6.6 5.0 
Total harmonic, effective % 7.45 5.9 5.1 9.0 7.0 5.7 
Plate efficiency, % ........ 21 22 40 46 35 36 
Plate-grid capacitance, p.p.f. 12 7.2 20 1.2 0.8 0.2 
Plate-ground capacitance, 

p.p.f • ••••••••.•.•••••.. 3.2 3.0 5.5 7.8 8.5 15 
Grid-ground capacitance, 

p.p.f • •••••......••..•.. 6.8 4.5 9 6.4 8.4 9 

vVhile the triodes and pentodes are not directly comparable with each 
other, the data are indicative of the differences between the two types 
of tubes. The chief differences between pentodes and triodes may be 
summarized. as follows: (1) Pentodes yield higher gain and require 
correspondingly lower input voltages to drive them. (2) Pentodes 
have much higher amplification factors and plate resistances than 
triodes. The latter constitutes a handicap in coupling the tube to its 
circuit, particularly if transformer coupling is employed. (3) Pentodes 
yield high power output, generally at higher plate efficiency than 
triodes. (4) The harmonic content in the output of pentodes is high; 
the third harmonic being particularly high compared with its Ievel in 
triodes. This requires that pentodes work into load impedances that 
are very low compared vvith the plate resistance. Ratios of R to RP 
of 1/3 to 1/10 are common. (5) The plate-grid capacitance is much 
lower and the plate-ground capacitance is some\\"hat higher in pentodes 
than in comparable triodes. 
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SPACE-CHARGE-GRID Pm,TODEs 

One Iimitation in the threc-electrode tubeandin the multi-electrodc 
t ubes considered thus far in this paper, is the resistance offered by space 
charge to th~ flow of space current. Tubes having ~o-called space
charge grids overcome this Iimitation to some extent by having a 
positive grid close to the cathode. which partially neutralizes the 
negative field very near the cathode surface due to space charge. A 
comparatively )arge current is drawn from the cathode by the space
charge grid. A portion of this current (usually about half of it) is 
collected by this grid, while the remaining portion passes through it 
and is acted on by the remaining elements of the tube. 

The arrangement of the electrodes in a space-charge-grid pentode is 
shown in Fig. 13. The space-charge grid, g1, is maintained at a 

Fig. 13- Schcmatic diagram shuwing the arrangement of clectrodcs in a spacc-chargc
grid pentode. 

relatively low positive potential with respect to thc cathode, usually in 
the range from 10 to 20 volts. The second grid, g2, is the control grid 
and is maintained at a negative potential with respect to the cathode. 

Ideally, at some cylindrical surface between these two grids (as
suming thc structure to be cylindrical) thc elcctrons arc retarded to 
ncarly zcro velocity forming a sccond spacc-chargc rcgion which may be 
regardcd as a virtual cathodc. Since this space-chargc shcath is largcr 
in area than thc original cathodc and is very closc to thc control grid, it 
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results in very large values of transconductance. Practically, the 
ideal condition is not fully realized, largely because velocity components 
other than radial are imparted to the electrons in passing through the 
space-charge grid. Consequently, these electrons reach any given 
cylindrical surface outside the space-charge grid with rather widely 
varying radial components of velocity. This, as will be seen later, 
places a rather serious Iimitation on the performance of such tu bes. 

The arrangement and functioning of the other electrodes in Fig. 13, 
outward from the virtual cathode, correspond with that of the screen
grid tetrode. The screen grid, g3, is maintained at a fixed positive 
potential necessary to aceeierate the electrons from· the region of the 
virtual cathode. The plate must be maintained at a potential higher 
than that of the screen for the same reason as ln the screen-grid tetrode. 
It will be shown that the characteristics of this pentode correspond 
roughly with those of the screen-grid tube previously discussed. 

If g3 were omitted, the structure outside the virtual cathode would 
correspond to that of a triode and the characteristics in the resulting 
tetrode would correspond roughly to those of a triode. In Fig. 14, 
characteristics are shown for a pentode of this type, the cathode and 
genera] dimensions of which are the same as those of the power 
pentode, the characteristics of which were shown previously. The 
plate-current and screen-current curves are seen to correspond very 
closely with those previously shown for a screen-grid tube. The 
characteristics exhibit the same "folds" due to secondary electrons, 
although this portion of the characteristics is not shown. The net or 
space-charge-grid current, In, increases as the plate current decreases 
with increasing negative control-grid voltage. This is to be expected 
since, as the control grid becomes more negative and reduces the 
current passing through it to the plate, the excess current returns to the 
net rather than to the cathode as in the screen-grid tube. 

If values of the amplification factor, plate resistance, and trans
conductance are plotted as functions of the plate voltage, families of 
curves are obtained similar in all respects to those for a screen-grid tube 
as shown in Figs. 3 and 5. These characteristics arenot shown for this 
tube. 

In Fig. 15, plate-current, screen-current, and net-current charac
teristics are shown as functions of the control-grid voltage with different 
valuesof the screen voltage as parameters. As in the case of the screen
grid tube, only a slight displacement of the characteristics results from 
variation of the plate voltage. It is of interest to note the high values 
of net current, particularly as the plate current drops toward zero with 
increasing negative grid bias. For example, if the operating point is 
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choscn at P in Fig. 15 , with a screen potential of 90 volts and a grid 
potential of - 2 volts, the plate current, screen current, and net 
current a re 24, 0.5 , and 23 ma, respectively, making a total space 
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current of 47.5 ma drawn from thc cathodc, nearly half of which is 
collcctcd by thc spacc-chargc grid. 

Anothcr point of intercst in Fig. 15 is t he flattcni ng out of thc platc
currcnt characteristics at thc highcr valucs of plate currcn t , in a manncr · 
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very similar to that exhibited by triodes of low cathode emission. In 
fact, this phenomenon is caused by the partial exhaustion of the space 
charge in the region of the virtual cathode. This is a fundamental 
characteristic of space-charge-grid tubes, caused largely by the 
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current, and net current as functions of the control-grid voltage, Eg, with the indicated 
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voltage, En = 15 volts. 

imperfect character of the virtual cathode, which results from electrons 
entering the space-charge region with widely varying normal com
ponents of velocity. I t constitutes a serious Iimitation on the 
practicable range of operation of such tubes, since it prevents the plate 
potential from swinging over a sufficiently }arge range.to obtain a large 
power output without resulting in prohibitive distortion. 
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In Fig. 16, tlw a mpl ifica t ion factor , pla te resi stance, and trans
conductance are shown as functions of control-grid voltage, with the 
same parameters as were used in obtaining the curves of Fig. 15. Of 
particul a r in terest in these cun·es, are the unusually high values of 
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transconductance for a tube of this size. For example, at the selected 
operating point P it is 9200 micromhos. Also of interest is thc peaked 
character of the transconductance curves. Since transconductanct> is 
defined by the slope of the plate current-grid voltagl' cun·es, which for 
this tube ha ve point s of intlection in tlwm, maximum points must occur 
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in the transconductance curves. The rapid falling off in transcon
ductance on either side of the maxima, with change in grid voltage, also 
indicates that a large amount of distortion would result if the tubes 
were operated with large swings in grid potential. 

Space-charge-grid pentades are capable, then, of yielding very high 
amplification because of their extraordinarily high transconductance; 
but, practically, they are limited to use as valtage amplifiers for fairly 
small inputs, since operation over the wide range necessary for large 
power output results in prohibitive distortion. These statements 
apply also to space-charge-grid tetrodes. These tubes have the 
advantage over ordinary triodes, however, of yielding high values of 
transconductance at comparatively low voltages applied to the plate. 

Co-PLANAR-GRID TuBEs * 
Thus far only multi-electrode tubes have been considered in which 

the electrodes are arranged in concentric order one about another. In 
the case of the power pentode it has been shown that this arrangement 
results in characteristics yielding compäratively high output power at 
high amplification and efficiency but with relatively large percentages 
of harmonics. It has also been pointed out that the high plate
circuit efficiency is largely due to the presence of a positive grid held at 
a fixed potential, which permits !arger plate valtage swings than would 
otherwise be possible. 

It is evident also from the underlying physical principles that in such 
a structure, with three concentric grids between the plate and cathode, 
even though the lateral spacings are fairly wide, enough shielding is 
interposed between the plate and cathode to make the plate resistance 
high. The question then arises: Is there any possible way of obtaining 
the advantages of a positive grid in tubes designed to operate at 
comparatively low plate voltages without the accompanying high plate 
resistance of the pentode structure? 

This objective is accomplished reasonably well by a four-electrode 
structure in which the positive grid is placed in the same plane as the 
control grid. The arrangement of the electrodes in such a structure, 
which will be referred to as a co-planar-grid tube, is shown schemati
cally in Fig. 17. The lateral wires of the two grids are asymmetrically 
arranged, the positive and negative lateral wires being arranged in 
pairs close together. The object of this arrangement may be described 
roughly as follows: By such an arrangement, when the control grid is 
very negative, the field about each negative wire very largely neutral-

* This section, "Co-Planar Grid Tubes," is an addition to the ma terial published 
in Electrical Engineering. 
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izes the field due to its positive companion so that the latter becomes 
ineffective in drawing electrons away from the cathode. As the 
negative grid approaches zero potential it uncovers the positi,·e grid 
electrically so that the latter becomes highly effective in drawing a 
large space current from the cathode at the moment when the peak 
current is drawn to the plate. This would not be so effectively ac
complished if the lateral wires were symmetrically arranged . 
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Fig. 17-Schematic diagram showing the arrangement of electrodes in a co-planar
grid tube. 

In Fig. 18, characteristic curves are shown for a co-planar-grid tube 
designed to operate at a plate potential of 130 volts and at a plate 
current of 35 milliamperes. Each of the three groups of curves shows 
the plate current as a function of the control-grid voltage for plate 
voltages of 100, 130 and 160 volts, and with the positive-grid voltage 
maintained constant at the indicated value. I t is evident from these 
curves that the primary effect of increasing the potential of the 
positive grid, or net, is to translate the group of plate-current curves to 
the left. By so doing it is obvious that !arger control-grid swings are 
possible, at any given Operating plate current, without the potential of 
the control-grid becoming positive at any time. This results in a 
comparatively large power output, to obtain which !arge grid swings 
are essential. 

The lowcr curve in Fig. 18 shows that a nearly linear relation exists 
between the positive and negative increments in voltage that must be 
applied to the positive and negative grids, respcctively, to maintain a 
constant operating currcnt , in this case 35 milliamperes. 
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In Fig. 19, a more extended family of characteristics is shown for a 
positive-net potential of 65 volts. Across these static characteristics a 
dynamic Ioad characteristic is drawn for a resistance Ioad of 3400 ohms, 
which matches the plate resistance of the tube at the operating point 
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P. At this point EP = 130 volts, En = + 65 volts, Eu = - 51 volts, 
I P = 35 milliamperes, and J1. = 5.3. The turning over of the dynamic 
characteristic at the top is due to the increasing fraction of the total 
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space current collected by t he positive net. The magnitude of the net 
current in t his region is shown by the family of curves in the Iower 
part of Fig. 19. 
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In Fig. 20, curvcs are shown giving the power output , and sccond and 
third harmonics cxpressed in clccibcls bclow thc fundamental, as 
functions of the pcak input when a sinusoidal valtage is applicd to thc 
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control grid. The curves were obtained with the indicated val ues of 
Ioad resistance, and with the indicated bias voltages appl ied to the 
grids. In each case the grid voltages were adjusted to give a plate 
current of 35 milliamperes. The curves are very similar in form to 
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those for the power pentode shown in Fig. 12. For the eo-planar-grid 
tube, as for the pentode, the third Harmonie is eomparatively high and 
inereases with the Ioad resistanee, while the seeond harmonie eurves 
exhibit minima. This is tobe expeeted from the form of the dynamie 
eharaeteristi"e whieh is very similar to that of similar eurves for the 
pentode previously diseussed. For example, eonsider the eurves 
marked 2 in Fig. 20, obtained with EP = 130 volts, En = 75 volts and 
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Fig. 21-Plate current-grid voltage characteristics of a triode with a dynamic char
acteristic shown for a resistancc Ioad, R = Rp = 1140 ohms. 

Eo = - 60 volts. The outputpower under these eonditions, with an 
input of 50 peak volts, is 1.68 watts with the seeond and third bar
monies 40 db and 25 db, rcspeetively, bclow the fundamental. At an 
input of 30 peak volts, the Ievel of the seeond harmonie rises to 29 db 
and that of thc thircl harmonie falls to 41 db below that of the funda
mental. 
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I t is of interest to compare the characteristics of this co-planar-grid 
tube with those of a three-electrode tube designed also to operate at a 
plate potential of 130 volts and at a plate current of 35 milliamperes. 
The plate current-grid voltage characteristics of such a triode are 
shown in Fig. 21. The dynamic characteristic is for a Ioad resistance 
of 1140 ohms which matches the plate resistance of the tube at the 
operating point P. At zero grid bias on the dynamic characteristic, 
the plate potential is 92 volts, a drop of only 38 volts from the operating 
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Fig. 22-Curves showing the output power and plate efficiency of a triode and 
a co-planar-grid tube with varying effective values of second and third harmonics 
expressed in db below the fundamental. 

potential of 130 vo1ts. In the co-planar-grid tube the dynamic 
characteristic cuts the axis of zero grid bias at a plate potential of 27 
volts, a drop of 103 volts from the operating plate potential. The 
!arger plate-voltage variation in the co-planar-grid tube results in 
higher efficiency than in the triode. The reasons for this difference are 
identical with those previously discussed in the case of the power 
pentode. 

In Fig. 22, curves are shown comparing the power output and plate-
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circuit efficieney of the triodc and co-planar-grid tubc at varying 
harmonie Ievels expressed in dh below the fundamental. Cun·es are 
shown for the triode with the Ioad resista nce, R, equal to thc platc 
resistance, R P, and also with R = 2RP. In both tubes the plate 
valtage is maintained a t 130 vol ts, and thc plate curren t at 35 milli
amperes. 

\Vith thc harmonies 26 db below the fundamental (5 per cent) and 
with R = 2RP, the output from the triode is 0.65 watt. At the same 
harmonie }e,·el thc output from thc eo-planar-grid tube is 1.65 \Yatts 
with a resistance Ioad matehing its plate resistance. The efficieneies 
are 14 per eent and 35 per cent respeetively. 

The most signifieant differenees between the eo-planar-grid tube and 
the power pentode are as follows: (1) The former has a mueh lower 
plate resistance whieh simplifies coupling the tube to its output eireuit 
and is partieularly advantageaus in applieations where it is desirable 
to operate the tube into an impedanee matehing its plate resistance. 
(2) The pentode yields higher amplifieation and, eonsequently, requires 
a correspondingly smaller input valtage to drive it. (3) The plate
eireuit effieiency is not greatly different exeept at low plate voltages 
where the eo-planar-grid tube is somewhat more effieient. 

I t should be borne in mind in eonsidering the efficiency of output 
power tubes used at audio frequeneies. that the usual eriterion of 
available power is the harmonie eontent . As has been shown, funda
mental physieal faetors tend to make the harmonies, partieularly the 
odd harmonies, relatively high in pentades and eo-planar-grid tubes. 
On the other hand, the reeent trend in the design of triodes has been 
toward tubes of very low plate resistance , "·hich operate into eom
paratively !arge Ioad resistanees. This tends to deerease the harmonies 
on the onc hand and increase the effieieney on the other. The net 
result has been that triodes of more reeent design, partieularly those 
operating at 250 volts or higher, are not far below the pE>ntode or 
co-planar-grid tuhe in efficieney. 



Limits to Amplification * 
By J. B. JOHNSON and F. B. LLEWELLYN 

The amplification obtainable in a vacuum tube amplifier is li mited by 
the noise in the circuit. Of the various sources of noise the most funda 
mental and inevitable is thermal agitation of electricity . Other sources 
are the influence of ions and of shot effect and flicker effect on the current 
in vacuum tubes, poor contacts, mechanical vibra tion , and hum from a.-c. 
cathode heating. These noises and their effects in Jimiting amplification 
are discussed in this paper. Although the natural noise Ievel of an am plifier 
is exceedingly low, modern amplifiers have reached such a stage of perfection 
that their noise Ievels often are practically at the natura l Iimit. 

N OISE in amplifiers is now a familiar term. Any one who has had 
his favorite radio hour ruined by static knows the effect of an 

incoherent background of noise. Although static \vas one of the first 
noises observed in radio amplifiers, its origin is really outside the 
circuits. At one time it seemed that other sources of noise of purely 
local origin, such as poor batteries, loose contacts, gassy tubes and 
induction from power lines, might be eliminated entirely so that the 
circuits would be capable of amplifying any signal, no matter how 
small. I t was found, however, that the noise Ievel cannot be lowered 
indefinitely; that there are Iimits below which, in the nature of things, 
noise cannot be reduced. 

Of the sources of noise, the most fundamental and inevitable is 
thermal agitation of electricity. In a perfect amplifier all other 
noises would be reduced to a Ievel below that of thermal agitation. 
N ext in order comes the influence of ions and of shot effect and flicker 
effect on the current in the vacuum tubes. Under control to a greater 
extent, but nevertheless of a malignant nature, are the effects of poor 
contacts, mechanical vibration, and hum from a.-c. cathode heating. 
In dealing with these disturbances, the circuit and vacuum tube of 
the first stage of the amplifier are the most important, for here the 
signal being amplified is at its lowest Ievel. \Vhen the signal is so 
faint that it is masked by the noise remaining as the natural Iimit of 
the circuit, then the only possible remedy is to raise the signallevel. 

The natural noise Ievel is exceedingly low, yet modern amplifiers 
have reached such a stage of perfection that their noise le\·els often are 
practically at the natural limit. This is true not only of special 
amplifiers built for experimental purposes, bu t of many amplifiers 

* Published in .i\ovember 193-1 issue of Eledrical E ngineering. Scheduled for pres
entation at Winter Convention of A. I. E. E ., .l\ew York City , January 22- 25, 1935 
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used in commercial circuits. The natural Iimits to amplification which 
will be discussed in this review are therefore of very practical interest. 

THERMAL AGITATION 1• 2. 3, 4, 5, 6 

The free charge of any conductor is in random motion in equilibrium 
with the thermal motion of the molecules of the conductor and this 
flow of charge creates a random valtage across the terminals of the 
conductor. This valtage usually is observed in a system composed 
of an amplifier with an input circuit and an output device. Its mean
square value across the output device is given by the expression 

Vto2 = 4kT J.oo RG2~j, 

where the symbols have the following meanings: 

(1) 

k is the Boltzmann gas constant and is equal to 1.37 X 10-23 watt
second per degree, 

T represents absolute temperature, degrees Kelvin, 
R represents the resistive component in ohms of the input impedance 

as measured across the input terminals of the amplifier, 
G represents the valtage gain of the amplifier, and is equal to the ratio 

of valtage across the output device to valtage across the input 
terminals of the amplifier, 

f represents frequency in cycles per second, 
R and G are in general functions of frequency. 

In the simple case where the amplifier has a constant gain over a 
frequency range Fand no gain outside of this range, and where R is 
also constant over the same frequency range and is at the normal 
temperature of 300 degrees, the mean-square noise valtage across the 
input terminals of the amplifier is 

V?= 1.64 X 10-20RF. (2) 

This is the valtagethat would be produced by a generator supplying 
to the resistance R the power 

W = ~
2 

= 1.64 X 10-20F. (3) 

The power W, sometimes expressed as 1.64 X 10-20 watts per cycle, 
is independent of Rand may be regarded as the apparent inputpower 
of the thermal agitation. I t depends only on the frequency range of 
the amplifier, since the temperature cannot be varied conveniently or 

1 For all numbered references see bibliography at end of paper. 
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very effectively and it sets a lower limit to the possibility of amplifying 
electrical impulses of any kind. Any signal much smaller than the 
thermal noise would be masked hopelessly. The only factor under 
control in the noise equation is the frequency range F, which should 
be no greater than is needed for the transmission of the signal. 

An example will illustrate the magnitude involved in this limit to 
amplification. When the signal is speech requiring a frequency band 
of 6,000 cycles, then the apparent power generated at the input of 
the amplifier by thermal agitation is 0.985 X 10-16 watts, which is 
about 138 db below the common reference level of 0.006 watts. (The 
level of 10-16 instead of 0.006 watts is being considered as a reference 
point for the decibel scale in communication circuits. This is approxi
mately the level of thermal noise in a 6,000-cycle channel.) If the 
input resistance were one megohm the corresponding r.m.s. noise 
voltage would be 9.94 f.J.V. 

A signal represents a certain amount of available power, and when 
this is so small that it is near the thermal noise level it must be used 
efficiently to produce voltage at the grid of the amplifier tube.7• 8 

Let the signal be supplied by a generator of voltage E and internal 
resistance R1 which deliverspower to a load resistance R2, the combina
tion forming the input circuit of the amplifier as shown in Fig. 1. 
The mean-square signal voltage on the grid of the amplifier tube is 

(4) 

However, the resistance required by equation 2 for the noise is the 

,----AMPLiFJER _____ l 

Rzf i rul t------T--1 I fOUTPUT 

L _____________ _j 

Fig. 1-Schematic diagram of a vacuum tube amplifier showing equivalent 
input circuit. 

combination of R 1 and R2 in parallel, so that the mean-square noise 
voltage on the grid of the amplifier tube is, from equations 2 and 3 

(5) 
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Hence the signal-to-noise ratio is 

(6) 

In general, the internal resistance R1 of the signal generator is fixed, 
so that R2 is the only available variable. In the usual case of matched 
impedances where R1 and R2 are equal, the signal-to-noise ratio is 
3 db poorer than in the ideal case where R2 is madc very ]arge com
pared with R1. This is one of the few examples where a mismatch of 
impedances is advantageous. The use of an ideal step-up transformer 
bet\veen R1 and R2 in Fig. 1 will be of no avail, so far as the thermal 
noise is concerned, because its effect in equation 6 will be only to replace 
R2 by R2/N2 where J.V is the turns ratio of the transformer. 

In some systems the impedance at the input of the amplifier is un
avoidably small. It may be sosmall that the valtage of the thermal 
agitation of the input circuit, even when amplified by the first tube, is 
lower than the noise voltage originating in the output circuit of that 
tube. Ideally, the noise in the plate circuit also should be caused by 
thermal agitation only, and the equations for it have been derived.9• 10 

In practice, however, the noise in the plate circuit is found to be 
considerably greater, for reasons that will be discussed presently. 

SHOT EFFECT AND FLICKER EFFECT \YITHOUT SPACE CHARGE 

Early in the study of noise arising in vacuum tubes it was shown I. 11 

that under certain conditions a noise is produced that depends on the 
fact that the electric current is a flow of discrete particles, the electrons, 
which are emitted from the cathode in a random manner. The random 
electron emission produces a statistical fluctuation in the current that 
flows through the tube and coupling impedance. This fluctuation, 
called the shot effect ( German Schroteffekt, in analOg)' with the random 
scattering of shot from a shot gun), appears as noise in thc output of 
the amplifier. \Vhen the current in the tube is limited by the rate of 
emission of electrons rather than by the space charge, so that the 
resistance of the tube is nearly infinite, then the shot effect produces 
a mean-square voltage across thc output impcdance of the amplifier 
given by 12

• 9 

V 2 = ? . f.;t) Z 2G2 lj su - E't ( , 

0 

(7) 

in which 

E rcprcsents thc charge on thc electron ancl is cqual to 1.59 X t0- 19 

coulomh, 
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i represents space current in amperes, 
Z represents the magnitude in ohms of the coupling impedance, 
G represents the voltage gain of the amplifier from Z to the output , 
f represents frequency in cycles per second, 

89 

For an amplifier having a ftat frequency response curve over frequency 
range F the expression becomes, for the effective shot noise across the 
impedance Z 

(8) 

The expression holds quite accurately for tubes in which the cathode 
is made of either clean or thoriated tungsten and for high-vacuum 
photo-electric tubes, and it has been used in determining the charge 
on the electron. 13 

\Vhen an oxide coated cathode is used, ftuctuations of a ]arger 
magnitude 14 are superimposed on the true shot effect. These ftuctua
tions are inappreciable above about 10 k.c., but increase rapidly in 
magnitude toward the lower frequencies. They also increase with the 
current at a faster rate than the shot effect ftuctuations. This dis
turbance has been ascribed to a state of flux and change in the 
activating material on the surface of the cathode,14• 15 and the phe
nomenon has been called the " fticker effect" (from the analogy of a 
flickering candle). 

There are two practical circuits in which the pure shot effect may 
set the ultimate noise Ievel. One of these is the circuit in which the 
grid of an amplifying tube is left" floating " at its equilibrium potential 
as usually is clone in the first stage of amplifiers used for ion counters 
and other instruments for measuring very small charges. 18 • 10 The 
grid then emits a few electrons and receives positive ions and electrons 
from the surrounding space. These currents a re very small , but are 
not subject to space charge Iimitation so far as the grid is concerned. 
Because the grid impedance is very high , the shot voltage developed 
by the small grid current may exceed the thermal voltage of the grid 
impedance. The second circuit is that in which a photo-electric cell 
works into the amplifier. 19 • 20• 21 Vacuum cells generate shot noise of 
very nearly the theoretical val ue given by equation (7), while gas 
filled cells give even greater noise. 

The total noise generated in the output of the vacuum photo
e lectric cell is the sum of the shot noise and thermal noise across the 
coupling resistance R, as given by equations (8) and (2). The mean 
square of the signal voltage, however, is (.J.iR)2/2 where .J.i is the 
amplitude of the current variation. The ratio of signal to noise is 
then 

(.J.i) 2 R 
1.59 X 1o1s----p- iR + 0.0516 (9) 
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This equation shows the expected fact that for a given value of t:..i it 
is better to keep the direct photo-electric current small (high modula
tion). It also brings out the curious result that when the direct 
voltage drop in. the coupling resistance is much more than 1/20 volt 
the noise is largely shot noise and the signal-to-noise ratio is in
dependent of the coupling resistance, while if this voltage is much less 
than 1/20 volt the thermal noise predominates and the signal-to
noise ratio is proportional to the coupling resistance. 

SHOT EFFECT AND FLICKER EFFECT \VITH SPACE CHARGE 

\Vhen, as in an amplifier tube, the current in the tube is limited 
partly or wholly by space charge rather than by the cathode tempera
ture, then the conditions are changed 13 • 14 • 16 in two respects. First, 
while the electrons still are emitted from the cathode at random times, 
they must arrive at the plate in a more orderly manner. Simple 
statisticallaws no Ionger apply, the flow of current is smoother and the 
fluctuations are greatly reduced. Second, the impedance of the tube 
is no Ionger infinite, but has a finite value. The equation for the shot 
effect (equation (7)) now must be modified, 9• 16• 17 by substituting for 
the current i the quantity j(aijaj) 2, wherej is the total current emitted 
by the filament and ai jaj is the rate of change of space current with 
emission current for the particular conditions used in the observation 
of the fluctuating voltage. Furthermore, in place of the coupling 
impedance Z the effective impedance Ze of this in parallel with the 
tube resistance r P must be used. The equation now reads 

V' ~ 2<j ( :j) 2 f Z.'G'df. (10) 

In the absence of space charge j and i are identical, aijaj is unity, and 
Ze becomes Z, so that the equation then represents the pure shot 
effect. \Vith increasing space charge the value of aijaj approaches 
zero and Ze becomes smaller so that the shot effect becomes very 
small. Similarly the flicker effect, being connected with the process 
of emission and not with the subsequent history of the electrons, also 
is made ineffective by the space charge. In fact, in weil designed 
tubes the fluctuation noise of both shot effect and flicker effect in the 
space current appears to be reduced to such an cxtent as to be 
negligible. 

IoNs IN THE SPACE CHARGE 

The effect of ions in the grid currcnt already has bcen discusscd. 
Ions also may cause fluctuations in the plate current of the tube. 
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The space charge which Iimits the current between cathode and anode 
consists of electrons in rapid progress toward the anode. A massive 
ion placed in this region travels much more slowly and contributes 
to the space charge for a much Ionger time than does an electron. 
While its own charge contributes little to the current, one ion may 
cause the current to change by the amount of hundreds of electrons 
during its flight through the space charge region, and the action of 
many ions would be additive. 

Probably most of the ions existing in a tube are positive. Some of 
them are molecules of residual gas that have lost an electron by 
collision with an electron of the space current. Residualgas has been 
found to increase the noise of tubes, especially at the higher pressures. 
Observations at very low pressures are not conclusive, and it is not 
certain whether in any modern tubes the noise level is determined by 
the presence of residual gas. 9• 14 • 19 • 2o. 21. 22, 2a. 24 

Positiveions may be emitted also by the cathode. These never can 
attain a high velocity because they remain in a region of low field 
intensity. They may be trapped for a time in the region of the 
potential minimum near the cathode before they finally pass to the 
grid or possibly become neutralized by an electron. In modern tubes 
with low temperature filaments the effect of these ions is reduced 
greatly, yet still may account for a large part of the difference 
between the observed tube noise and the theoretical thermal noise 
of tubes.14· 2s. 2s, 21. 2s 

N OISE IN COMMERCIAL TUB ES 

Noise generatedinan amplifier should consist largely of the thermal 
noise of the input circuit, to which is added the noise produced in the 
plate circuit of the first tube. lt is convenient to consider that 
the tube noise comes, not from the plate circuit of the tube, but from a 
fictitious resistance RG in series with the resistance Re of the input 
circuit.2 The effective thermal noise of the input circuit then is given 
by the expression 

V2 = 4kTF(Re + RG) = 1.64 X 10-2°F(Re + RG). (11) 

The tubes therefore may be rated conveniently in terms of RG. The 
transformation to volts or to watts can be accomplished readily by 
equations (2) or (3). If, with a given tube and circuit, RG approaches 
or exceeds Re in value, the tube is responsible for an appreciable part 
of the total noise. The choice of another tube in which the ratio of 
Re to RG is more favorable then may be considered. 
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For the calculation of t ube noisP sp,·cral formulas ha\'C been pro
posed, eitlwr entirely empirical 2 or with soml' basis 011 theory. 9 • 24 • 29 

These formula~ genl·raiiy fail in tlw predict ion of noise in t ubes for 
the reason that the greatE>r part of tlw noise in practical tuhes is caused 
by things that have not been included in theory and that arestill in a 
state of flux so far as manufacturing is concerned. I t is best. there
fore, to rely only on actual measurements of the noise in specific types 
of tubes. \Vith modern tubes, the noise Ievel of a given type of tube 
can be represented reasonably well by measurements made on a small 
nurober of samples. 

Published data on noise of tubes are rather meager. The best 
series of measurements isthat of Pearson,10 which covers four \Vestern 
Electric tubes at different frequency bands. These tubes are known 
commercially as types 102G, 262A, 264B, and 259B. The General 
Electric tube type P J-11, designed specially for work at Iow fre
quencies, was studied by l\1etcalf and Dickinson.24 They also give 
data, for the low frequency region, on the tubes known commercially 
as types 222, 240, 201, and 112. Johnson and Neitzert 30 have given 
data for the P J-11 and the type '38 tube. Certain British tubes were 
studied by l\Ioullin and Ellis,29 and of these the type A Cj21IL tube 
was found to have the lowest noise Ievel. Brintzinger and Viehmann 31 

studied a few German tubes. Of these the type RE-084 appears to 
have the lowest noise rating, but the data cannot be reduced to absolute 
measure. 

In many of these studies the tubes were operated at voltages different 
from those usually employed. For these, the original papers should 
be consulted. In general for the best triodes Ra has a value of a 
few thousand ohms, while for screen tubes it has a value of a few 
tens of thousands. At the lowest voice frequencies the values may be 
somewha t grea ter. 

0TIIER SouRcEs oF NoisE 

\Vhile the more fundamental sources of noise hm·e been discussed, 
it may be weil to add some remarks on a few types of dist urbance that 
often can Iw eliminatecl. 

Noise From A-C Catlzode lleating 32 - 39 

The indirectly heated cathode may be operated on alternating 
current when the tube is employed in radio frequency circuits. In 
audio amplifiers with gains in excess of 50 db, additional precautions 
must be taken to rcduce the effects of the electric and magnetic fields 
of the heater and of coupling impedance between the heater and the 
other electrod<:>s. Even under the best conditions, hm,·evPr, the hum 
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level is of the order of 20 db ahove the tube noise rneasured with 
d-c heating. 

Noise From T 'ibration :t:!. :!:!, :tfl, 4o 

l\Iechanical vibration changes the relative positions of the tuLe 
elernents and hence causes dist urbing noise. This is especially ob
jectionable at audio frequency, although a radio frequency carrier 
may become modulated sufficiently to produce noise. 

The remedy, used in the so-called "low microphonic " tube designs, 
is to stiffen the construction of the tube elements and to apply damping 
to their vibration, as weil as to cushion the tube by a suitable mounting 
and to shield it from sound waves. The indirectly heated cathode is 
superior to the filamentary cathode in regard to noise from vibration. 

Noise From Poor Insulation 32 , 33. 39 

Noise arises from resistance changes at contacts and across thin 
films of conducting material deposited on insulating supports in the 
vacuum tube. Leaky capacitors rnay produce a similar noise. 

Jloise From Faulty Resistances 

Many resistors in which the resistance element is a thin film are 
sources of noise. If no current flows in thern only thermal noise is 
generated, but when direct current passes through them more noise is 
produced. The noise voltage is roughly proportional to the direct 
current. These resistors must be chosen carefully for circuit branches 
where current flows. 

SJGNAL-Tü-NOISE RATIO 7• 29, 41. -12 

In so far as noise is concerned, the merit of a transmission system is 
dependent not only on the amount of noise present, but also on the 
strength of the signal, so that a determination of the ratio of the signal 
Ievel to the noise level is necessary. Fortunately, this ratio has a 
reference value for any given transmission system determined uniquely 
by the ratio of the signal to thermal noise in the input circuit. The 
ratio of the signal Ievel to noise leye] is here the greatest the ratio 
ever can attain, because noise that originates at subsequent points in 
the amplifier contributes to the noise leYel without increasing the 
signal. 

This fact provides a basis for the rating of amplifiers, the thermal 
noise of the input circuit being used as a comparison signal. For 
example, the noise output of an amplify ing system may be 0.3 mw 
which falls to 0.2 mw when the input circuit is short-circuited. The 
thermal noise from the input circuit is then the difference between 
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these two readings, namely, 0.1 mw, and the signal-to-noise ratio of 
the actual system is 3 times, or 4.8 db worse than its best possible 
value with a given signal. These data may be expressed in terms of an 
equivalent input resistance which has the advantage that the ampli
fying properties of the tube have been taken into account. This 
Ieaves for the engineer only the problern of selecting a tube having an 
input capacity of such a value that the construction of a relatively 
high impedance input circuit is possible. . 

So far, the discussion has been based upon the properties of amplifiers 
only, no mention being made of the effects of modulators, detectors, 
frequency converters, and other nonlinear devices Ön the signal-to
noise ratio. A detailed discussion of the noise in such devices is 
beyond the scope of this paper, but the relations in the most commonly 
used ones may be indicated and their general properties outlined. 

First, consider a system composed of a radio frequency amplifier 
followed by a detector and a pair of headphones. A certain amount of 
noise will be heard in the phones if the gain of the amplifier is great 
enough. This noise is caused by the various components of the radio 
frequency noise beating tagether in the detector to form audio fre
quency components. Next, suppose that an unmodulated carrier is 
introduced into the amplifier. It will be observed that the audio 
noise in the phones increases. The increase in audio noise is produced 
by the radio frequency carrier beating with the radio frequency noise 
components and this increase is proportional to the strength of the 
carner. 

If a small percentage of modulation is added to the carrier, the audio 
signal-to-noise ratio in the phones will be determined by the properties 
of the amplifier in the same way as though the system were a straight 
amplifier without any detector. Comparison of the actual system 
with the ideal may be made by introducing the carrier into one of the 
amplifier stages subsequent to the input, and then measuring the audio 
noise with the input circuit in its normal condition and again with 
the input circuit short-circuited. The ratio of these two energy values 
gives the ratio of the equivalent input resistance of the actual system 
to thc equivalent input resistance of the noisy amplifier alone. The 
ratio of the ideal signal-to-noise ratio to the actual one may be found 
by dividing the diffcrence between the two audio energy rcadings by 
the reading takcn with the input circuit in its normal condition. 

If the percentage of modulation of the carrier is large, the system 
will be noisier bccause there will be apprcciable audio noise components 
caused by beats between thc side bands and thc radio frequency noise 
components. Again, if the carrier Ievel is not large comparecl with 
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the noise Ievel in the amplifier, the system will be noisier because the 
beats between the noise components are appreciable compared with 
the beats between carrier and the noise. 

The same considerations apply to the first detector in a double
detection receiving system. If, as is usual, the beating oscillator 
voltage is Iarge compared with the noise components, then the fre
quency band of the noise will be shifted in position in the same manner 
as the signal, and the signal-to-noise ratio of the system will be un
changed by the frequency conversion. 

The signal-to-noise properties of any system are considered satis
factory when the total output noise differs only slightly from that pro
duced by thermal agitation in the input circuit alone, and this differ
ence may be measured by eliminating the input thermal noise (as by 
the short-circuit method) and noting the change produced in the out
put noise. 
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Vacuum Tubes as High-Frequency Oscillators * 
By M. J. KELLY and A. L. SAMUEL 

Vacuum tubes as oscillators and amplifiers a t frequencies greater tha n 
100 megacycles (3 m.) are considered in this paper. The type of con
struction used in a large number of different tubes, and the characteristics 
of the tubes, are presented. Circuits for operating the tubes also are 
considered and the theory of operation and the factors limiting ultra-high 
frequencies are discussed. Principal attention is g-iven to the tubes as 
oscillators, with brief consideration of the problern of amplification. 

T HE three types of oscillation generators which at present are the 
most efficient in the range from 100 megacycles to 3000 mega

cycles per second will be discussed in the following survey. These 
are: the negative grid tube which at lower frequencies is the con
ventional regenerative oscillator, the positive grid or Barkhausen 
oscillator, and the "magnetron '' oscillator. The amplification problern 
will be briefly discussed. Because of the present unsettled state of 
the theory, only the most elementary and generally accepted part 
will be included. l\1 uch theoretical and experimental work remains to 
be done before knowledge of the mechanism of oscillation and amplifi
cation in this frequency range will be satisfactory. As is often the 
case, the empirical knowledge of some of these mechanisms has out
distanced the theoretical interpretation. 

THE NEGATIVE . GRID ÜSCILLATOR 

The conventional thermionic vacuum triode, whether it be a large 
water-cooled power tube or a small receiving tube, may be used as a 
generator of oscillations varying in frequency from a few cycles per 
second to some 20 or 30 megacycles with substantially undiminished 
efficiency and output. In this range the frequency at which a tube is 
to be employed is a factor of almost negligible importance in the de
termination of its characteristics and its form. Beyond this range , 
however, frequency plays an increasingly important part, and as one 
approaches 300 megacycles, it becomes the most important factor in 
the determination of tube design. 

When an attempt is made to operate a standard triode at increasingly 
high frequencies it is found that the output and efficiency begin to 
decrease. The frequency at which this is first observed will depend 

* Published in November 1934 issue of Electrical E ngineering. Presented at 
Winter Convention of A. I. E. E., New York City, January 22- 25, 1935. 
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upon the design of the tube but it will usually be in the 10- to 60-
megacycle range. By successive modifications of the circuit arrange
ment and size this decrease in power output and efficiency can be 
minimized. \Vith optimum circuit arrangements, however, this de
crease continues until finally a frequency is reached beyond which 
oscillations can no Iongerbe produced. 

In Fig. 1 are shown typical data for a standard 7 5-watt tube, the 
\Vestern Electric type 242A, operated with reduced potentials oYer 
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Fig. 1-Power output and anode efficiency as a function of frequency for a 
standard triode. These curves are typical of all tubes as they approach their upper 
limiting frequency. 

the frequency range from the point where oscillation frequency 
noticeably affects performance to the point where oscillations can no 
Ionger be produced. The plate potential was held constant at 7 50 
volts throughout the entire frequency range. The oscillation circuit 
was modified at cach point in order to obtain maximum output and 
efficiency, keeping the anode dissipation within the maximum rating 
of 100 watts and the anode current within the maximum rating of 
0.150 amp. It can be seen from thc curves that the output and 
efficiency are independcnt of the frequency until about 20 megacycles 
is reached, when they begin to dccrease. At 100 megacycles the output 
power is only 2.5 watts and the cfficiency only 2 per cent. The tubc 
will not oscillate at 105 megacycles. 
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Effect of Energy Losses on Performance 

A tube operating in the range where frequency affects performance 
must withstand energy lasses, and the resulting heating within its 
structure, which occur to only a negligible degree at the lower fre
quencies. Some of these Iosses are due to dielectric hysteresis in the 
insulating materials of the tube, particularly in the portians of the 
glass supporting stem or bulb which lies between the tube Ieads. 
The glass is sometimes so softened by the heat thus developed that it is 
punctured by the outside air pressure. Losses also occur in the 
auxiliary metallic parts of the tube structure due to the increased eddy 
currents that occur at high frequencies. Losses in the tube electrodes 
and their lead-in wires are also greatly increased due to skin effect 
which increases their resistance, and due to the increased charging 
current required by the inter-electrode capacitances. The increased 
lead temperature, depending upon its amount, will cause a more or 
less rapid deterioration of the lead-to-glass seals which may ultimately 
destroy the vacuum. In order to protect the tube from darnage 
because of these new types of energy dissipation, the operating 
potentials and currents must be reduced to values less than those 
established for low-frequency operation. Some manufacturers are 
now giving special ratings on such of their standard tubes as may be 
used at ultra-high frequencies. These ratings should be adhered to 
when operating in this range. 

Effect of Circuit on Performance 

The decrease in outputpower and plate efficiency which sets in with 
the increase in frequency, while due in part to the lasses described 
above, and to the rapid increase in radiation lasses, is also due to two 
additional effects of fundamental importance. The first to become 
evident, with increasing frequencies, is circuital in nature. This can 
be explained by reference to the conventional oscillator shown in 
Fig. 2. The frequency of such an oscillator is given by 

1 
f = 27r{LC' 

where Land C are the effective inductance and capacitance of the oscil
lating circuit. In the lower frequency range, the LC product which 
determines the frequency is substantially equal to LoGo, that is, to 
the product of the inductance and capacitance of the external circuit. 
The inductance of the tube leads and the capacitance between its 
electrodes (indicated by the dotted lines in the figure) play a negligible 
röle. In order to tune the circuit to higher and higher frequencies, 
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the capacitance Co is first reduced and finally eliminated, leaving the 
inter-electrode capacitance as the only capacitance in the oscillating 
circuit. The tube leads then form a part of the main oscillating 
circuit , in which !arge ci rculating currents must exist for stable opera
tion. For a further increase in frequency the external inductance L 0 

Lo 

CFpX CFG 
Ct = CGP + CFP + CFG 

Lt=LG+Lp 

Fig. 2 (left)-A standard Colpitts oscillator circuit. The heavy lines indicate 
the main oscillating circuit. The dotted portians represent the inter-electrode 
capacitances and Iead inductances which play a minor role at low frequencies. 

Fig. 3 (right)-The limiting circuit with the external tuning capacitance eliminated 
and the external inductance reduced to a short circuiting bar between the grid and 
plate Ieads. The main oscillating circuit, indicated by the heavy lines, is seen to 
include the inter-electrode capacitances and Iead inductances. 

must be reduced and, in the limit, it becomes the shortest possible 
connection between the grid and plate terminals. The oscillating 
frequency for this limiting circuit, shown in Fig. 3, is determined by 
the product of the Iead inductance L t and the inter-electrode capaci
tance C t; that is, 

where Lt is the sum of the grid and plate lead inductance and Ct is 
t he total grid-plate capacitance. Even before this frequency Iimit is 
reached the outputpower and plate efficiency are seriously reduced by 
the lack of full control over the relative amplitudc and phase of the 
alternating grid and plate potentials. \Vhereas thc ratio of these 
amplitudes is controlled in the circuit shown in Fig. 2 by the con
densers C1 and C2, it is cletermined in the limiting case primarily by 
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the fixed ~atio of the grid-filament to plate-filament inter-electrocle 
capacitance. Most tubes made especially for ultra-high-frequency 
use are constructed so as to minimize these circuit limitations by a 
reduction in the inter-electrode capacitance and Iead inductance and 
by adjusting the capacitance ratio. 

Ejfect of Transit Time on Performance 
The second fundamental effect has to do with the time required for 

the electrons to travel from the cathode to the anode within the tube 
structure. This time, the so-called transit time, is very small in 
present-day commercial types of power tubes, usually much less than 
one micro-second. Obviously at low frequencies it can be neglected 
and,. in fact, for many tubes it still plays a minor röle either in de
termining the output and efficiency in the high-frequency range or in 
establishing the limiting frequency for oscillations. \Vhen the fre
quency range of oscillation of a tube is extended by an adequate de
crease in energy Iosses and by improvements in electrical design, 
transit time becomes a dominating factor in the reduction of output 
power and efficiency and in establishing the limiting frequency of 
oscilla tion. 

This comes about in two ways. In the first place, the relative phase 
of the alternating grid and plate potentials for best operation must be 
altered to compensate for the time required for the electrons to travel 
from the region in which the grid has its greatest effect upon their 
motion to the region in which their motion has the greatest effect upon 
the plate current. The available control over these phases is usually 
insufficient to permit a realization of the optimum adjustment. In 
terms of the measured characteristics of the tube, the transconductance 
has become complex. But even with the optimum phase adjustment 
the efficiency is reduced by losses which occur because of the variations 
in grid and plate potentials during the transit time. Electrons 
arriving at the plate will in general have velocities greater than the 
velocity corresponding to the potential of the anode at the instant of 
their arrival. The excess energy corresponding to the greater velocity 
is obtained from the oscillating circuit and is dissipated at the plate in 
the form of heat. Again in terms of the measured characteristics, 
the input conductance has been increased above its low-frequency 
value. 

The mechanism which enables electrons to take energy from the 
oscillatory circuit in their passage across the tube is evident from a 
consideration Öf a somewhat simplified case as shown in Fig. 4. 
Assurne that the anode is held at a constant positive potential of 100 
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volts, and that the grid is held at 50 voltspositive just long enough to 
allow an electron to come from the cathode to the grid plane (very 
near one of the wires), where its velocitywill correspond to a fall of 50 
volts. The po.tential of the grid is then suddenly changed to 50 volts 
negative. The electron will then fall through an additional potential 
difference of 150 vol ts, arriving at the anode with a velocity corre-

(A) (B) 

Fig. 4-Illustrating the mechanism which enables electrons to take energy from the 
oscillating circuit. 

sponding to 200 volts, producing just twice as much heat as it would 
have done had the grid potential not been changed during the transit 
time. This added energy must come from the source which produced 
the change in the grid potential. In the actual case the change in 
grid potential is not abrupt but a similar loss occurs. This Iimits the 
useful frequency range of a tube to values for which the oscillation 
period is long compared to the electron transit time. 

Special Designs Required for Different Ranges of High Frequencies 

lVIost standard power tubes reach their upper frequency Iimit of 
oscillation somewhere in the 10- to 100-megacycle frequency range. 
For frequencies above this, specially designed tubes are required. 
The frequency range in which a given design is near the optimum is 
limited. Therefore, there is a succession of tubes, each rated for a 
band of frequencies. Characteristics such as a high mutual con
ductance and a sharp cut-off which make a tube a good oscillator at 
low frequcncies, while still of importance at ultra-high frequencies, 
are apt to be sccondary to the spccial frequency rcquircments 
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Although some progress has been made in the modification of con
ventially designed water-cooled tubes for use above 100 megacycles, 
more attention has so far been given to the development of radiation
cooled tubes for this frequency range. 

A departure from conventional design with increasing frequency is 
illustrated by a radiation-cooled tube described by l\IcArthur and 
Spitzer 1 in which the ratio of the plate diameter to the plate Iength 

Fig. 5-A radiation cooled tube for use in the frequency range from 60 to 180 
megacycles per second. Note the large ratio of the plate diameter to plate length 
and the special arrangement of the Ieads. 

1 For all numbered references see Iist at end of paper. 
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is much ]arger than for t he conventional tube. Radiating fins are 
employed to compensate for the decrease in heat radiating ability of 
the plate which would otherwise occur because of its short length. 
In Fig. 5 is shown a photograph of this tube . . It will be noted that 
the tube electrodes are supported directly from their Ieads. The com
plete absence of auxiliary supporting members either of metal or of 
insulating material and the large size of Ieads reduce radiation, eddy 
current, and conduction current losses. That portion of the inter
electrode capacitances due to the supporting structure is also made 
small by this method of support. 

The inter-electrode capacitances are given below, tagether with the 
corresponding values for the type 242A tube, which has the same plate 
dissipation rating but is designed for use at lower frequencies: 

High Frequency Tube 

Plate to grid .................. 3 J.tJ.tf 
Grid to filament. .............. 2 p.p.f 
Plate to filament. . . . . . . . . . . . . . . 1 p.p.f 

242...!. 

13.0 p.p.f 
6.5 p.J.tf 
4.0 J.tP.f 

The decrease in capacitance by a factor of approximately 4 makes 
possible a much greater improvement in performance in the 60- to 150-
megacycle-per-second frequency range than the corresponding degrada
tion in performance due to the lower mutual conductance and the in
creased electron transit time resulting from the increased spacing. 
The material increase in plate impedance makes it necessary to employ 
an anode potential approximately twice as great with the high
frequency tube. 

Output and efficiency curves are shown in Fig. 6. (For the sake 
of uniformity, curves taken from published papers have, in most 
cases, been redrawn.) The particular shape of the output curve is 
due to the manner in which the applied anode potential was reduced 
with increasing frequency to minimize the danger of tube failure from 
the increased energy Iosses which occur at high frequencies. The 
limiting frequency as set by the inter-electrode capacitances and Iead 
inductances is given by the authors as 230 megacycles. An extension 
of the efficiency curve to higher values indicates that the tube will 
probably fail to oscillate before this Iimit is reached. From this it 
can be inferred that the decrease in efficiency in the range from 150 
to 200 megacycles is due largely to the effect of the relatively large 
transit time, since the authors' method of arriving at the output by 
taking the difference between the measured input and the measured 
plate Iosses includes circuit and Iead Iosses as a part of the output. 
A comparison of the data of Fig. 1 and Fig. 6 shows that at 100 
megacycles thc output of the type 242A tube is 2 watts and the corre-
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sponding output of the high-frequency tube is approximately 86 watts 
with substantially the same plate loss. This strikingly illustrates the 
improvement obtained by taking into account the factors which 
become important in the high-frequency range. 
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Fig. 6-0utput and efficiency as a function of frequency for the tube shown in 
Fig. 5. A comparison of these curves with those shown in Fig. 1 illustrates the 
improvement obtained by taking account of those factors which become important 
at high frequencies. 

Transit Time Beconzes A1ore lmportant 

In extending the frequency range to 300 megacycles the importance 
of electron transit time becomes relatively greater. I t must be kept 
as low as possible even at the expense of relatively higher inter
electrode capacitances. In the tube just described for the frequency 
range araund 100 megacycles the reverse procedure is followed; in 
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order to make the inter-electrode capacitances as small as possible, 
transit times are increased. Fay and Samuel 2 in a recent paper 
presented before the International Scientific Radio Union (U.R.S.I.) 
describe a tube designed for use at 300 megacycles which weil illustrates 
this point. The tube is shown in Fig. 7. I t differs from the one 

Fig. 7-A tube for use at frequencies up to 350 megacycles. 

previously discussed in the close spacings between elements, par
ticularly between the grid and filament. The Iead length is further 
decrcased and lead diameter made considerably larger in order to 
decreasc lead inductance and resistance. The inter-electrocle capaci
tances are: 

Plate to grid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2.5 J.'l.d 
Grid to filament ................................... 2.0 J.'J.'f 
Plate to filament ................................... 0.(17 J.'/-lf 

\Vhilc these capacitances are substantially the same as for the tubc 
shown in Fig. 5, thc limiting frcquency, as set by circuit resonance, is 
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somewhat beyond 400 megacycles as contrasted with 230 megacycles 
for the other tube. This is d ue, prirnarily, to the material decrease in 
lead inductance. The decreased losses resulting from the minimized 
transit time more than compensate for the increased circuit loss 
resulting from the required higher charging currents to t he inter
electrode capacitances. I ts mutual conductance of 2200 micro-
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Fig. 8-0utput and efficiency curves for 2 tubes of the type shown in Fig. 7. 

ohms and the sharp cut-off shown by the static characteristics indicate 
that those electrical cha racteristics which are important for efficient 
oscillators in the low-frequency range have not been sacrificed m 
meeting the requirements of 300-megacycle operation. 

Output and efficiency curves for this tube are shown m Fig. 8. 
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These data are for two tubes operated in the push-pull circuit shown 
in Fig. 9. The output shown represents only useful power, since it is 
the photometrically measured power consumed in a lamp Ioad. I t will 
be noted that, ~vhereas the maximum output at 100 megacycles is 55 

Fig. 9-A typical push-pull circuit for use at ultra-high frequencies. A circuit of 
this t ype was used to obtain the data shown in Figs. 8 and 11. 

watts per tube and the efficiency 50 per cent, corresponding roughly 
to the 86 watts output at 4 7 per ccnt efficiency for the tube of Fig. 5, 
the output at 200 megacycles is 34 watts at 33 per cent efficiency as 
compared to less than 10 watts at an efficiency of only a fcw per cent 
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for the other tube. At 300 megacycles the higher frequency tube gives 
an output of 13 watts, while the tube of Fig. 5 no Ionger oscillates. 
This difference in behavior is due primarily to the decreases in transit 
time and in circuit lasses, and to the more nearly optimum ratio 
existing between the inter-electrode capacitances. I t is due to a 
considerably l_ess extent to the increase in the frequency Iimit s~t by 
circuit resonance. 

A Still Further Departure in Construction 

The tube illustrated in Fig. 10 represents a still further departure 
from conventional construction with a corresponding increase in the 

Fig. 10-This tube will oscillate a t frequencies up to 7-!0 megacycles. l\ote the 
absence of the usual press and the extremely small size of the elements_ 

frequency Iimit. Fay and Samuel report an output of 6 watts per 
tube at 500 megacycles and a frequency Iimit of 740 megacycles. 
Unusual features of the design are: The complete elimination of the 
usual press, the close spacing of the Ieads and the special construction 
of the tube elements, particularly the grid, made necessary by their 
small size. The grid is in the form of a number of straight wires 
(parallel and equidistant from the axial filament) supported by cooling 
collars at each end. The plate, in spite of its small size, can dissipate 
40 watts with safety. 
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The inter-electrode capacitances of this tube are: 

Plate to grid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.8 J.LJ.l.f 
Grid to filament. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.0 J.I.J.I.f 
Plate to"filament ................................. .. 0.75 J.I.J.I.f 

The output and efficiency curves, shown in Fig. 11, were obtained 
with two tubes in a push-pull circuit. The efficiency of the tube is 
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Fig. 11-0utput and efficiency curves for 2 tubes of the type shown in Fig. 10. 

about 28 per cent at 300 megacycles, contrasting with only 18 per 
cent for the previously discussed tube, while the output is only 8 watts 
as compared to 13 watts. The higher efficiency suggests that above 
300 megacycles two of the smaller tubes are preferable to one of the 
large tubes. The fact that the limiting frequency varies with the 
applied anodepotential indicates that the transit time effect is largely 
responsible for the decreased efficiency. This suggests modulation 
difficulties if the tube is used near the upper limit of the frequency 
range. The outputs and efficiencies in the 400- to 600-megacycle 
range, although low, represent a substantial increase over the usual 
values obtained at these frequencies. 

The relatively low efficiency at 200 megacycles is due to insufficient 
filament emission. In order to maintain space charge conditions near 
the filament, at high frequencies, the electron emission must be large 
enough to supply not only the actual electron current to the plate but 
also the charging currents to the grid-filament and plate-filament 
capacitances. In a tube of this small size an increase in the filament 
emission is possible only by an impractical and unwarranted increase 
in the filament heating current. 
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The logical extension of these principles to increasingly high fre
quencies requires the use of closer and closer inter-electrode spacings. 
Severe mechanical difficulties are encountered. Curiously enough 
the limiting factor in the power dissipating ability of the tube turns 
outtobe the grid temperature rather than the temperature of the plate 
as might be expected. This comes about because of the required close 
grid-filament spacing, and makes necessary the adoption of some 
method of cooling the grid. One of the writers has constructed a series 
of tubes in which the grid is a tungsten helix, each turn of which is 
attached to a common cooling fin projecting through a slot in the plate. 
This construction simplifies the mechanical problems involved and 
provides ample grid cooling. Two of these tubes are shown in Fig. 12. 

Fig. 12-These tubes represent a further extension in design according to the 
principles under discussion. The smaller one will oscillate at 1200 megacycles per 
second. 

The !arger one will deliver 10 watts at 670 megacycles with an efficiency 
of 20 per cent and the smaller one will deliver one watt at 1200 mega
cycles with an efficiency of 10 per cent. These tubes are in no sense 
commercial, the results representing the Iimit that has been obtaned 
by specially constructed tubes under controlled laboratory conditions 
at voltages and currents above those for which the tube would have a 
long life. \Vith further advances it is reasonable to expect that outputs 
of this sort will be commercially realizable and that the frequency 
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range of the negative grid oscillator can be extended beyond 1200 
megacycles. 

Tubes for Recei1..ting Purposes 

For receiving purposes where large outputsarenot needed, the ultra
high-frequency requirements may be met by shrinking all the tube 
dimensions in proportion to the desired wave-length. Tubes con
structed by Thompson and Rose 3 based upon this principle are shown 
in Fig. 13 compared in size with the conventional receiving type tube. 

\ 

Fig. 13- Receiving tubes of extremely small dimensions. A conventional receiving 
t ype tube is shown at the right for comparison. 

These tubes make use of parallel plane electrodes, the cathode being 
oxide coated and indirectly heated, and the grid being in the form of a 
mesh. A cross-section view of the triode is shown in Fig. 14. This 
tube will oscillatc at frequencies up to 1000 megacyc1es in miniature 
replicas of the customary circuits used at langer wave-lengths. A 
photograph of a complete oscillator is shown in Fig. 15 and the circuit 
diagram in Fig. 16, 
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GRID 

Fig. 14-A sectional view of the triode developed by Thompson and Rose . 

Fig. 15-A complete oscillator using a miniature receiving tube. 

Fig. 16-The circuit diagram of the oscillator shown in Fig. 15. 
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Factors Limiting Ultra-Iligh Frequencies 
• The limiting factor in the continued extension of the negative grid 

oscillator to higher and higher frequencies appears tobe the dependence 
of physical siz~ and output power on the operating frequency range. 
This dependence is weil illustratcd by the comparison in Fig. 17 of 

Fig. 17-Some of the tubes, previously discussed, compared in size with a lower 
frequency tube on the left. 

some of the tubes so far discussed with a standard one-kilowatt tube 
for which the frequency limit is approximately 7 5 megacycles. Dimen
sional considerations indicate that the linear dimensions of a scrics of 
tubes of optimum design must be decreased in proportion to the 
operating wave-length. Since the heat dissipating ability dcpends 
upon the surface area of the plate, the output (assuming the same 
efficiency) will decrease as the square of the wave-lcngth. That this 
is approximately true for the tubes shown in Figs. 5, 7, and 10 may be 
secn by reference to Fig. 18 where the outputs as a function of fre
quency are plot ted 011 a logarithmic scale. The sloping lines are for 
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Fig. 18-A comparison plot of the outputs obtained with the tubes of Figs. 5, 7, 
and 10. The sloping lines are fixed values of the ratio of output to the square of 
wave-length. 

different values of the ratio of output to the square of the wave-length. 
With radiation-cooled tubes patterned after those illustrated, outputs 
of only a few tenths of a watt at 3000 megacycles can be expected. 
If larger outputs are to be obtained, innovations in tube design must 
be made. 

PosiTIVE GRID (BARKHAUSEN) OsciLLATOR 

As first reported by Barkhausen and Kurz 7 in 1920, oscillations at 
frequencies greater than 300 megacycles can be produced by most 
high-vacuum triodes having symmetrical cylindrical structures when 
the grid is operated at a fairly high positive potential and the plate is 
held at or near the cathode potential. \Vhen so used they are variously 
known as oscillators of th e Barkhausen and Gill-l\Iorell 8 types after 
the earliest experimenters, or oscillators of the positive grid or re-
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tarding field type to designate the arrangement of the electrode po
tentials. The relative ease with which such oscillations can be ob
tained at frequencies above 300 megacycles by the use of conventional 
tubes, and the widespread interest in this frequency range for com
munication purposes, have led to the appearance of a ]arge nurober of 
papers on the experimental and theoretical aspects of such Operation. 

\Vith the positive grid oscillator there are found to exist preferred 
frequencies of operation fixed by the electrode spacings and the applied 
electrode potentials. For the lowest preferred frequency mode of 
oscillation the relationship is such that the period of one complete 
oscillation is approximately equal to the total transit time of an 
electron which fails to strike the grid on its first transit, is retarded and 
finally turned back by the plate potential, and again missing the grid, 
returns to the cathode. Under these conditions the relationship, 

E -f = constant 
n 

is found to hold approximately, where E 0 is the applied grid potential, 
n is the frequency, and the constant is a function of the tube geometry. 
Other high-frequency modes of oscillation can be obtained. · One of 
these is particularly easy to excite if the grid of the tube is in the form 
of a simple helix. The important role played by the electron transit 
time in determining the frequency of the positive grid oscillator con
trasts sharply with the minor role it plays in determining the frequency 
of the negative grid oscillator. 

For maximum output it is necessary to adjust the tuning of the 
external circuit to correspond to the preferred frequency fixed by the 
applied electrode potentials. The relative dependence of the fre
quency upon the circuit tuning and on the applied electrode potentials 
varies greatly with the design of the tube. In any case the improper 
adjustment of either parameter results in a marked decrease in output. 
In general it appears that the better the tube design and the higher 
the operating efficiency the greater will be the dependence of fre
quency upon circuit tuning and the less will be its dependence upon 
the applied electrocle potentials. 

The most efficient operation of the positive grid oscillator is ob
tained when the space current is limited by the cathode emission, as 
contrasted with the most efficient operation of the negative grid 
oscillator when the current is limited by space charge. Not only 
must the space currcnt be emission limited but it must have a fairly 
critical value. This makes it necessary to adjust the cathode tcm
perature critically. Sincc thc cathodc emission characteristics are apt 
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to change with time, frequent readjustments of the cathode tempera
ture are usually required. 

No completely satisfactory and generally accepted theory of the 
positive grid oscillator has as yet been given. l.Ylany theoretical 
papers dealing with the mechanism of oscillation have been published. 
Same of these papers resort to pictorial explanations which, from their 
very nature, must leave out certain basic factors. Readers interested 
in a resume of the various theories are referred to the excellent review 
by Megaw 13 and to the original papers. It is now recognized that any 
accurate theory must be based upon a general consideration of all the 
forces acting upon the electrons in their flight between the electrodes. 
This may take the form of either a particular solution of the classical 
electromagnetic equations for the conditions within the tube or an 
analysis of the energy contributions due to individual electrons in their 
passage across the inter-electrode space. 

Construction of a Positive Grid Tube 

A representative positive grid tube of current design described by 
Fay and Samuel 2 before the International Scientific Radio Union is 
shown in Fig. 19. This tube differs from the conventional negative 
grid tube primarily in the construction of the grid and in the arrange
ment of the leads. While designed primarily for use in the frequency 
range from 500 to 550 megacycles, it illustrates the general problems 
encountered in the construction of the positive grid oscillator of this 
type for any frequency range. 

The grid consists of a nurober of parallel wires supported by cooling 
collars at each end, the so-called squirrel cage construction. I t will 
withstand 150 watts heat dissipation safely, and provides a minimum 
of circuit inductance and resistance. The grid diameter is fixed by 
the frequency for which the tube is designed and by the desired 
operating potential, such that the relationship 

d = xl-vk--; 
o n (1) 

is approximately satisfied, where d 0 is the diameter of the grid, K1 is 
a constant, n the frequency, and E 0 the applied grid potential. 

An indefinite increase in output at a fixed frequency by the simul
taneaus increase in the grid diameter and in the applied grid potential 
is not possible because of the limited permissible grid dissipation per 
unit area. The optimum grid current is found to follow roughly a 3/2 
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Fig. 19- A positive grid oscillator designed for the frequency range from 500 to 
550 megacycles. 

power law, that is 
E 3·t2 

I K II 
II = 2-d- ' 

u 
(2) 

so that the grid power will increase as the fourth power of the grid 
diameter while the grid area and hence the heat dissipating ability 
only increases as the first power of the diameter. Becausc of this an 
upper Iimit in output exists, fixed by the maximum permissible heat 
dissipation per unit arca for the grid structure. The optimum grid 
diameter will vary directly with the wa\Te-length for which thc tubc 
is designed, and if the ratio of the grid length to its diamcter is main-
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tained eonstant, the maximum available power output (assuming the 
same efficieney) will vary as the square of the desired wave-length. 

Circuit of a Positive Grid Oscillator 

In Fig. 20 is shown a diagram of a positive grid tube of the straight
wire-grid type and its assoeiated eireuit. Tuned eireuits, in this ease 
in the form of so-ealled Leeher systems, are eonneeted between the 
grid and plate Ieads, extending approximately a half wave-length 
(30 em) beyond the Iead seals. Beeause of the existenee of preferred 

Fig. 20-A typical positive grid oscillator circuit. 

frequeneies of operation fixed by the potentials applied to the tube 
eleetrodes, distributed-eonstant eireuits, if used, may be operated at 
frequeneies eorresponding to harmonie modes of oseillation. In this 
ease the Iength of the Ieads within the tube envelope has been ad
justed so that the glass seals eome at or near potential nodal points 
for the Leeher systems of whieh the Ieads form a part. This minimizes 
dieleetrie Iosses in the glass. The effeetive paralleEng of the two sets 
of Ieads greatly reduees the resistanee losses, while the balaneed 
arrangement deereases radiation Iosses. Striet attention to these 
details is required beeause of the already low effieieney of the meeha
nism of generation. 

Characteristics of Positive Grid Oscillators 

The dependenee of output and anode effieieney on frequeney is 
shown in Fig. 21. These data were taken by adjusting the eireuit 
tuning, filament eurrent, and the grid and plate potentials to their 
optimum values for eaeh frequeney. The eurve showing the grid 
voltage will be observed to follow equation (1) above, at least roughly, 
and a similar eorrespondenee will be observed between the eurve for 
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the grid current and equation (2). Some variation in the required · 
negative plate potential is observed. A maximum efficiency will be 
noted at a frequency of approximately 530 megacycles. The output, 
however, continues to increase with increasing frequency, the limit in 
output as weil as in frequency being set by the safe grid dissipation. 
The outputs over the 500- to 600-megacycle range vary from 4.5 to 8 
watts, comparing with outputs from 6 to 3 watts for the negative grid 
tube. The low efficiencies of 5 to 6 per cent are to be compared with 
the somewhat higher efficiencies of 19 to 11 per cent for the negative 
grid type tube. 

The influence of the grid voltage on the frequency and on the output 
and efficiency is shown by the curves in Fig. 22. These data are for a 
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fixed circuit tuning, the grid voltage being adjusted t o the values 
indicated. This corresponds to the condition that might obtain if a 
grid voltage modulation scheme were tobe used. The lack of linearity 
of the output curve and the large shift in frequency indicate that 
amplitude modulation by this method would be unsatisfactory. The 
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· frequency shift, !arge as it is, is much less than the shift observed in 
tubes of poorer design and correspondingly lower efficiency. 

The dependence of the output and efficiency as well as frequency 
upon the grid current is shown in Fig. 23. These data were taken with 
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a grid potential of 450 volts and a fixed circuit adjustment correspond
ing roughly to a frequency of S32 megacycles. The current to the 
grid was varied by adjusting the temperature of the filament. The 
maxima observcd in both thc output and the efficiency correspond to 
conditions for which the grid current is limited primarily by the 
available cmission rather than by spacc charge. As conclitions corre
sponding to complete space chargc are approached the output and 
efficiency fall off rapidly. The Iimit on the permissible grid dissipa
tion prcvents the extension of these curves to the condition of complete 
space charge. Because of this depenclence of output on grid current, 
the adjustment of filamcnt temperature is extremcly critical. 
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At lower frequencies the efficiency of operation of a correctly de
signed positive grid tube is substantially the sameasthat exhibited by 
this tube. The negative grid oscillator on the other hand, as has 
been shown, increases both its output and efficiency rapidly with 
decreasing frequency. The positive grid oscillator is, therefore, at an 
increasing disadvantage at lower frequencies. \Vith the present 
state of development, the negative grid oscillator will give larger 
outputs with higher anode efficiencies at all frequencies less than about 
300 megacycles. 

For frequencies much higher than 600 megacycles, it is found that 
the power input requirements for efficient operation of tubes having 
grids of the straight wire type are in excess of that which can be 
tolerated in the grid structures. Operation at very much less than 
optimum input results in considerable decrease in output as indicated 
in Fig. 25. 

Spiral Grid Barkhausen Tubes 

If the grid of a Barkhausen oscillator is in the form of a simple 
helix, oscillations at frequencies greater than those predicted by the 
relationship of equation (1) are readily obtained. When so constructed 
they are called spiral grid Barkhausen tubes. Some experimental 
models are shown in Fig. 24. The tubes used in the Lympne to St. 

Fig. 24-Three optimum positive grid oscillators of the spiral grid type. Smallest 
tube designed for 2500 megacycles, largest for 500 megacycles. 
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lnglevert " micro-ray link" are of this generat type. 14 Such tubes 
have been used to produce oscillations up to 3000 megacycles. 

Because of the fact that the severe Iimitation on the Optimum grid 
diameter is modified by the presence of a tuned circuit within the tube 
formed by the he1ical grid helix, tubes of this type are particularly 
useful at frequencies above 600 megacycles. The former restriction 
on grid diameter is replaced by the requirement that the expanded 
length of the grid spiral be approximately 1.24 times the wave-length 
at which the maximum output is required, and that there be a correct 
proportioning of the other dimensions of the tube. The dependence 
of wave-length on the grid wire length is illustrated by the experi
mental data in TableI covering a frequency range from 460 megacycles 

TABLE J 

DEPENDENCE OF \VA VE-LENGTH ON GRID \V IRE LENGTH FOR BARKHAUSEN 
ÜSCILLATOR WITH HELICAL GRID 

Grid Wire Length 
inCm. 

Optimum Wave-length 
in Cm. Ratio 

16030 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 13050 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.21 
1806 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1806 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.00 
1907 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 14o5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.36 
20o4 0 0 0 0 0 0 0 0 0 0 • 0 0 0 0 0 0 0 0 0 0 0 1800. 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.13 
21.40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 17.50 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 1.22 
21.3 0 0 0 0 0 0 0 • 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2500 0 0 . . .. 0 . 0 0 0 0 0 0 0 0 0 0 0 . 0 0 0.85 
2203 0 0 0 0 0. 0 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 20.2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 1.10 
25.2 0 0 0 0 0 0 •• 0 0 0 0 0 0 0 0 0 0 0 0 0 0 18.6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 1.35 
30.6 0 0 0 0 0 0 0 0 • 0 0 0 0 0 0 0 0 0 0 0 0 0 2500 0 0 0 ... 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 1.22 
3200 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 23.6 0 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.36 
3200 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 25.5 0 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 0 1.25 
33.4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 2500 0 0 0 0 0 0. 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 1033 
4206 0 0 0 0 0 0 0 0 0 0 0 0 0 • 0 0 0 0 0 0 0. 2900 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.47 
4206 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 2905 0 0 0 0 .. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.4-1 
4206 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 0 0 0. 3002 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.41 
4206 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3007 0 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.38 
5302 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4305 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.22 
80000 0 0. 0 0 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 65.0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0. 0 1.23 

Average. 0 0 0. 0 0 0 0 0 0 0 0 0 0 0 0. 0 •• 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.2-1 

to 2220 megacycles. Graphie evidence of the independence of shape 
is shown by the largest and the smallest tube shown in Fig. 24 for which 
the dimensional ratios are nearly the same. The largest tube delivers 
several watts at 500 megacycles, while the smallest one delivcrs only a 
few tenths of a watt at 2500 megacycles. The efficiency in both 
cases is about one per cent. These dimensional considerations Iead 
to the conclusion that there exists a maximum output at any given 
wave-length for a tube of a given design and that this output is pro
portional to the square of the optimum wave-length. From this it 
appears that the only advantage offered by the spiral grid tube 
over the other type is the simplification in mechanical design which 
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permits the construction of rigid grid structures capable of high energy 
dissipation for the higher frequency range. 

The external tuned circuit for the higher frequency mode of oscilla
tion takes the form of a Leeher system connected between the two 
grid terminals. When so connected the dependence of frequency upon 
circuit tuning is pronounced, as contrasted with the negligible de
pendence observed if the Leeher system is connected between the 
plate and the grid. \Vhen oscillating in the higher-frequency mode 
the spiral grid tube shows only a comparatively small dependence of 
frequency on grid potential and this may be compensated by a pro
portional change in plate potential. This, coupled with the fact that 
the output increases rapidly with increasing grid potential, makes it 
possible to apply various schemes of amplitude modulation. Charac
teristics of the type shown in Figs. 21, 22, and 23 for the straight-wire
grid tube cannot be taken except for a limited portion of the range 
due to the inability of the grid to dissipate the energy required in the 
upper portion of the grid voltage or grid current ranges. 

While the spiral grid tube will also oscillate in the lower-frequency 
mode, its efficiency and output are considerably lower than the corre
sponding values for the straight-wire-grid tube previously discussed. 
I ts field of usefulness is, therefore, largely limited to the high er fre
quency mode of oscillation in the frequency range above 600 mega
cycles. 

THE ll MAGNETRON" ÜSCILLATOR 

The "magnetron" in its siruplest form consists of a cylindrical 
diode or 2-electrode tube, with a uniform magnetic field in the direction 
of the electrode axis. The original type of tube has been largely 
superseded for ultra-high-frequency generation by the so-called split
plate magnetron, first used by Okabe/8 in which the cylindrical anode 
is divided longitudinally into two (or more) segments to the terminals 
of which is connected the tuned circuit. Such a tube is shown in 
Fig. 25. 

In the frequency range from 300 to 600 megacycles the split-plate 
magnetron compares favorably with the negative grid tube both in 
output and in anode efficiency. Its use has been limited because of 
the complicating factor of the magnetic field, and the attending 
modulation difficulties. For frequencies higher than 600 megacycles 
the magnetron provides larger outputs than those so far reported by 
other means. It has been used at frequencies up to 30,000 mega
cycles, a value well above that so far reported for any other type of 
vacuum tube. 
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Fig. 25-An experimental model of the split-plate magnetron showing a possible 
arrangement of the magnetic field. 

The magnetron depends for its operation upon the curvature of the 
electron orbits produced by the magnetic field. As first shown by 
Hull 15 in 1921, a critical field exists beyond which the anode current 
falls off rapidly to zero. This field is given by the relationship 

11 = 6.72 rv 
R -v , (3) 

where R is the anode radius and V is the potential of the cylindrical 
anode with respect to an axial filament. Although the original 
magnetron of Hull and Eider made use of variations in the magnetic 
field in its operation as a generator, it was soon discovered that 
oscillators could also be produced with steady ficlds by two somewhat 
different mechanisms. The one, first pointed out by Habann, 16 makes 
use of a negative resistance effect observable in the static charac
teristics and the other, first described by Zacek, 17 involves the electron 
transittime in a way quite analogous to the way in which it is involved 
in the positive grid triode. Both mechanisms have been used to 
produce oscillations at ultra-high frcquencies. 
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Negative Resistance Type 

Data reported by lV1cArthur and Spitzer 1 on a split-plate magnetron 
tube are illustrative of the negative resistance type of behavior. 
Sta tic characteristics taken by varying the potential of one anode with 
the magnetic field held constant for different values of the potential on 
the other anode are shown in Fig. 26. The pronounced negative 
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Fig. 26-Static characteristics of a split-plate magnetron. 

resistance effect is obvious. This negative resistance characteristic 
can be utilized in producing oscillations. 

Output and efficiency curves for this tube as an oscillator are shown 
in Fig. 27. These data were obtained by connecting a "tank" 
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circuit, tuned to the desired frequency, across the ,two anodes, as 
shown in Fig. 28. Each anode delivers energy to the oscillating 
circuit during alternate half-cycles, so that in effect, it is equivalent 
to a. push-puÜ oscillator. The limiting frequency as set by the inter
electrode capacitances and Iead inductances (corresponding to the 
similar Iimit for the negative grid tube) is 450 megacycles. The de-

Fig. 28-0scillation circuit of split-plate magnetron. Data for Fig. 27 taken in 
this type of circuit. 

crease in output before this Iimit is reached is due to resistance and 
radiation Iosses and to the effect of electron transit time. 

The magnetron, as contrasted with the negative grid tube, will 
oscillate with circuits having a high decrement. However, for its 
most efficient operation the effective anti-resonant impedance of the 
tuned circuit when loaded must be approximately 10 times the value 
required by a triode with the same anode dimensions. The load re
sistance that can be obtained at high frequencies is only a fraction of 
this value, so that the efficiency becomes increasingly less with higher 
frequencies. A further Iimitation is due to the fact that the electron 
current is concentrated on only a small part of the anode surface. 
This reduces the safe anode dissipation unless the anode is designed to 
have a high thermal conductivity. Because of these limitations, the 
ratio of output to the inter-electrode capacitance may be only slightly 
more favorable than the corresponding ratio for a triode of the same 
anode dimensions. 

Type Depending on Electron Transit Time 

\Vhen the magnetic field of a split-plate magnetron is adjustecl to 
near the critical value given by equation (3), oscillations can be pro
duced whose frequency will clepend primarily upon the time of flight 
of electrons between filament and anode in a way closely resembling 
the behavior of the positive grid oscillator in its lower frequency mode 
of oscillation. For best output, the fidel must be above the critical 
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value. To fix the timeofflight and hence the frequency of oscillation. 
the magnetic field and plate valtage must be adjusted to certain values 
roughly expressed by the empirical relationship 

'All= 13,100, (4) 

where }.. is the wave-length in centimeters and H is the field strength 
in gausses, which must also satisfy equation (3). I t is found that for 
best operation the magnetic and electric fields within the tube should 
not be exactly perpendicular. This Iack of perpendicularity may be 
achieved either by tipping the magnetic field relative to the tube axis 
or by introducing end plates within the tube and maintaining them 
at a fixed positive potential. 

Kilgore 19 has given complete information concerning this type of 
oscillator. In Fig. 29, taken from his paper, is shown the dependence 
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.Fig. 29-Relation of magnetic field and anode potential to frequency of oscillation 
in magnetron oscillator of second type. 

of field strength and anode potential on the desired frequency. The 
existence of a preferred frequency fixed by these values is confirmed 
by the data in Fig. 30 relating the output and wave-length with the 
length of the attached Leeher system. The decreased output shown 
at the second peak is due to the added Iosses introduced by the ex
tended Iength of the system. The outputs shown on these curves 
are not in watts, but represent relative readings of the field strength 
near the oscillator. \Vith optimum adjustments 7 watts at 715 
megacycles is reported, the efficiency being about 8 per cent. The 
dependence of output and frequency on the applied anode potential 
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is shown in Fig. 31, and the dependence of frequency on the current in 
the magnetic field coil in Fig. 32. The importance of the adjustment 
of the field angle is shown by the data in Fig. 33. 

An output of 2.5 watts at 3160 megacycles has been reported by 
\Volff, Linder, and Braden. 22 They find that the efficiency oft he tube 
is much improved by using end plates in place of the tipped magnetic 
field. Cleeton and \Villiams 21 have been able to obtain oscillations at 
30,000 megacycles with a magnetron tube. 

A:MPLIFICATION 

The use of the conventional thermionic triode as an amplifier greatly 
exceeds its usc as an oscillation generator in communication applica
tions. Its ability to amplify has contributed much more to the de
velopment of our present-day long distance communication, whether 
by wire or by radio, than has its ability to oscillate. The completc 
utilization of ultra-high frequencies as carrier channds in communica-
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tion will also, no doubt, be eiependent upon the development of 
suitable amplifiers for this frequency range. Although certain forms 
of pseudo-amplification are possible with tubes of the Barkhausen and 
magnetron types, the negative grid triode and multi-element tubes 
derived therefrom are the only devices available for very high fre
quencies which will amplify in thesensethat the output is an enlarged 
undistorted replica of the input. 

As the frequency of operation of the negative grid triode is increased, 
clifficulties in securing stable operation as an amplifier and in realizing 
the full gain indicated by the tube constants arc encountered. These 
difficulties, as is weil known, are in the main due to the tendency of 
the amplifier to oscillate or "sing" because of feed-back through the 
grid-plate capacitance. This may be overcome eit her by thc intro
duction of a compensating capacitance somewhcre in the circuit, so
called neutralizat ion, or by the introcluction of an clectrostatic shield 
or scrcen within thc tube envelope between the grid and platc, giving 
thc screen-grid tetrodc. Neutralization schemes fail at \ 'Cry high 
frequencies becausc of thc incluctance of thc tube leads which makes 
difficult the corrcct location of thc ncutralizing capacity and b('cause 
of transit-time effccls which shift thc phase of the ueedecl compensa-
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tion. However, conventional screen-grid tetrodes and pentodes are 
available which function satisfactorily over the major portion of thc 
frequency range covered by the conventional 3-element tube as an 
oscillator. 

For frequencies above approximately 60 megacycles specially de
signed tubes are required. Because of the similarity in the special 
frequency requirements, it is expected that there will be found a 
succession of multi-element tubes for amplification use, each rated for 
a band o"f frequencies, patterned after corresponding triode oscillators. 
The special frequency requirements for the amplifying tube are even 
more severe than those for the triode oscillator, so that the multi
element amplifying tubewill in general cease amplifying at a frequency 
somewhat lower than the frequency limit of oscillation of the corre
sponding triode oscillator. 

Thompson and Rose 3 have described small screen-grid tubes which 
will amplify at frequencies of 300 to 400 megacycles. One of these 
tubes is shown in Fig. 13. Their characteristics are similar to those 
of the conventional screen-grid tube in many respects. The very 
great reductions in inter-electrode capacitances, lead inductances, and 
transit time make possible the construction of receiving circuits using 
tuned radio frequency amplification at these very high frequencies. 
The ratio of the frequency limits of the corresponding triode as an 
oscillator (1000 megacycles) to the frequency at which amplification 
was reported ( 400 megacycles) is typical and illustrates the apparently 
inevitable failure of the amplifier to keep pace with the oscillator in 
the struggle toward higher and higher frequencies. 
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Horizontal Rhombic Antennas * 
By E. BRUCE, A. C. BECK and L. R. LOWRY 

The paper discusses the theoretical methods employed by the authors 
in dimensioning horizontal rhombic receiving antennas. Experimental 
proof is given of the engineering accuracy of the directivity calculations on 
which this work is based. There are included brief descriptions of the 
antenna-to-transmission line coupling circuits and the resistance termina tions 
for rhombic antennas. 

lNTRODUCTION 

A N introductory discussion has been given in a previous paper 1 of a 
type of antenna which rnaintains a desirable degree of directivity 

throughout a broad continuous range of frequencies. This structure 
was descriptively termed the "diamond-shaped" antenna in that 
paper, but has since become known as the "rhornbic antenna" and will 
be so designated here. 

This paper discusses, in some detail, the theoretical methods 
ernployed by the authors in dirnensioning horizontal rhornbic receiving 
antennas from data obtained by preliminary surveys of the incident
plane angles of wave-arrival at the proposed receiving site. 

Experimental proof is given of the engineering accuracy of the 
directivity calculations on which this work is based. Checking 
rneasurernents were made on small-scale rhombic antennas operating at 
correspondingly short wave-lengths. Confirming data were also 
obtained on large, adjustable rhornbic antennas during the reception of 
European signals. 

The paper also includes a brief discussion of the antenna-to-trans
mission line coupling circuits employed and, in addition, the resistance 
terrninations, located at the ~nd of the antenna rernote from the 
receiver, used for suppressing standing waves and promoting uni
directivity. Some of the performance curves obtained on these 
devices are reproduced. 

ANTENNA DIMENSIONS 

Before designing any highly directive receiving antenna system, it is 
desirable to have a knowledge of the direction of arrival, the angular 
spread, and the angular variation in direction of the \Vaves to be 

* Published in Proc. I. R. E., January, 1935. 
1 "Developments in Short-Wave Directive Antennas," by E. Bruce, Proc. I. R. E., 

August, 1931; Bell Sys. Tech. Jour., October, 1931. 
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received. Such information has been obtained hy employing the 
methods described by Friis, Feldman and Sharpless.2 

In general, t.he principal axis of the antenna departs very Iittle from 
the true bearing of the station to be received. Howe,·er, the average 
vertical direction of the waves in the incident plane and their angular 
variation have an effect upon the determination of the correct dimen
sions of a horizontal rhombic receiving antenna. 

\Yithout careful consideration, one might be led to believe that the 
theoretical effectiveness of a horizontal rhombic receiving antenna 
would increase without Iimit, for a stable wave-direction, as the 
properly related dimensions are increased. It will be shown that, for a 
given incident wave-angle above the horizontal, the optimum di
mensions have quite definite values. 

The essential dimensions ofthistype of antenna are its height above 
ground, the length of a side element, and the inclination angle of these 
elements in respect to the wave-direction. At freqttencies higher than 
about fifteen megacycles, this type of antenna is relatively so inex
pensive that it is usually economically possible to select a combination 
of these dimensions which will produce the maximum signal output. 

At Iower frequencies, the increasing cost, particularly of the pole 
height required for maximum output, demands that a careful analysis 
be made of effective compromise designs. One such design method 
involves a sacrifice in antenna height, which sacrifice can be partially 
compensated for by an increase in element Iength. Thus the economic 
balance involves a weighing of supporting structure costs against the 
cost of land. Again, cases may arise where the recommended antenna 
height is practical but a sacrifice in elemen t Iength is essential. The 
effect of this sacrifice on the directive pattern can be partially compen
sated for by a readjustment of the tilt-angle of the elements. The 
directive pattern may also be aligned with the "·ave-angle when both 
height and element Iength are reduced, but only at an output sacrifice. 

The designer's first problern is to . choose between the maximum 
output arrangement and the various compromise designs. In the case 
of a transmitting antenna, the problern is to create as Iarge a field as 
possible at the distant receiving point, for a given amount of trans
mitter power. As Iongas the increase in antenna cost is smaller than 
the corresponding cost of an increase in transmitter power, no compro
mise should be made in the antenna dimensions. I t is, therefore, 
obvious that the choice, between optimum and compromise climensions 
for a transmitting antcnna, is a function of the cost of the transmitter 
to be employcd. 

2 "The Determination of the Direction of Arri\';Jl of Short Radio \Vavcs," by 
II. T. Friis, C. B. Feldman and \V. l\1. Sharplcss, Proc. I . R. E., January, 193-l. 
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Fora receiving antenna, the dividing Iine between the optimum and 
the compromise design methods is often defined by the relative 
importance, as circuit limiting factors, of static as compared with set
noise. The optimum design results in a large signal output, from the 
antenna, which enables the over-riding of set-noise and it also results in 
effective directional discrimination against static. The compromise 
height arrangement maintains and sometimes improves upon the 
directional discrimination against static but sacrifices a part of the 
possible antenna output-signal Ievel. If the frequency is sufficiently 
low so that static rather than set-noise is practically always the circuit 
Iimitation, no real harm will result from using the compromise height 
design with its accompanying economic saving. 

In general, compromise in element length results in a loss in both the 
antenna output-signal Ievel and in static discrimination. This pro
cedure is recommended only for exceptional cases where a restriction in 
available land exists, or where a broad directional characteristic is 
required because of a highly variable wave-direction. 

DIRECTIVITY EQUATIONS 

In the appendix of this paper will be found the derivation, for the 
stated assumptions, of the three dimensional directivity equation for a 
horizontal rhombic receiving antenna terminated by its characteristic 
impedance. The principal antenna dimensions will be apparent by 
reference to Fig. 1. 

If the horizontal component ß, of the angle made by the wave
direction with the principal antenna axis, is set equal to zero in the final 
resulting equation in the appendix, the directivity equation for the 
incident plane passing through the principal axis is as follows: 

IR = k [ 1 + ae- i ( ~ H sin t. + a) J 

. [ cos cJ> J . [ 1 
1 - sin cJ> · cos ~ 

where IR = receiv-er current, 
k = proportionality factor, 

JI = heigh t above ground, 
l = wire elemen t length, 

cJ> = one-half of side apex angle, 

- j - (I - sin c/J · t'US ~) 27rl J 2 
- e >.. ' (1) 

ß = angle made with ground by wave-direction in incident 
plane, 

a = amplitude ratio of ground reflected field to incident field, 
a = apparent phase angle lag caused by ground reflection, 
X = wave-length. 
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Since thc principal axis oi the antenna is nearly always dirccted 
toward the distant transmitter, the conditions which wi ll maximize the 
above express.ion are of prime interest. The determination of these 
conditions is grcatly simplified by t he assumption of a perfect ground. 
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Fig. !-Horizontal rhombic antenna dimcnsions. 

Fortunately this is not a radical assumption for the casc of horizontally 
polarized waves at the usual incident angles. This may be verificd by 
refcrence to Fig. 2 wherc the values of a a nd a are plotted for several 
ordinarily encountered ground co11stants. 
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Using the perfect ground assumption, the amplitude of equation (1) 
is given by 

I k , [ . ( 2 1r 11 . A ) J [ cos c/> J R = Slll -- Sln '-l • 

A 1 - sin cf> • cos .1 

· { sin2 
[ ~ (1 - sin cf> • cos .1) ] } . (2) 
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Fig. 2- Characteristics of wave-reflections from grounu. 

100 

In this equation the first bracketed term may be referred to as the 
"height" factor, the second as the "asymmetrical directivity" factor, 
and the third as the "phasing" f actor. 

.MAXIMUM OuTPUT DESIGN lVIETHOD 

In maximizing equation (2), it is necessary to deal with three 
variables, the antenna dimensions 11, l and cf>. Differentiating with 
respect to each of these variables, while holding the other two constant, 
and equating to zero, the following three expressions are obtained: 

0 when 

I! = 
4 

~ A for the Iowest practical · height, 
s1n '-l 
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oln - = 0 when 
01 
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l = · A. for the maJor ear of the clirective 
2(1 - sin cp · cos ..1) (4) 

diagram, 

oln 
- = 0 when 
oc!J 

tan [ 1 (1 - sin cp · cos .1) J 
21rl · cos2 cp • cos .1(1 - sin cp • cos ~) 

A. (sin cp - cos ~) 

Substituting equation (4) into (5), it is found that, 

sin cp = cos .1. 

(S) 

(6) 

This result determines the fact that, regardless of antenna height, 
the best tilt-angle cp is the complement of the wave-angle .1, where the 
optimum element length is used. Taking this result and substituting 
it back into either (4) or (5) results in 

l = A. 
2 sin2 .1 

(7) 

The value of "l" in equation (7) tagether with the height gi\'en by 
equation (3), and the tilt-angle given by equation (6) determine the 
dimensions of the horizontal rhombic antenna with maximum output 
for any given wave-angle .1. 

As an example of the use of the above equations, Fig. 3 is the resulting 
incident plane directive pattern with the antenna designed for the 
given wave-angle of 17.5 degrees. Figure 4 is a plot of the antenna 
output versus the azimuth angle for the fixed incident angle of 17.5 
degrees as obtained by using these dimensions in the three-dimensional 
directivity equation in the appendix. 

Note in Fig. 3 that the clirective pattern does not havc its maximum 
radius at the line indicating the given wave-direction even though the 
greatest possible amplitude for that wave-angle has been determined. 

I t is believcd that this method of dcsign has a definite application 
where over-ricling set-noise by the largcst possible signal output is 
paramount. In cases whcre discrimination against ranclom static is 
desirable, or where the received wave-direction is unstablc, an align
ment of the mcan wavc-direction with the optiqnun radius of the 
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ANGLE IN DEGREES 
90 80 70 60 50 40 30 

10 

0 

Fig. 3-l\Iaximum output design. Receiver current diagram of incident plane 
directivity for a 17.5° wave-angle. 

ANGLE IN DEGREES 
90 80 70 60 50 40 30 20 

10 

Fig. 4-Maximum output design. Receiver current versus azimuthangle for a 17.5° 
wave-angle. 

directive diagram becomes necessary. Such an alignment can be 
achieved by the method described below, but only by a small sacrifice 
in the amplitude 3 of IR at the required wave-angle. 

THE ALIGNMENT DESIGN l\IETHOD 

Since by our previous method of design the height factor of equation 
(2) was aligned with the wave-angle, it is necessary to change either or 
both of the dimensions l and cf> to secure the best output under the 
limiting alignment condition. This limiting condition is obtained as 

3 To compare the energy gain of one antenna with another, the amplitudes of In, 
which areproportional to effective voltages, should be corrected for the differences in 
radiation resistance of the antennas. 
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follows: 

oln - = 0 when 
0~ . 

. ( 2n-II . ) 11 = sm ct>·tan ~ · tan - A.- s1n ~ 

· { 21r(l - si~l <f>·COS ß} - [ or/ (I l J} · (8) 
tan ~ - sin ct>·cos ~) 

Substituting (3) into (8) gives 

tan [ ~ (1 - sin ct>·cos ~)] = 2 [ ~ (1 - sin ct>·cos ~) J. (9) 

This is a transeendental equation of the form tan x = 2x, whose roots, 
to four significant figures, are 

X= 0, 0.371071", 2.4807r, etc. 

Alignment of the major ear of the directive pattern with the wave
angle occurs only for the first solution greater than zero. Therefore we 
have for this condition, 

0.371A. 
l = ----:-----

1 - si n ct> · cos ~ 
(1 0) 

To obtain the dimensions for greatest output in the alignment design 
case, l and ct> in equation (2) are no Ionger independent variables, but 
are related by equation (10). \Ve can, therefore, eliminate either one 
we choose from equation (2) and maximize this new equation for the 
required dimensions. 

Substituting (10) into (2) gives: 

lu' = k" [ sin ( 2~11 sin ~)] [ 
1 

cos ct> J (11) 
1\ - sin ct> cos ~ 

and 
oi/ -- = 0 when 

oct> 

sin ct> = cos ~. 

(12) 

Since equation (12) is identical with equation (6), the recommended 
clesign for directive pattern alignment with the wave-angle is obtained 
by changing only the antenna length which was given for tlw maximum 
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output design by equation (7). By substituting (12) into (10), this 
becomes 

0.371:\ 
= sin2 ~ • 

(13) 

Therefore, alignment design is obtained by the use of equations (3), 
(6) and (13). This shows that to change from maximum output 
design to alignment design it is only necessary to reduce the length to 
approximately seventy-four per cent of the value recommended for 
maximum output. 

Figures 5 and 6 are examples of the directive patterns secured by such 

ANGLE IN DEGREE5 
60 50 40 30 

10 

L_~•o~--~==±====c--~,----L----L--~--~~--J_ __ _L __ ~--~3° 

Fig. 5-Alignment design. 

Fig. 6-Alignment design. 

RELATIVE RECEIVER 

Receiver current diagram of incident plane directivity 
for a 17.5° wave-angle. 

Receiver current versus azimuth angle for a 17.5° 
wave-angle. 
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alignment design for a wa,·e-angle of 17.5 degrees. Comparison of 
these diagrams with Figs. 3 and 4 sho\\·s a smaJJ loss in In resulting 
from such de~ign. Figures 7 and 8 are similar alignment design plots 
for a wave-angle of 11 degrees. 

DEGREES 
20 

H= 1.3).. 

<P = 79° 
~~~~~~~~==~--_L __ _j ____ ~ __ _L __ ~L_~O 

2 3 4 0 
RELATIVE RECEIVER CURRENT 

Fig. 7-Alignment design. Receiver current diagram of incidcnt plane directi\'ity 
for an 11° wave-angle. 

ANGLE 
90 80 70 60 so 40 

10 

Fig. 8-Alignmcnt design. Receiver currcnt versus azimuth angle for an 11° wa\'e
angle. 

CoMPROl\IISE DEsiGN l\TETHODS 

\Vhen an antenna output sacrifice must be tolerated to obtain 
smaJJer dimensions, it is often desirable to dcsign t he system for 
directive pattern alignmcnt with the wave-angle, as mcntioned abm·c. 
The mcthods of accomplishing this result will now be gi,·en. 

The effect on thc directivc pattern of reducing thc height can be 
largely compensatcd for by increasing the lcngth. 
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Substituting (6) into (8) gives 

!I l·sin ~ 
(14) 

( 
27rll . ) tan -"X-sm~ 

\Nhen both ~ and !I are specified, this equation gives the element 
length l to be used with the reduced height. Figures 9 and 10 arc 

ANGLE IN 
90 80 70 60 50 30 

I 2 
RELATIVE RECEIVER CURRENT 

Fig. 9-Compromise height design. Receiver current diagram of incident plane 
directivity for a 17.5° wave-angle and a height of one-half wave-length. 
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Fig. 10-Compromise height design. Receiver current versus azimuth angle for a 
17.5° wave-angle and a height of one-half wave-length. 

examples of the directive diagrams resulting from a reduced height of 
one-half wave-length and an incident wave-angle of 17.5 degrees. 
These last mentioned figures may be directly compared with Figs. 5 
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and 6 to determine what effect the sacrifice in height and the increased 
length has bad. 

The effect on the directive pattern of reducing the length can be 
minimized by changing the tilt-angle cj>. \Vhen the height given by 
equation (3) is used, the new tilt-angle can be obtained by writing 
equation (10) as 

. l- 0.371}.. 
Sl11 cp = . 

l cos .1 
(15) 

If it is desired to align the directive pattern with thc wave-anglc 
when the height and length are both reduced from the recommended 
values, equation (8) can be solved for the new tilt-angle. Any of thesc 
compromise designs will, of course, reduce the antenna output. 

LIMITATIONS OF RESULTS 

The accuracy of the calculations in this paper 1s based on the 
following assumptions: 

1. Negligible effect by wire attenuation. 
2. Negligible mutual coupling between elements. 
3. The rate of change of the effective voltage with varying di

mensions is )arge as compared with the rate of change of 
radiation resistance. 

The validity of the assumptions has been checked to engineering 
accuracies in the ultra-short wave experiments to be described, where 
the shape of the directivity predicted by these equations agreed weil 
with experiment. However, theory and experiment have both shown 
that ordinary ground has an appreciable influence on the wire attenu
ation when the antenna heights are of the order of only small fractions 
of a wave-length. This effect increases as the antenna dimensions are 
extended. In such unusual cases, this behavior should be carefully 
investigated even though calculations including )arge wire attenuations 
have shown surprisingly little effcct upon the directive diagrams. 
Approximate values for the variation of radiation resistance with 
dimcnsions, for terminated rhombic antennas, indicate that assumption 
3 is probahly warranted provided that the antcnna is not extraordi
narily small. 

Finally, attention should be called to these important facts: 
The suggested dimensions in this papcr not only do not restriet thc 

broad frcquency rangc of this type of antenna but arc in many cases 
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the broadest arrangements under the prescribed conditions. This 
statement is based on a large number of calculated directive diagrams, 
for various frequencies, and has been substantiated by Operating tests. 

Also, in certain applications, as with ultra-short waves where the 
direction of wave propagation is substantially horizontal (.1 = 0), the 
derived equations place no restrictions on the antenna size. 

EXPERIMENTAL CHECKS OF DIRECTIVITY CALCULATIONS 

One method employed for experimentally checking the calculations 
of directivity was by means of a model small enough to permit con
tinuous rotation of the antenna in respect to a fixed wave-direction. 
A simple transmitter and a double-detection receiving set, which 
employed a calibrated intermediate frequency attenuator, both 
Operating at about four meters, were utilized for this work. Even at 
these wave-lengths, the physical dimensions of the antenna were rather 
large so that it was necessary to build an antenna smaller in wave
length dimensions than is usually recommended for cornmercial 
installations. As previously stated, any antenna for regular service 
would be designed for its own specific conditions, so that this antenna is 
nottobe taken as a recommended design. However, this fact had no 
bearing on the results of these tests, for there was no intention of using 
this movable antenna for any purpose other than experimentally 
checking the directivity equations. 

A photograph of the test installation is shown in Fig. 11. The 
antenna wires were mounted on a lattice work cross of light weight 
wood suspended by a system of ropes from two wooden poles. This 
permitted the hoisting of the entire antenna system to any height up to 
several wave-lengths, and rotating it to any desired angular position. 
The antenna is shown in rnore detail in the photograph of Fig. 12. It 
was constructed of two space-tapered wires in parallel, spaced in order 
to lower the antenna impedance to permit the matehing of the open
wire transrnission line which was attached to one end. Each element 
was three and a quarter wave-lengths long. The receiving set was 
placed in a srnall push-cart at the other end of the transmission line so 
that the Iine length did not need to be changed with antenna move
ments. An antenna of this size had a measured gain of fourteen 
decibels over a half-wave horizontal dipole at the same height. 

The horizontal plane directive pattern was experirnentally de
terrnined by measuring the antenna angle and signal output at each 
rnaxirnum and minimum and at fixed angles on the major lobe, as the 
antenna was rotated about its vertical axis. The pattern measured 
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<::: 
·---~ 

/ 

Fig. 11-Test antenna usccl at four meters for experimental checks of directiYity 
calculations. 

Fig. 12- A dctail view of thc antcnna shown in Fig. 11. 
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in this manner is shown in Fig. 13. In this figure is also shown, for 
comparison purposes, the pattern calculated for these conditions by the 
equations derived in the appendix. The agreement between these two 
patterns is quite evident. 

Fig. 13-Receiver current diagrams of test antenna output current versus azimuth 
angle for a 2. 7° wave-angle. 

To check the vertical directivity of the system, a portable oscillator 
was raised from the ground to the top of a one-hundred foot pole in 
front of the antenna. Due to the Iimited range of arrival angles so 
obtained, only the major lobe of the directive pattern could be traced 
out. Figure 14 gives the calculated major lobe for these conditions 
(equations corrected to actual path length difference between direct and 
reflected waves) with the antenna one-half wave-length above ground, 
and Fig. 15 is the pattern at a height of one wave-length. The circles 
on these curves are the measured values. These patterns show that 
the directivity does not change very rapidly with changes in antenna 
height. 

Experimentalchecks of these directivity calculations have also been 
obtained on the larger antennas ordinarily used for long distance 
reception. A Iarge horizontal rhombic antenna was constructed with a 
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motor driveri winch to adjust its interior angles, thus providing control 
of the directivity of the antenna. This antenna could he "steered" so 
that either th~ major lobe or the first null could be used to recei\"e or 

Fig. 1-!-Receiver current diagram of incident plane directivity with test antenna 
one-half wave-length above ground. 1\lajor lobe only. 

discriminate against the components of the received signal. The angle 
of arrival of these components was measured by the methods described 

ANGLE IN DEGREES 
90 80 70 60 

Fig. 15-Recei,·cr currcnt diagram of incident plane directivity with tcst antcnna 
one wave-length ahove ground. 1\lajor lobe only. 

by Friis, Feldman and Sharplcss.2 The agreemcnts wcrc at all times 
closc. This work was incidcn tal to some fading studies the resul ts of 
which also chcckcd qualitatively the dircctivity calculations. 
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These substantial agreements between calculated and measured 
values are an indication of the accuracy secured in theoretically 
predicting antenna directivity when using the stated assumptions. 
It is believed, therefore, that they establish ihe validity of the design 
methods now being used for commercial applications of this type of 
antenna. 

STANDING VvAvE SuPPREssioN 

To obtain the uni-directional characteristics usually desircd and to 
provide a constant terminal impedance over a broad frequency range, 
the end of the rhombic antenna, remote from the receiver, is terminated 
in its equivalent characteristic impedance to prevent wave reflections. 

The termination ·was originally adjusted by determining the greatest 
front-to-back signal reception ratios which could be obtained with the 
terminating graphite resistors or the other circuits employed. This 
method of testing proved both cumbersome and erratic for the following 
reasons: 

Radiating field oscillators had to be placed at sizable distances both 
in frontandin the rear of the antenna. Manipulating these oscillators, 
for frequency runs, proved inconvenient. Furthermore, properly 
elevating the oscillators was impractical because of the large heights 
required to simulate the actual average wave-angles usually en
countered. When the oscillators were at more reasonable heights 
above ground, the front-to-back signal ratios could rarely be reproduced 
since the wave-direction was unstably situated on the lower steep edge 
of the incident plane directive diagram. 

The procedure for testing the termination has been simplified through 
the measurement, by a substitution method, of the antenna terminal 
impedance as the frequency is varied over the required frequency band. 
By readjusting the termination, until these measured values are 
constant, the required value is obtained. 

The schematic diagram of the impedance measuring equipment 
employed is shown in Fig. 16. In the actual apparatus, the individual 

BALANCED 
HIGH

FREQUENCY 
OSCILLATOR 

Cz 
TO ANTENNA 

OR 
RESISTANCE 

STANDARD 

Fig. 16-Schematic diagram of impedance measuring equipment. 
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parts are separately shielded and symmetric.ally arranged so that the 
assembly can be attached to a portable balanced oscillator used for 
other work. Such a combination is shown in the photograph of Fig. 17. 

Again referring to Fig. 16, the condensers marked C1 control the 
degree of coupling while maintaining an accurate balance to ground. 

Fig. 17-J mpcdancc mcasuring cquipmcnt and balancC'd oscillator. 

C'2 is a condenser used for anti-resonating thc complete circuit, this 
anti-resonance being indicated by a thermocouple deftection. The 
condensers Iabelied C3 are !arge blocking condensers which have been 
added to the circuit to permit the measurement of the value of the 
variable suhstitution resistance without the necessity of disconnecting 
that resistancc. A pencil Iead is usually employed as this resistor. 
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The measurement consists in replacing the antenna by a value of 
resistance R which gives the same thermocouple deflection. The 
reactive components involved are tuned out in each case by adjusting 
the condenser C2. The change in the dial setting of this condenser, as 
the resistance is substituted for the antenna, permits the determination 
of the reactive component of the antenna impedance. 

Curve 3, in Fig. 18, shows the terminal resistance versus frequency of 
a properly terminated experimental antenna constructed by the authors. 
Curve 1, of that figure, results from a termination resistance which is 
too large while that in curve 2 is too small. Incidentally, it is inter
esting to note that the value of the measured terminal resistance of this 
antenna is lower than the resistance required, at the other end of the 
antenna, for the correct termination. This behavior is probably an 
effect of the radiation resistance of the system. 
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Fig. 18-Rhombic antenna resistance versus frequency for three values of termination 
resistance. 

When a lumped termination resistance is employed, measurements 
reveal that it operates as if paralleled by a small effective capacitance, a 
capacitance probably due to the proximity of the adjacent converging 
antenna wires. This capacitance prevents the resistance from acting 
as an entirely satisfactory termination. Its effect can be minimized 
through a proper distribution of the termination resistance over a short 
length of the converging part of the antenna. This distribution tends 
to isolate the harmful capacitances by means of the resistances and also 
introduces a small effective series inductance which is helpful in 
neutralizing the residual capacitive reactance. Other circuits have 
been devised, but this one is often employed because of its simplicity 
and ruggedness. 

ANTENNA-TO-PIPE LINE CouPLING CrRCUITS 

Concentric pipe transmission lines are usually favored for receiving 
antenna installations as they can be buried in the ground to give a 
substantial and \\·eather-proof construction, free from reactions on 
adjacent antennas. This pipe-line runs up one pole of a rhombic 
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antenna and terminates adjacent to the output terminals of the 
antenna. 

Large terminated rhombic antennas, built with nurober 12 A.\V.G. 
wire, present ·a terminal impedance, balanced to ground, of nearly 800 
ohms resistance. \Vhere the ratio of the inner diameter of the outer 
pipe to the outer diameter of inner pipe of the transmission line is the 
optimum value 5 of 3.6, the characteristic impedance of the line is 
about 77 ohms. The problern is, therefore, to transform properly a 
balanced resistance of about 800 ohms into an unbalanced resistance of 
about 80 ohms without appreciable Iosses over the entire operating 
range of the antenna. 

Figure 19 is a photograph of a simple type of coupling circuit 
developed for experimental use. Figure 20 is the measured loss versus 
frequency curve obtained when the device is connected between the 
stated impedances. The broad frequency range is primarily the result 
of a high coefficient of coupling. Balance is obtained by symmetrically 
disposing two primary windings in series about two secondary windings 
in parallel. A still greater operating range may be obtained through a 
more elaborate arrangement. Note in Fig. 19 that the boxes and pipe 
lineare gas tight so that nitrogen pressure can be applied, if desired, to 
prevent maisture absorption through "breathing." 

CoNCLUSION 

The original paper 1 on rhombic antennas, in discussing the situation 
regarding short-wave communication, stated that the main limitations 
in this field were three in nurober: 

(a) Inherent receiver noise. 
(b) External noise (static, man-made noises, etc.) 
(c) Signal fading. 

That paper attempted to show that the design of the receiving antenna 
system has an important bearing upon overcoming all three of these 
di fficul ties. 

In the present paper, the authors have indicated how progress in 
overcoming the first two limitations, through refinements in the 
horizontal rhombic type of antenna, has been made. 

lmprovements in the selection of the receiving antenna dimensions 
have greatly helped the noise situation. Termination and coupling 
circuit developments now allow many of these antennas to operate one 
circuit or several circuits simultaneously within a four-to-one frequency 
range. 

6 E. J. Sterba and C. B. Fcldman, "Transmission Lincs for Short-\Va\"c Radio 
Systems," Proc. I. R. E., July, 1932; Bell Sys. Tcch. Jour., July, 1932. 
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Fig. 19-Experimental equipment for coupling a rhombic antenna to a concentric 
pipe transmission line. 

6 8 10 12 14 16 18 20 22 24 26 
FREQUENCY IN MEGACYCLES PER SECOND 

Fig. 2ü-Loss versus frequency of the experimental coupling equipment, shown in 
Fig. 19, when used to connect an antenna balanced impedance of 778 ohms in parallel 
with 5 mmf. to a pipe-line unbalanced resistance of 80 ohms. 
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APPEXDIX 

CALCULATIOXS OF THREE-Dll\IEXSIOXAL DIRECTI\' ITY 

An tenna: H orizontal Rhombus. 
\Vave Polarization: Horizontal. 
Far End Termination: Characteristic lmpedance. 
Ground Constants: General Case. 

Assumptions: Negligible \Vire Attenuation and Leakage. 
Negligible l\Iutual Coupling. 
Uniform Characteristic lmpedance. 

Nomenclature: (See Fig. 1) 

P = point under consideration. 

l = element length. 

cJ> = one-half of side apex angle. 

~ = angle made with ground by wave-direction in incident 
plane. 

ß = angle made by horizontal component of wave-direction 
with principal axis drawn through receiver and termi
nation. 

II = height above ground. 

X = wire distance of point P from R for element (2) as weil as 
for element (1). 

E = r.m.s. space voltage. 

E = r.m.s. space voltage and phase at P due to E, direct 
propagation. 

E' = r.m.s. space voltage and phase at P due to E, after ground 
reflection. 

Ep 1 and EP2 = wire voltage at P in element (1) or element (2), 
direct propagation. 

EP1
1 and EP2

1 = same as above but for ground refiection. 

a = amplitude ratioof ground reflection to dircct space voltag-e. 

a = apparent phase angle change after ground retlection. 

X = wave-length. 

In = receiver current. 

Zo = characteristic impedance. 

R = receiver impedance. 

T = far end termination impedance. 
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Valtages Induced in \Vire : 

Fora directly propagated wave in element (1), R being the refer
ence point for phases, 

21r 

E (.+. ß) +J, · sln (</J- ß)· cos~·X dX 
P1 = t: • cos '+' - • e " . 

For reflected wave in element (1) (X = 0 to l) 

E 1 (.+. ß) + i {~ [X· sin (c/> - ß) • cos ~ - 2H sln ~] - a} d V 
P1 = a · t: • cos '+' - • e " A . 

Similarly for element (3) (X = 0 to l ) 

2"-
Epa = €. COS (1J + ß). e +i >: · sln (c/> + ßl · cos~·X dX. 

E 1 (.+. + ß) + j {T [X· sln (</J + ß) • cos ~ - 2H sin ~] - a} dX 
P3 = a·t:·COS 'I' · e . 

Also for elements (2) and (4) (X = 0 to l ) where respective side 
apexes are now reference points for phases, 

2"-/ 

E + j ' • sln (c/> - ß) • cos ~ 
EP2 = - Pa· e " , 

2"-l 
1 E 1 + i ' · sin (c/> - ß) • cos ~ 

EP2 = - Pa • e " , 

and 
. 2"-l 

E + J ' • sin (c/> + ß ) • eos ~ 
EP4 = - P 1' e " , 

Receiver Current where T = Zo and R = Zu 

1
1 EP1 + EP1

1 + EPa + E Pa
1 -J?:._~x 

IR= 2Z ·e x. 
0 0 

+ l l EP2 + EP21 + EP4 + E p/ -j~X -j~l ----------- ·e >.. ·e >.. , 

0 
2Zo 

i
1

t:·COS (1J- ß) [ -J(~Hsln ~+a) j 
IR= 2z · 1+ae >.. 

0 0 

- j ~ [1- sin (c/> - ß)· cos ~] X [ l t: · COS (1J + ß) 
·e x. dX + 2z 

• 0 0 

. 1 + ae- j ->: H sln ~ + a • e- j >: [1 - sin (</J + ß). cos ~]X dX 
[ 

( 41r ) J 21r 

I ! €' COS ( 1J - ß) r -j ( ~ H sln ~ + a) J 
- 2z · 1 + ae >.. 

0 0 . 

2"-l 21r • . e -j }...· [1- sin (c/> + ßl eos ~]. e -J); [1- sin (c/> -ß) cos~].\: dX 
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[
l E · COS 

2
c_; + ß) • r1 + ae -J (~ J/slnö +a)] 

• () 0 

2~r! 211' . c- 1 T [1 - ~in (</J - 8) cos .'\) . e- 1 X [ 1 - sin (</J + ß) cos ~I X d X' 

I _ e·cos (c/>- ß). [ 1 + -J(THsi~.1+a)] 
u- 2Zo ae 

[ 
".".l J rl ".". . 1 - e- J =-x- [ 1 - sin (</J + ß). cos ö) . J 0 e - J ~ [ 1 - sin (<J> - ß). cos ö) X d.X 

e·cos(ct>+ß) [ -J(~Hsino+a)] + 220 · 1 + ae x 

[ 

z.".t ] ll z.". . 1 -. e-1>:· [1-sin<<P-ß>·cosöl . 

0 

e-1-y:: [1-sin<<P+ß>·cosö)x dX, 

I _ + -~. COS (c/>- ß) . [ 1 + ae-1(~Hsinö+a)] 
n - J 4n.Z0 1 - sin (c/> - ß) · cos ..l 

. 1 _ e- 1 ·x- [I - sin <<P + ßl · cos ö) 1 _ e- i T [1 - sin (</J - ßl. ros ö) 
[ 

27rl ] [ 27rl J 

. EA COS (c/> + ß) [ -1 (~ Hslnö +a) ] + J-- · · 1 + ae x 4n.Zo 1- sin (c/> + ß)·cos .1 

I _ . ~. [ cos (c/> - ß) cos (cl> + ß) ] 
R- J 47rZo 1- sin (c/>- ß)·cos .1 + 1- sin (c/> + ß)·cos ~ 

. [ 1 + ae-1(Tllsinö+a)]. [ 1 _ e-j~~ [1-sin<<~>:+ß>·ros.l]] 

[ 1 
-/-'~1 

[ 1 - ~in (</J - ß) · ro~ .l) ] . - e x , 

which is thc final equation including phase relations. 



Extraneons Frequencies Generated in Air Carrying Intense 
Sound Waves * 

By A. L. THURAS, R. T. JENKINS and H. T. O'NEIL 

The exact equation of the propagation of plane sound waves in air is not 
linear and consequently harmonics and combination tones are generated. 
The pressure of these extraneous frequencies in terms of the fundamental 
pressure, frequency, and distance from the source has been mathematically 
determined by Rayleigh, Lamb and others. These equations have been 
applied to an exponential horn. 

Measurements of the second harmonic and combination tones have been 
made at various points within a long tube, and in front of an exponential 
horn. Measurements, in general, agree with theory, but the absolute values 
are lower than the calculated values. 

RECENT developments in horn type loud speakers 1 for high 
quality reproduction of intense sounds necessitate a consideration 

of the more exact equations of wave motion if distortion due to the 
generation of extraneous frequencies in the air of the horn itself is tobe 
avoided. Similar considerations may be of some importance in con
nection with the pick-up of intense sounds. 

The propagation of waves of finite displacement has interested 
physicists for more than a century. In 1808 Poisson derived an 
equation which shows that, in general, a sound wave cannot be 
propagated · without a change in form and consequent generation of 
additional frequencies. This distortion is caused by the non-linearity 
of air; that is, if equal positive and negative increments of pressure are 
impressed on a mass of air the changes in volume of the mass will not 
be equal; the volume change for the positive pressure will be less 
than the volume change for the equal negative pressure. An idea of 
the nature of the distortion can be obtained from the adiabatic curve 
AB for air as given in the familiar volume pressure indicator diagram 
(Fig. la). The undisturbed pressure and specific volume of air are 
indicated by point Pa V 0• Any deviation from the tangent through 
this point causes distortion and consequent generation of extraneous 
frequencies. The theoretical magnitudes of the waves of extraneous 
frequencies are obtained from a solution of the exact differential 
equation of wave propagation in air. The solution shows that the 
pressure of the second harmonic frequency, which is generated in the 
air, increases with the frequency and the magnitude of the fundamental 

* Published in the January 1935 issue of the Jour. A cous. Soc. Am. 
1 E. C. \Vente and A. L. Thuras, "Loud Speakers a nd l\1icrophones," Bell Sys. 

Tech. Jour., 13, 259 (1934). 
159 
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pressure and also with the distance from the sound source. The 
solution also gives the magnitudes of the waves of sum and difference 
frequencies g.enerated when two tones are simultaneously impressed 
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on the air; these magnitudes also increase with distance from the 
source and with the product of thc fundamental pressurcs and, re
spectively, with thc sum and diffcrcnce frcquencies. 
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THEORY OF PROPAGATION OF PLANE WAVES OF FINITE AMPLITUDE 

The derivation of the exact differential equation for sound wave 
propagation in air involves the continuity equation, Newton's force 
equation and the equation expressing the relation between pressure 
and specific volume in a gas. Since there may be some question as to 
the accurate definition of the density and force in the equation of 
motion a somewhat detailed discussion of this subject will be given. 

Following Rayleigh,2 let y and y + (ayjax)dx be the actual distances 
at time t from the plane x = 0 to neighboring layers of air whose un
disturbed positions are defined by x and x + dx, respectively, Fig. lb. 

dy ... _____________ ----- ------ y -------)"1<-- ax dx __ ,.. 

----- x -----· .. -dx-.. 

Po p 

Fig. 1b. 

The displacement corresponding to y 1s thus ~ = y - x and the 
equation of continuity of the fluid is 

P = Po(ayjax)-1 = Po(l + a~jax)-1 , (1) 

where p and p0 are the densities of the fluid in the disturbed and un
disturbed states, respectively. If the effect of viscosity is neglected 
the exact equation of motion of the element of mass p(ayjax) ·dx is 

or 
(2) 

p is the pressure at the point y (Fig. lb) which moves with the air 
particle, not the pressure at a fixed point. Except for very large dis
placements these pressures are nearly the same. From equations (1) 
and (2) 

(3) 

2 Lord Rayleigh, "Theory of Sound," 2nd Ed., Vol. II, p. 31. 
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By virtue of equation (1), equation (3) is linear in ~ only if dpfdp 
= Kp-2 or dpfdv = - K, where v = 1/ p = specific volume and K is a 
constant. This condition is not satisfied during any ordinary varia
tions of state of a gas, but is approximateJy Satisfied When the Variations 
are very small. For isothermal changes we have pv = p0v0 and for 
adiabatic changes: 

P/Po = (vofv)'Y = (pf Po)'Y, (4) 

where 'Y is the ratio of the specific heats and Po is the undisturbed 
atmospheric pressure. In either case, for very small variations, the 
pv curve is practically identical with the tangent to the curve, hence 
dpfdv is practically constant (Fig. la). 

From equations (1), (3), (4) we obtain the exact equation of adiabatic 
plane wave motion in a non-viscous fluid: 

(5) 

where c2 = 'YPo/ Po· This equation is given by Rayleigh.2• 3 Rocard 4 

was first to call attention to the generation of harmonics in the air 
within an exponential horn. His theoretical solution is based on a 
plane wave equation in which the term a2~jat2 was replaced by 

(6) 

In support of this substitution Rocard cites Riemann's 5 treatment of 
the problem. However, Riemann's analysis is based on the Eulerian 
form of the hydrodynamical equations whereas equation (5) is derived 
from the Lagrangian equations. (For a comparison of these systems 
of equations see Lamb.6) In the Lagrangian notation a~jat and 
a2Vat2 are the exact values of the velocity and acceleration, respectively, 
of the particle whose displacement from its equilibrium position (x) is ~. 
I t is to be noted that in equation (2) the term po, or undisturbed 
density, does not represent an approximation. 

A rigorous solution of (5) for the displacement ~ as an explicit 
function of x and t has not been obtained. As a first approximation to 
equation (5) we take 

(7) 

3 Lamb, "Dynamical Theory of Sound," 2nd Ed., p. 182. 
• Y. Rocard, "Sur Ia propagation des ondes sonores d 'amplitude finie," Cvmptes 

rendus, 196, 161 (1933). 
6 Riemann, "Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwingung

sweitte," Göttingen Abha11dlungen, No. 8, 1860. 
e Lamb, "Hydrodynamics," 6th Ed., Chapter I. 
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This approximation restricts the dilatation a~jax to values small com
pared with unity or the excess pressure to values small compared with 
'YPo, but the restriction need not be as severe as would be required for 
the linear approximation: 

By a method of successive approximations, carried to the second 
approximation, Lamb 3 derives the solution of (7): 

'Y + 1 w2 

~ = a cos w(t - x/c) + -
8
-Cf a2x[1 - cos 2w(t - xfc)] (8) 

corresponding to a motion ~ = a cos wt imposed on the air at x = 0, 
and assuming complete absence of reflection. By virtue of (4) and (1) 
we have for the pressure: 

P = Po(l - 'Ya~jax + · · · ). 

Neglecting the terms of small amplitude, in the region where -l1rx is 
large compared with the wave-length A. we have 

where 

or 

where 

P = P dc + Pt + P2, 

Pac =Po- 'YPo · (('Y + 1)/8)·(w2/c2)a2
, 

Pt = - 'YPo· (wa /c) sin w(t - xfc), 
P2 = 'YPo·(('Y + 1) /4) ·(w3/c3) ·a2xsin 2w(t- xfc), 

Pt= 2!Pt cos [w(t - xjc) + 1r j2], 
P2 = 2!P2 cos [2w(t - xfc) - 1r /2], 

(9) 

(10) 

(11) 

(12) 

P 1 and P2 are thus the r.m.s. fundamental and second harmonic 
pressures, respectively. 

Lamb 3 also gives a solution of (7) for the case when the forced 
motion at x = 0 is: ~ = ~A cos wAt + ~B cos w8 t. In addition to the 
two fundamentals and two second harmonics, the pressure now in
cludes components whose frequencies are, respectively, the sum and 
difference of the two primary frequencies: 

Ps = 2lP. cos [(wA + w8 )(t - xjc) - 7r/2], 
Pa= 2lPa cos [(wA - w8 )(t- xjc) + 7r/2], 
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where 
P = 'Y + 1. PAPn. (wA + wu)x 

s 2(2)! 'YPo c ' 
(13) 

P d = 'Y+ 1 . PAPn. (w.t- wu)x 
2(2) i 'YPo c 

( 14) 

and PA , PB are the two r.m.s. fundamental pressures. 
If we extend Lamb's method of solution of equation (7) to the third 

approximation and again consider the case ~ = a cos wt at x = 0 we 
find that in the region kx >> 1, the r.m.s. third harmonic pressure is 

p3 = l_ ( 'Y + 1 . wx )2 P3. 
16 'YPo c 1 (15) 

In the case of the greatest r.m.s. fundamental pressure used in the 
experiments, P1 = 8000 bars at 600 c.p.s., equation (15) indicates 
that the third harmonic at 400 cm from the source is about 10 db 
below the second harmonic. 

An approximate correction for the effect of attenuation in a tube 
caused by viscosity and heat conduction can be obtained by assuming 
that each of the extraneous frequencies and the fundamental is 
attenuated as if it were the only wave present. Thus the r.m.s. Yalue 
of the fundamental at any point x is assumed tobe 

or 

where Po is the r.m.s. value of the fundamental at the point x = 0 
and a1 is the measured attenuation factor for the fundamental. 
If P2 is the r.m.s. value of the second harmonic at the point x and a2 is 
the measured attenuation factor for the second harmonic in the absence 
of the fundamental, we have by using equation (12): 

dP2/dx = KPi - a2P2 = KPo2e-2a1x- a2P2, (16) 
where 

'Y+1 1 w 
K=--·-· - · 

2(2) ! 'YPo c 

\Vhen a1 = 0 and a2 = 0, equation (16) is equivalent to (12). Thc 
solution of (16) which is consistent with the fact that the second 
harmonic vanishes at x = 0 is 

Hence 
P2 = [KPo2/(2al - a2)][e-azx- e-2a1 x]. 

p2 = 'Y + 1 . ~. ~ x·R 
P1 2(2)! 'YPo <= 

1 (1 7) 
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where 

For the tube used in these experiments a2 may be 'taken as 2 la 1 which 
gives 

Similar correction factors were derived for the other extraneous fre
quencies measured in the experiments. 

MEASUREMENTS OF PLANE \VA VES OF FINITE AMPLITUDE 

IN A TUBE 

The experimental work consisted of measuring the second harmonic 
generated along a tube. l\1easurements were also made of the sum 
and difference tones when two fundamental frequencies of equal 
pressure were simultaneously impressed on the air of the tube. For 
the fundamental pressures and distances used in the experiments, the 
magnitudes of the other harmonics and higher order sum and difference 
frequencies were probably small. For high fundamental frequencies 
and pressures, however, these other tones are important, since they 
increase more rapidly with frequency and pressure than the second 
harmonic; for instance, the third harmonic pressure increases as the 
square of the fundamental frequency and as the third power of the 
fundamental pressure. 

A sinusoidal displacement, uniform over the cross section, was 
impressed on the air at one end of a long tube. The tubebad an inside 
diameter of 3.8 cm and was 1566 cm long. J\!leasurements were made 
in the first 705 cm only and the remainder of the tube was used for 
obtaining a non-reflective termination. 

A search transmitter, comprising a small tube of 0.08 cm inside 
diameter and 7.5 cm long, coupled to a small condenser microphone/ 
was used for the measurements. Attenuation in this search tube 
was sufficiently high to prevent either overloading the microphone or 
altering the sound wave propagated within the long tube. The search 
transmitter was connected to a stage of amplification so operated as 
to preclude non-linear distortion. This was followed by a band-pass 
filter which selected the frequency desired in the measurements. The 
filter was terminated by a measuring circuit consisting of a high-gain 
amplifier and a vacuum tube voltmeter. A diagram of the arrange
ment is shown in Fig. 2. 

7 H. C. Harrison and P. B. Flanders, "An Efficient 1\iiniature Condenser 1\licro
phone System," Bell Sys. Tet.h. Jour., 11, 451 (1932). 

• 
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To obtain reliable measurements throughout the length of the test 
tube it was necessary to reduce standing waves to a negligible magni
tude. This was accomplished by laying a strip of felt in the last 761 cm 
of the tube, te~minating the end with an acoustic resistance approxi
mately equal to the characteristic impedance of the tube, and carefully 
sealing up all joints along the tube. The pressure variation in the 
standing wave was ± 0.3 db, which 'corresponds to a reflection coeffi
cient of 0.035. 

~----------395CM------------~~-------366CM------~ 

FLANNEL-1.9 CM WIDE FLANNEL-TAPERED 

ACOUSTIC 
RESISTANCE 

r;---- ----------------
I ~------------------
1' 

•: ,, 

ii 
)
:: 
I• 
l' 

. I 
I 
I 

1.9 CM TO 0.635 CM 

4.13 CM 

S.T.=SEARCH TRANSMITTER 

C. T.= CALIBRATING TRANSMITTER 

Fig. 2-Apparatus for measuring extraneous frequencies generated in air carrying 
intense sound wavcs. R, resistance substitute for receiver. 

The oscillator current was supplied to the loud speaker through a 
low-pass filter and the measured harmonic content was found to be 
73 db below the fundamental. Pressure measurements in the tube 
close to the loud speaker indicated that the harmonics generated in the 
measuring circuit and loud speaker were more than 50 db below the 
fundamental pressure at 2000 bars. 

A calibration of the search transmitter was obtained by comparison 
with a small condenser microphone whose diaphragm was exposed 
directly to the sound wave at the same position on the test tube, see 
Fig. 2. The calibrating microphone (C.T., Fig. 2) had been previously 
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calibrated by a thermophone.8 The measuring circuit following the 
search transmitter was calibrated for each frequency measured by 
introducing the oscillator current into the search transmitter circuit 
through the attenuator (a1, Fig. 2). 

The ratio of the pressure of the frequency generated along the tube 
to the fundamental pressure was measured by the attenuator a 2, 

Fig. 2, at various holes along the tube in which the search transmitter 
was inserted. If an appreciable fraction of the harmonic generated 
along the tube is reflected at the end of the tube, the magnitude of 
the reflected component near the source may be comparable with or 
larger than the harmonic generated between the source and the point 
in question. This was found to be the case when several measure
ments were made near the source over a distance covering a wave
length. The measured variation in the total pressure of the harmonic 
over this distance was ± 2.5 db whereas the variation for a funda
mental of this frequency, as previously stated, was ± 0.3 db. There
fore the measurements close to the receiver may be inaccurate. 

Figure 3 shows the measured pressure ratio of the generated second 
harmonic to the fundamental along the tube and the theoretical curve 

-18 

-24 

~ -30 
w 
CD 
ü 
w -36 
0 

~ 

~~a:--42 

-48 

-54 

600 1\J PRESSURE AT 
SOURCE = 1993 BARS 

_f-- ... - ~ ...... --_.... 
......... ;..-
::.!-
• 

--- V,.. 
-~ .... --.. .... -- _...... ,.._...... 

E-"''c"'~-- :;:_.......-~ 
~--

40 50 60 80 100 200 300 400 500 600 800 
DISTANGE FROM SOURCE IN CENTIMETERS 

Fig. 3-l\1agnitude of 2nd harmonic vs. distance from source. 

calculated from equa.tion (17). Each of the three experimental points 
plotted at about 45 cm from the receiver is the average pressure ratio 
for a series _ of readings taken over a distance of a wave-length along 
the tube. 

The measured and theoretical pressure ratios of the second harmonic 
to the fundamental are shown as a function of frequency and pressure 
in Figs. 4 and 5. 

8 L. J. Sivian, "Absolute Calibration of Condenser Transmitter," B ell Sys . T ech. 
Jour., 10, Jan. (1931). 
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Figure 6 shows the magni tude of the first order sum and difference 
frequencies along the tube when two frequencies of equal pressure are 
simultaneously impressed on the air in the tube. 
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EXPONENTIAL HORN THEORY 

The second harmonic generated in any short section of a horn is 
approximately the same as that generated in a tube of area equal to 
the mean area of the section of the horn. Therefore , from the tube 
equation and the expression for the change in pressure due to the 
divergence of the horn the magnitude of the generated second harmonic 
pressure at any point along the horn can be obtained . 

The r.m.s. value of a small excess pressure in an exponential horn 
of section S = S 0emx is attenuated according to the law 

or dP /dx = - mP/2, 

where Pt is the r.m.s. pressure in the throat of the horn (at x = 0). 
The indexoftaper m is equal to 41rfc /c where f c is th e cut-off frequency 
of the horn. 

From equation (12), the rate at which the r.m.s. value of the second 
harmonic increases along a tube is 

If it is assumed that the same expression represents the rate of genera
tion of second harmonic along a horn, and that both the fundamental 
and second harmonic diverge in the same manner, the complete 
differential equation for P2 becomes 

dP2 = KP2 _ m p = KP2 -mx _ !!!.. p dx 1 2 2 lte 2 2, 

where P 1 and Pu are, respectively, the r.m.s. fundamental pressures 
at the point in question (x) andin the throat of the horn. The solution 
consistent with the condition P2 = 0 at x = 0 is 

(18) 

Since P1 = Pue-mxf2, the ratio of the second harmonic pressure t o the 
fundamental pressure at any point x in the horn is thus 

P 2 1 - e- mxf 2 "f + 1 p 1t W 1 - = KPu· = --- · - · - x 
P1 m /2 2 ~ 2 "!Po c ' 

(19) * 

* According to this equation the magnitude of the second harmon ic pressure 
generated in the air of a horn is 6 db lower than that given by Rocard's equation 
previously published in the paper "Loud Speakers and Microphones " (Reference 1) , 
page 264, equation 1. 
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where 
x' = (1 - e-mx/2) / (m /2). (20) 

Equations (19) and (20) indicate that the second harmonic at the 
mouth of an exponentia} horn of }ength X is equiva}ent to the second 
harmonic at the end of a tube of length x' and of uniform section, 
equal to the area of the throat of the horn. Thus the second harmonic 
in the mouth of a horn having an index of taper m = 0.07 5 cm-I, cut
off frequency 200 c.p.s. and length 78 cm is equal to the second bar
monie at the end of a straight tube 25 cm long and of the same diameter 
as the throat of the horn. 

ExPoNENTIAL HoRN l\IEASUREMENTs 

l\Ieasurements of the output of a horn attached to a moving coil 
receiver were made in an· acoustically damped room. The horn had a 
throat diameter of 3.8 cm, a length of 78 cm and a cut-off frequency of 
200 c.p.s. The diaphragm of the loud speaker was coupled to the 
throat of the horn through a straight tube 13 cm long. A filtered 
single frequency tonewas impressed on the loud speaker and the sound 
was picked up by a small microphone in front of the horn. The funda
mental and second harmonic voltages from the microphone amplifier 
were separated by means of a band-pass filter and measured. 

The approximate acoustic power at the throat of the horn was 
calculated from the known efficiency of the loud speaker and the 
electrical voltage and current supplied. 

The measured and calculated ratios of the second harmonic pressure 
to the fundamental pressure at the mouth of the horn, including the 
effects of generation of second harmonic in both the horn and the 
straight tube coupling the receiver and the throat of the horn, are 
shown in Fig. 7 in terms of the sound output in watts. See equations 
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(17) and (19). The attenuation due to viscosity and heat loss in the 
horn has been neglected. 

A number of measurements at various microphone positions in 
front of the horn, shown by the dotted circles, indicate the difficulty 
of obtaining accurate results in a room. The average of the measure
ments at a number of random positions in front of the horn at a con
stant sound power output and the measurements at a single position 
for various sound outputs gives the plotted curve which is probably 
not greatly different from that which would be obtained in open air. 

Figure 8 shows the measured and calcu1ated ratios of the second 
harmonic pressure to the fundamental pressure for various funda
mental frequencies. 
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DEMONSTRATION OF EXTRANEOUS FREQUENCIES 

Almost two hundred years ago Sorge, a German organist, and 
Tartini, an Italian violinist, discovered independently, apart from all 
theory, that the union of two loud independent tones produced a 
difference tone. That this is not entirely a subjective tone produced 
by the ear but is actually present in the air was demonstrated by 
others some years later by the use of a tuned resonator. \Vith modern 
apparatus consisting of power amplifiers, oscillators and tuned electro
mechanical vibrators it is a relatively simple matter to show not only 
the difference tone but the summation and harmonic tones as weil. 

An exponential horn was attached to the open end of the 1566 cm 
tube previously described but with the damping material removed. 
A moving coil microphone placed in front of the horn picked up the 
complex tone produced when two equal pure tones of 600 and 940 
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c.p. s. were impressed on the air. The microphone voltage was 
amplified and impressed on six t orsional vibrators tuned t o 340, 600, 
940, 1200, 1540 and 1880 c.p.s. Spherical mirrors attached to the 
vibrators prodl,J.ced on a screen bands of light the amplitudes of which 
were approximately proportional t o the relative pressures of the 
various frequencies in the complex tone. 

For the higher power inputs to the loud speaker used in the experi
ment, the presence of the sum and difference frequencies and the har
monic frequencies was easily observed. At these power outputs the 
quality of the sound was very disagreeable and the fundamental tones 
could hardly be distinguished. 

CoNcLusroN 

The theoretical and experimental determinations of the extraneous 
frequency waves generated in the air within a tube are in good agree
ment as regards the variation in magnitude with frequency, distance 
from the source and magnitude of the primary tones. The magnitude 
of the second harmonic is very nearly proportional to the distance 
from the source, to the fundamental frequency and to the square of 
the amplitude of the fundamental pressure. \Vhen there are two 
primary tones, the extraneous frequencies generated in the air include, 
as weil as the harmonics of the primary tones, frequencies which are, 
respectively, the sum and the difference of the primary frequencies 
and also other higher order tones. The magnitudes of the summation 
and difference tones are very nearly proportional to the distance from 
the source, to the product of the magnitudes of the two primary 
pressures, and in each case, to the frequency of the particular com
bination tone. As regards the absolute magnitudes of the generated 
tones in the tube all of the measured values are about 3 db lower 
than the theoretical val ues. 

Good agreement was obtained also between the experimental and 
theoretical determinations of the second harmonic generated in the air 
within an exponential horn, as regards proportionality to the funda
mental frequency and power and also as to absolute magnitude. In 
fact the agreement in absolute magnitudewas closer for the horn than 
for the tube, but not much significance should be attached to this fact, 
as the horn theory is developed from the theoretical solution for the 
tube and the horn measurements are known to be less reliable than 
the tube measurements. 
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North Atlantic Ship-Shote Radio Telephone Transntission During 
1932-1933. 1 CLIFFORD N. ANDERSON. This paper extends the anal
ysis of ship-shore radio transmission data for an additional two-year 
period beyond that reported on in a previous paper. Contour dia
grams show the variation of signal field with time of day and distance 
for the winter, summer, spring, and fall seasons and for the approximate 
frequencies 4, 8, and 13 megacycles. 

A comparison is made with the data obtained during 1930 and 1931. 
In general, transmission during 1932-1933 tends tobe somewhat better 
on frequencies below about 9 megacycles and somewhat poorer on fre
quencies above 9 megacycles. At 4 megacycles the increase is of the 
order of 10 decibels, and for 13 and 17 megacycles, the decreases are 
about 6 and 10 decibels, respectively. 

Loudness, Pitch and the Timbre of Musical Tones and Tlzeir Relation 
to the lntensity, the Frequency and the Overtone Structure.2 HARVEY 

FLETCHER. It is generally supposed that the three psychological 
characteristics of a musical tone, namely, loudness, pitch and timbre, 
are each directly dependent upon the corresponding physical charac
teristics of the sound wave producing the tone, namely, intensity, fre
quency of vibration and overtone structure. In this paper it is shown 
that each of the psychological characteristics is not dependent upon a 
single one but upon all three of the above mentioned physical charac
tensttcs. Quantitative measurements of these relationships have been 
made using a large nurober of obserYers. For example, it was found 
that one tone may have the same pitch and loudness as another and 
yet have an intensity 100 times as great, the difference being due to the 
difference in the overtone structure; or two tones may have the same 
pitch and overtone structure and yet have frequencies of vibration 
that differ as much as 5 per cent, the difference being due to the differ
ent intensity of the two tones. An empirical formula showing the 
dependence of loudness upon the three physical characteristics men
tioned has been formulated although no such formula has been found 
for showing a similar relationship for pitch. Such a relationship is 
shown graphically for pure tones. Also some very marked effects upon 

1 Proc. I. R. E., October, 1934. 
2 Jour. Acous. Soc. Am., October, 1934. 
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the pitch of a musical tone due to the changes of overtone structure 
are described. 

Overvoltages on Transmission Lines.3 C. L. GILKESON and P. A. 
]EANNE. Observations of line-to-ground voltages ha"e been made 
under routine operating conditions on an isolated neutral system, a 
Petersen coil system, 3 neutral resistance grounded systems, and 2 
directly grounded systems. Results of these observations are given 
in this paper. l\1easurements were made with oscillographs supple
mented, on all but 2 systems, by surge recorders. 

An Acoustic Spectrometer.4 C. N. HICKMAN. A series of tuned 
reeds are mounted so that they may be electromagnetically driven. 
Each reed carries a small concave mirror with which light from an 
illuminated slit is brought to a focus on a screen. These slit images 
are lined up in the order of the reed frequencies. ~Then a current 
having a complex wave, such as the speech current from a microphone, 
is passed through the electromagnet, the reeds andin consequence the 
slit images on the screen will oscillate. The driving system and the 
reeds are so designed that the amplitude of oscillation of each image is 
proportional to the strength of the corresponding harmonic component 
in the driving current. Therefore , by observing or photographing the 
slit image amplitudes, the frequencies and the relative energy content 
of the components of a complex current may be determined. A spec
trometer of this type covering a small frequency range (50 to 3109 
cycles) was built for demonstration purposes. The range of such an 
instrument can be extended to higher and Iower frequencies. 

Tlze Measurement of Ilarmonic Power Output of a Radio Transmitter!' 
P. M . HoNNELL and E. B. FERRELL. A method of determining the 
harmonic power output of a high-frequency radio transmitter is 
described. It is a method for measuring the power delivered by the 
transmitter to thc antenna system, as distinguished from the more 
common method of measuring harmonic field strengths a t specified 
locations. I t is essentially a comparison method. Thc unknown 
harmonic power, present with the fundamental, is comparerl by means 
of a sufficiently selective recciving set with a known comparison power 
which is supplied in the absence of the fundamental. The method in 
practice seems to be accurate within about one decibel. I t is appli
cable to the measurement of power other than harmonic power. 

3 Elec. Engg., September, 1934. 
4 Jour. Acous. Soc. Am., October, 1934. 
" Proc. I. R. E., October, 1934. 
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Piezoelectric Frequency Control. 6 F. R. LACK. This paper discusses 
the use made of the piezoelectric effect in designing sub-standard time
keepers and frequency generators. The nature of the piezoelectric 
effect is outlined and mention is made of the various classes of crystals 
in which it is found. The technic of setting up, electrically, various 
types of mechanical vibrations in piezoelectric crystals is described 
tagether with methods of obtaining very high frequencies. Other 
applications of the piezoelectric effect, such as to loud speakers, sub
marine signaling, etc., are briefly reviewed. 

Reverberation Measurements in Awiitoriums.7 G. T. STANTON, F. C. 
ScHMID and W. J. BROWN, ]R. This paper presents some of the 
problems encountered in attempts to measure the reverberation time 
in auditoriums, and indicates certain procedures found helpful in their 
solution. In addition, comparison is affered between results obtained 
with two step-by-step methods and a continuous decay. 

6 Jour. S. M. P. E., October, 1934. 
7 Jour. Acous. Soc. Am., October, 1934. 
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Cable Crosstalk- Effect of Non-Uniform Current 
Distribution in the Wires 

By R. N. HUNTER and R. P. BOOTH 

When wires are close to each other as they are in cable, the mutual in
ductance coupling between pairs is notasimple number, constant at all fre
quencies. Because of the non-uniform and non-symmet rical distribution 
of current over the cross-sections of the conductors the " effective mutual 
inductance" is of the form J..1 = Jt,1a + jMb where both M a a nd J..1 b vary 
with frequency. This paper discusses the results of certa in measurements 
which have been made of the effective mutual inducta nce between stra ight 
wires and between cable pairs over a wide range of frequencies extending up 
to a million cycles. This is of interest in connection with crosstalk problems 
in cable carrier telephone systems. 

FüR many years it has been recognized that non-uniform distribu
tion of current over the cross-section of a conductor reduces the 

efficiency of transmission in either power or communication circuits. 
With direct current or with alternating current of very low frequency 
the current is distributed almost uniformly. As the frequency in
creases, the current distribution becomes more and more non-uniform. 

If the two conductors of a circuit are remote from each other the 
high-frequency current distribution in either conductor is practically 
symmetrical with respect to its center, the density of the current being 
lowest in the center of the conductor and highest near the surface of 
the conductor. If, however, the conductors are close together, the 
high-frequency current distribution in either conductor is unsym
metrical due to the proximity of the other conductor. This is known 
as the proximity effect. 

I t is probably not well known that this proximity effect may have 
an important bearing on the crosstalk between communication circuits.1 

While the effect is negligible in open-wire circuits, it is qui te marked in 
cable circuits. This paper describes an investigation of the influence 

1 This effect was mentioned in the Carson-Hoyt paper on "Propagat ion of Periodic 
Currents Over a System of Pa ra llel \Vires," in t he Bell System Teclmical Journal of 
July, 1927. 
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of the proximity effect on crosstalk between long non-loaded cable 
circuits which are being studied in connection with the development of 
high frequency carrier systems suitable for toll telephone cables. 
l\1ore specifically, the paper covers tests made to determine the in
fluence of th-e proximity effect on the mutual inductance between 
circuits; data are given both for the case of two isola ted non-twisted 
pairs and for the case of pairs in a quadded 19-gauge cable. 

In cable carrier systems it is not practicable to operate like fre
quency bands in opposite directions on different pairs in the same 
cable without heavy shields between the pairs. The relatively large 
Ievel differences that may exist between pairs transmitting in opposite 
directions would result in excessive crosstalk of the near-end type. 
Like carrier frequency bands are, therefore, transmitted in the same 
direction in a cable and the crosstalk between pairs used for carrier 
systems is of the far-end type. 

It has been shown 2 that far-end crosstalk at carrier frequencies 
between Iong non-loaded cable pairs can be considerably reduced by 
the use of simple networks connected between the two pairs at one 
point in their length. The crosstalk balanced out by such networks is 
of the "transverse" 3 type. Crosstalk of the interaction type varies 
in a complicated way with frequency, and cannot, therefore, be annulled 
by a simple network. For any two similar circuits aJI the elements of 
transverse crosstalk, due to the unbalances occurring at various 
points along the line, arrive at the sametime at the far end of the line. 
The crosstalk currents due to unbalances of the same type such as 
capacitance unbalances arrive in the same or opposite phase (if the 
circuits are perfectly smooth). It will be seen, therefore, that a 
properly designed network connected at one point in the line may be 
used to practically annul the far-end transverse crosstalk. In order 
to design the most effective type of network for balancing transverse 
crosstalk it is necessary to know the manner in which the crosstalk 
coupling in any elementary length varies with frequency. 

The crosstalk coupling between two pairs in an elementary length 
may be represented by a mutual admittance and a mutual impedance. 
I t can be considered that the voltage between the two wires of the 
disturbing circuit drives crosstalk currents into the disturbed circuit 
through the mutual admittance. The currents in the disturbing 
circuit acting through the mutual impedance also cause crosstalk 

2 As discussed in the Clark-Kendall paper on "Carrier in Cable" in the Bell 
System Teclmical Journal of July, 1933. 

3 The various types of crosstalk are discussed in the paper on "Open-\Vire Cross
talk" by A. G. Chapman in the Bell System Tcclmical Journal of January and 
April, 1934. 
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currents. The mutual admittance is due almost entirely to capacitive 
coupling, the leakance ordinarily being negligible in its effect on cross
talk coupling. This capacitive coupling varies but Iittle with fre
quency and its effect on crosstalk may be balanced out by means of a 
simple condenser. If the proximity effect were negligible, the mutual 
impedance would be substantially that of a simple mutual inductance 
constant with frequency. The crosstalk due to this coupling would, 
therefore, be balanceable by means of a simple inductance coil. If, 
however, the proximity effect is not negligible the mutual impedance 
is due to a complex mutual inductance both of whose components 
vary considerably with frequency. This is the case in cable circuits 
and a complex balancing unit must be designed if the complex magnetic 
coupling is to be accurately simulated. 

The mutual impedance, ZM, between two circuits is by definition 
the negative ratio of the induced series voltage 4 (e) in the disturbed 
circuit to the current (I) in the disturbing circuit. Thus, 

e 
ZM = -1. 

Since the induced voltage is proportional to the time variation of the 
magnetic field set up by the disturbing current, it is important to 
visualize how this field may be altered by changes in the distribution of 
the current, I, over the cross section of the disturbing conductor. 
Four types of current distribution will be considered and the effects 
on ZM noted. 

In order to simplify the following qualitative explanation of the 
effect of current distribution on mutual impedance it will be assumed 
that in all cases the disturbed wire is a filament. When the disturbed 
wire is finite in cross section the effect is generally similar, but more 
eomplicated. 

CAsE I-CuRRENT CoNCENTRATED IN A FILAMENTARY 

DISTURBING vVIRE 

In the case of a wire of infinitely small cross section the magnetic 
field due to a sinusoidal current, I, induces a voltage in another 
filamentary wire located in this field as expressed by the familiar 
equation 

e = - jw},fi. 

The mutual impedance is a pure reactance equal to jw},f, where Jlf, 

the coefficient of mutual inductance, isapure number and independent 
of frequency. 

• This voltage is defined as being the negative of the value of an inserted electro
rnotive forcesuch as to bring the total current in the disturbed circuit to zero. 
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CASE 11-CURRENT UNIFORMLY DISTRIBUTED IN A SOLID 

CYLINDRICAL DISTURBING \YIRE 

Consider next the case where the total disturbing current is uni
formly distribu ted over the cross section of a solid cylindrical wire. 
Such a distribution exists exactly with direct current only, but is 
closely approximated at very low frequencies. Since the magnetic 
field outside of a conductor carrying a uniformly distributed current 
is the same as would exist if the total current were concentrated in the 
center filament, the total induced voltage in a filamentary wire located 
in this field is again equal to - jwlvii, where M is the same as in the 
case of two filaments similarly located in space. 

CAsE III-CuRRENT SYMMETRICALLY DisTRIBUTEn IN A SoLID 

CYLINDRICAL DISTURBING \VIRE 

The a.-c. distribution in a solid cylindrical wire is not uniform. 
However, when the wire is at a considerable distance from its return, 
the current distribution is practically symmetrical about the axis of 
the wire although its density varies from a minimum value at the center 
to a maximum value at the surface. Such a distribution is caused by 
the fact that the counter-electromotive force induced in a filament 
near the center of the wire due to the current in all of the other fila
ments is greater than that induced in a filament at the surface. This 
is the well-known skin effect. 

In this case the total current, I, may be considered as distributed in 
infinitely thin concentric rings in any one of which the current is the 
same in phase and magnitude at all points. Since the field outside of 
one such ring is the same as would exist if all of the ring current were 
concentrated in a· filament at the center, the total field due to the sum 
of the currents in all the concentric rings is the same as would exist 
if the total current were concentrated at the center of the wire. Thus, 
the total voltage induced in a filamentary wire by the field set up 
by a symmetrically distributed current in the disturbing wire is 
again expressed by - jwlvii, where Jo.f is again a pure number as in 
the case of two filaments. 

CASE IV- CURRENT UNSYMMETRICALLY DISTRIBUTED IN A SOLID 

CYLINDRICAL DISTURBING \VIRE 

If a solid wire and its return are placed close together, as in a cable 
pair, the a.-c. distribution is neither uniform nor symmetrical about 
the axis of the wirc. In this case the magnetic field sct up by the 
current in thc return wire contributes to thc counter-elcctromotivc 
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force acting in each filament of the other conductor and causes a 
further redistribution of the current in that conductor over and above 
that due to the above mentioned skin effect. This additional altera
tion in current distribution is known as the proximity effect. 

The resultant current distribution can no Ionger be symmetrical 
about the axis of either wire. The current in the return wire sets up 
greater back-electromotive forces in th.e filaments of the other wire 
which are close to it than in the more remote filaments. These back
electromotive forces tend to act in opposition to those set up by the 
current in the wire itself since the current in the return wire is opposite 
in sign. Hence, the proximity of the return wire reduces the counter
electromotive force acting in the filaments closest to it in the other 
wire more than it does in the filaments farther away. This results in 
higher current density in the sides of the wires adjacent to each other. 

The current distribution due to the combined action of skin and 
proximity effects is shown for a pair of rqund copper wires in space in 
Figs. 1-A and 1-B.5 The wires are No. 19 A.\V.G. and are separated a 
distance equivalent to that between wires in 19-gauge cable pairs. 
The current distribution at 56 kilocycles is shown in Fig. 1-A and at 
112 kilocycles in Fig. 1-B. It is seen that the tendency at the higher 
frequencies is for the current to concentrate on the sides of the wires 
adjacent to each other. With perfect conductors the current would 
all be on the surface of the wires and for this wire spacing would be 
distributedas shown in Fig. 1-C. 6 With actual conductors this distri
bution is approached as the frequency increases toward the highest 
conceivable wire communication frequency. 

In addition to this unsymmetrical distribution of current with 
respect to magnitude the currents in various filaments in the conductor 
may be considerably out of phase with the current at the center. 
This phase shift may be quite unsymmetrical as indicated for three 
wire diameters in Figs. 2-A and 2-B. While similar phase shifts occur 
when only skin effect is present, such shifts are symmetrical about 
the center of the wire so that the currents at all points in a thin 
concentric ring have the same phase. Figure 2-A shows the phase 
shift at 56 kilocycles and Fig. 2-B the phase shift at 112 kilocycles. 
I t is seen that the tendency at the higher frequencies is for the currents 
at different points on the surface to become in phase with each other. 
At infinite frequency the surface currents would be in phase. 

6 The current distribution and phase change at 56 and 112 kilocycles were com
puted from formulas given by Harvey L. Curtis in Bureau of Standards Scientific 
Paper No. 374, entitled, "An Integration Method of Deriving the Altermting 
Current Resistance and lnductance of Conductors." 

6 This distributionwas calculated by Ray S. Hoyt. 
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WIRE DIAMETERS= 0 .0912 CM 
DISTANGE BETWEEN CENTERS= 

0.1825 CM 

D C CURRENT DENSITY = 1.0 

MAX.=I.82 

A 
LINES OF EQUAL CURRENT 
DENSITY AT 56 KILOCYCLES 

PER SECOND 

MAX.=2.7 

B 
LINES OF EQUAL CURRENT 
DENSITY AT 112 KILOCYCLES 

PER SECOND 

4.-----.------.------------------------.------.-----,-----, 
c 

SURFACE CURRENT DENSITY 
AT INFINITE FREQUENCY 

o L___L_____l_____..l_I--L-------L---'-:--------:-~------:-: 
0 40 80 120 160 200 240 280 320 360 

e IN DEGREES 

Fig. 1-Current distribution in parallel 19-ga. wires. 

If a wire is carrying a total current, I, distributed unsymmetrica11y 
in phase and magnitude as in Figs. 1 and 2, the magnetic field sur
rounding the wire can no Ionger be the same as would be produced by 
the same current ftowing in the center filament of the wire. The 
voltage induced in a disturbed filamentary wire located in this field 
must therefore be different from that induced by the field set up by 
any of the preceding types of current distribution in the disturbing 
wire. In each of those cases the induced voltage, e, was exactly in 
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Fig. 2-Phase shift in parallel19-ga. wires. 

phase quadrature with the total disturbing current, I, and the mutual 
impedance was equal to jwA1, a pure imaginary. For unsymmetrical 
current distribution in the disturbing conductor, the following dis
cussion shows that the induced voltage can no Ionger be exactly in 
phase quadrature with the disturbing current and that the mutual 
impedance is complex. 

The total voltage induced in a disturbed filamentary wire by the 
total current flowing in a solid wire is the vector sum of the induced 
voltages due to all of the currents in the various filaments of the 
disturbing wire. Thus, if i~, i 2, 'ia, · · · in are the vector currents in the 
various filaments of the disturbing wire and if m~, m2, ma, · · · mn are 
the corresponding coefficients of mutual inductance between each of 
these filaments and the disturbed filamentary wire, the total induced 
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valtage in the disturbed circuit is 

The mutual impedance, ZM, may therefore be written 

where I = i 1 + i2 + i3 + · · · in. This is a general expression and 
holds for any type of current distribution in the disturbing conductor. 

In the case of symmetrical current distribution (Case I II) all 
filamentary currents having the value i1 Iie in a ring concentric with 
the center of the wire. The valtage induced in a disturbed filamentary 
wire due to all the currents in one such ring is the same as if their 
total value, I~, was concentrated in the center of the ring. This 
valtage is equal to - jwMd1 where llf1 is the coefficient of mutual 
inductance between the center filament of the disturbing wire and the 
disturbed filamentary wire. The same reasoning holds for currents 
having values i2, ia, · · · in and the mutual impedance may be written 

But M1 = Af2 = llfa = · · · Mn = M since all are computed from the 
center filament in the disturbing wire to the disturbed filamentary 
w1re. Then 

Z . M (I1 + I2 + I3 + · · · In) 
1\[ = JW I 

= jwlvf 

since I1 + I2 + Ia + · · · In = I. This is the same expression for Z11r 
as given in the discussion on symmetrical current distribution. 

However, when the current distribution in the disturbing wire is 
unsymmetrical in phase and magnitude it is impossible to make the 
above simplifications. In the general expression 

there is no correspondingly simple way to separate thc m's from the 
i's in the complex expression in brackets and the phase angle of the 
expression may be quite different from that of I. Therefore, e cannot 
be in phase quadrature with respect to I. In order to put the cquation 
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for ZM in the sameform as in preceding cases the bracketed expression 
may be arbitrarily rewritten as 

Then, 

where the mutual inductance is now considered complcx and as having 
two components such that 

The total current in the disturbing circuit acting through the com
ponent Mb of the mutual inductance sets up an induced voltage in the 
disturbed circuit in quadrature with the induced voltage due to Ma, 
andin the same or opposite phase as the total current in the disturbing 
circuit. Ordinarily the phasewill be opposite and the actual values of 
Nh will be negative with respect to Ma. 

Both Ma and Mb vary with frequency. While the total current in 
the disturbing wire is assumed constant, the unsymmetrically dis
tributed currents in the various filaments change in relative magnitude 
and phase as the frequency changes. At very low frequencies the 
current is distributed nearly uniformly in phase and magnitude over 
the cross-section of the wire. The mutual inductance between this 
wire and the disturbed filamentary wire is nearly the same as the d.-c. 
value since Ma cannot be appreciably changed from the d.-c. value and 
Nh must be very nearly zero. At very high frequencies the major 
part of the current flows unsymmetrically on the surface of the dis
turbing wire but the filamentary surface currents are practically in 
phase with each other. This results again in a low value of llfb 

because the total induced voltage will be practically in phase qnadra
ture with the total disturbing current. However, due to the un
symmetrical current distribution, the value of Ma is considerably 
altered from its d.-c. value. At intermediate frequencies the current 
distribution lies between these two extremes and produces corre
sponding values of lila and Mb. Since Mb is zero for both zero and 
infinite frequency it is evident that a maximum value must be reached 
at some intermediate frequency. 

As noted at the outset of this discussion, the disturbed circuit is 
assumed to be a filamen t. In all practical cases the wires involved are 
finite in cross section, and the reasoning outlined above must be 
applied to each filament of the disturbed conductor in order to get 
the total effect. 
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DISCUSSION OF TEST RESULTS 

In order to study the variation with frequency of the mut ual in
ductance between cable circuits, measurements were made on various 
combinations of pairs in a 55-foot length of No. 19 A.\V.G. toll cable. 
To obtain information on the performance of the measuring apparatus, 
measurements were also made on the calculable case of two non-twisted 
pairs, six feet in length (approximately). Various Separations between 
the two wires of a pair and three different wire gauges were used to 
show the change in mutual inductance for various degrees of proximity 
effect. 

The measurements were made with a "crosstalk bridge" or ad
mittance unbalance measuring set which permits the measurement of 
crosstalk in both phase and magnitude. Although the mutual in
ductance between two pairs may be determined from either near-end 
or far-end crosstalk tests, it was found that greater accuracy in J.lh 
could be obtained from far-end tests. The computation of J.lh from 
near-end tests involves two terms of opposite sign and of nearly the 
same magnitude. Consequently a small error in the reading of the 
crosstalk bridge may result in a considerably greater error in Alb. 

The results of the tests on the six-foot non-twisted pairs are shown 
in Figs. 3 to 9. The data cover a range of 1 to 1000 kilocycles. 

In Figs. 3 and 4 the variation with frequency of A1a and J.lfb is shown 
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•, 

1000 

for two arrangements of pairs in a horizontal plane. In both cases the 
axial separation of the two wires of a pair was about 0.075 inch, but in 
Fig. 3 the axial separation between the nearest wires of the two pairs 
was 0.075 inch and in Fig. 4 it was 0.312 inch. The wires were No. 
20 A.\V.G. cotton-covered and were pulled taut to maintain accurate 
spacing. Two plots are shown for Mb, one actual and the other after 
multiplying by - 10 to show the values more clearly. 

The above data are replotted in Fig. 5 to show the frequency varia
tion of Ma and Mb in terms of the values of Maat one kilocycle. The 
fact that the frequency characteristics for the two cases are so nearly 
alike despite the difference in the magnitude of the coupling indicates 
that the effect depends primarily on the spacing between the wires 
of a pair and not so much on the relative positions of the pairs. 

The proximity effect may be reduced by separating the wires of each 
pair as shown in Fig. 6. In this case the frequency characteristic of 
lJfa is nearly flat and Mb is so small that it could not be plotted on the 
same scale as lJfa; the curves shown are lJfa and 1001Jfb. A comparison 
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Fig. 5-Mutual inductance between pairs of parallel wires in terms of value for Mo 
at one kilocycle. 

of the curves of Ma and llfb in Figs. 3 and 4 with the curves of Fig. 6 
illustrates the relative importance of the proximity effect on magnetic 
crosstalk in cable pairs and in open-wire pairs. In cable pairs the 
wires are close together as in Figs. 3 and 4, while in open wire the sepa
ration is much greater than that shown in Fig. 6. 

The effect of wire gauge on the variation of 111a and Jlh is shown in 
Figs. 7, 8, 9-A and 9-B. Two gauges of wire (No. 10 and No. 18 
A.W.G.) were used wjth centers Iocated at the corners of a 0.14-inch 
sq uare. The mutual impedance between the vertically adjacent pairs 
was measured. The corresponcling values of Jlfa and .1lh are shown in 
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Fig. 6-Mutual inductance between pairs of parallel wires. 

Fig. 7 for the 10-gauge wires and in Fig. 8 for the 18-gauge wires.7 
The values of - 10Mb are also plotted in Fig. 7 and - 100Mb in 
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7 These measured values are checked very closely by values calculated by Sa llie 
Pero Mead from the complicated theoretical considerations involved in even the 
simple case of straight wires. 
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Fig. 8 to show the shapes more clearly. A comparison of the fre
quency characteristics of Ma and lvh for the two wire gauges is shown 
in Figs. 9-A and 9-B in terms of the one-kilocycle value of Afa for each 
case. In Fig. 9-A the frequency scale is logarithmic and in Fig. 9-B is 
linear. As would be expected, the use of smaller wires (No. 18 gauge) 
decreases the effect of proximity on the magnetic coupling and shifts 
the frequency at which Mb reaches a maximum value. 

The results of tests on the 55-foot length of No. 19 A. \V.G. quadded 
cable are shown on Figs. 10-A and 10-B. The data cover a range of 
10 to 480 kilocycles. These figures show the variation with frequency 
of the average values of Ma and },fb in terms of the ten-kilocycle 
average value of Ma which is taken as unity. In Fig. 10-A the fre
quency scale is logarithmic andin Fig. 10-B it is linear. It will be seen 
tha t J..fb is negative with respect to lVIa as in the case of two pairs in 
space. As in Figs. 3, 4 and 7, curves are given both for J..h a nd for 
- 10J..fb, the purpose of the latter curve being to show the shapc of 
M b more clearly. The value of Nla decreases with frequency, becoming 
nearly constant above 300 kilocycles a t a value 22 per cent less than 
the value a t 10 kilocycles. The component }, fb is of nega tive sign 
a nd at 56 kilocycles reaches a maximum value which is 13.4 per cent 
of J..fa at this frequency. 
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Fig. 9-Mutual inductance between pairs of parallel wires in terms of value for .Afo at 
one kilocycle. 

T he freq uency characteristics of Afa and Mb for individual pair 
combinations are about the same as shown on Fig. 10, although there 
are occasional differences such as a positive value of Afb or a change in 
sign in Afa or Afb at some frequency. Values for pairs in the outside 
layer did not appear to be much affected by eddy currents in the 
sheath. As in the case of measurements on parallel wires in space the 
values of Afa and Afb are very small. For example, between two pairs 
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in the same quad the average values a t 10 kilocycles are 0.056 and 
- 0.0030 microhenries. For non-adj acent pairs thc values are, of 
course, much smaller. 
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Experiments with Directivity Steering 
for Fading Reduction * 
By E. BRUCE and A. C. BECK 

Short-wave fading is largely due to phase interference between multiple 
path signals of varying path length. Fortunately, stable a ngular differences 
usually exist between these paths at the point of reception. lt is therefore 
desirable to employ antenna directivity which is "steerable" a nd suffi
ciently sharp to accept only one of the several paths in order to reduce this 
fading. 

This paper describes experiments made with a "steerable" directive 
antenna during reception of transoceanic short-wave signals. The results 
demonstrate that sha rp angular discrimination is a basically sound method 
of combating fading which is due to phase interference. 

INTRODUCTION 

RAPIDfading in radio communication has been recognized for some 
time as being due to the interaction of distinct components 

having different transmission times. The possibility that these com
ponents might arrive from slightly different directions was suggested 
by various observed facts, among which was the behavior of sharply 
directive antennas. 

It has been noticed in the past that fadingwas affected by the direc
tivity of the receiving antenna. An example is given in the oscillo
graph records of Fig. 1 showing observations made by the authors 
some years ago at Cliffwood, New Jersey. These illustrate a condition 
of less fading on a Iarge "inverted vee" 1 antenna than on a small non
directional antenna, using telegraph signals received from station GBK 
in England. Beating the signal with a Iocal oscillator provided the 
audio frequency which was recorded. The directive antenna output 
was recorded on the upper trace while the lower strip recorded the 
output of the substantially non-directive, comparison antenna. 

Such observations as these suggest the possibility of controlling and 
reducing fading by a systematic use of sharp directivity. The present 
paper reports some experiments in which changes in fading are cor
related with changes in the directive pattern of a rhombic antenna 1 

made by mechanically changing its shape. 
I t may be reasoned that, where the total differences in the path 

* Published in April, 1935 issue of I. R. E . Proc. Presented at meet ing of I.R.E ., 
April 3, 1935. 

1 E. Bruce, "Developments in Short-\Vave Directive Antennas, " P roc. I. R. E ., 
Vol. 19, pp. 1406- 1433, August , 1931; B ell Sys. T ech. Jo ur., October, 1931. 
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0 ~5 

3.0 TI ME IN SECONDS 3.5 

Fig. 1-0scillographic record of carrier fading reduction. The upper trace is 
proportional to the output of a large "inverted vee" antenna, and the lower trace to 
the output of a half-wave vertical antenna when receiving station GBK on 16.6 
meters. Taken at Cliffwood, N. ]., November 16, 1927, 4:00P.M., E. S. T. ] 
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Iengths are smaii, variations can result only in the carrier and side 
bands fading in and out together or in other words '' generat" fading. 
In such cases, there either may or may not be appreciable angular 
separation between the multiple waves at the point of reception. How
ever, there is little question that, where multiple waves cause a "selec
tive" fade over a speech band which is, of course, a very small per
centage of the carrier frequency, a material path Iength difference must 
exist. vVhere this is the case, it is difficult to conceive of wave routes 
which do not possess appreciable angular separation between them at 
the place of reception. The truth of this latter point is of vital im
portance in this discussion. 

The hope of success in fading reduction through directivity rests on 
the possibility of a continuous, stable angular separation between the 
interfering waves during times when fading is reaily troublesome. 
Fortunately this possibility is reasonably existent; therefore it should 
be possible to reject aii but one of the interfering paths, by means of 
sharp directivity, with a consequent reduction in selective fading. 

DESCRIPTION OF EQUIPMENT 

Tests have shown 2 that a greater degree of angular spread between 
the multiple waves exists in the incident vertical plane than in the 
horizontal plane. It might be expected, then, that such a scheme as 
that iiiustrated in Fig. 2 would be worth trying. Here the steep edge 

Fig. 2-Edge system for achieving fading reduction with 
moderate antenna directivity. 

of a moderately sharp directional characteristic is moved just far 
enough into the wave duster, assumed directively stable, to accept the 
first wave. Obviously it is possible to approach the wave duster from 
the bottom as illustrated or we may approach the duster from above. 

2 H. T. Friis, C. B. Feldman, and W. M. Sharpless, "The Determination of the 
Direction of Arrival of Short Radio Waves," Proc. I. R. E., Vol. 22, pp. 47- 78, Janu
ary, 1934. 
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A primary essential in this scheme is that no minor ears of the direc
tive diagram be of appreciable size. 

Using this scheme, it is not necessary to discriminate completely 
against the adjacent waves for practical benefit. A discrimination of 
ten decibels between two adjacent waves of equal amplitude will 
make improbable a fade deeper than 5.7 decibels from their sum. 
Fading of this depth would be relatively unimportant for ordinary 
speech transmission. 

An edge wave may at times be much smaller in amplitude than the 
adjacent waves. The scheme under discussion may be usefully opera
tive even in this situation since the very smallness of the edge wave 
means that it cannot be seriously harmful. \Vhen signals are weak, 
the edge of the directive diagram should be advanced until a large am
plitude wave is encountered. Some fading of small depth would 
then exist. 

It was stated above that the antenna system used should have no 
minor ears of appreciable size. At the same time, the edge position of 
the major loop must be continuously adjustable. A simple method of 
meeting these requirements is that of mechanically moving the ele
ments of a "long-wire" antenna in space so as to alter the manner of its 
exposure to the space waves. 

Figure 3 isareetangular plot of the incident plane directive diagram 
of a large horizontal rhombic antenna when used for GB\iV on 20.78 
meters. The essential antenna dimensions are indicated on that 
figure as weil as the equation for the directive diagram. 

Each bracketed quantity in the directive equation of Fig. 3 is 
separately plotted on that figure together with the final resulting 
product. Factor 3, known as the "phasing" factor, exerts the greatest 
influence on the shape of the major lobe. This factor contains only 
the variables of length 1 and the angle cp, defined as half of the side 
interior angle. The length cannot be made easily variable but the 
angle cp can be readily adjusted. \Vhen an adjustment in cp is available 
for this antenna, Fig. 4 gives the directions of the major lobe maxima, 
and the first nulls, above the horizontal for a series of wave-lengths. I t 
is evident that a useful degree of steering is provided without limiting 
the desirable variable wave-length features of the antenna. In all 
cases, the minor ears remain small. 

In Fig. 5 is shown a. remote controlled power-winch system for 
altering the interior angles. This experimental system in slightly modi
fied form was in operation at Holmdel, New Jersey, for some time, 
without any antenna breakages. This was primarily possible because 
the angles of flexing were very small and copper-clad steel wire was 
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Fig. 4- Steerability, at several wave-lengths, of the horizontal rhombic antenna 
used for the fading reduction studies. The antenna element lengths were 184 meters 
and their height 19 meters. 

employed in the antenna. The power-wincl1 was equipped with auto
matic safety stops at the extreme positions, also with a potentiometcr 
which was coupled to the winch to permit th.e use of a vol tmeter as an 
antenna position indicator. This position indicator was located at the 
operator's position. By using counterwcights, the requirecl size of thc 
winch motor is rcducecl. 

Thc adoptcd systcm for observing se]pctive farling rPquirPd a frP-



DIRECTIVITY STEERING FOR FADING REDUCTION 201 

Fig. 5-Mechanicallayout of the steerable horizontal rhombic antenna. 

quency wobbled carrier from the transmitting station. By beating 
this frequency-wobbled carrier with a local fixed frequency, a wobbled 
audio note was obtained after detection. This audio outputwas im
pressed on the horizontal plates of a cathode ray tube, after being 
amplified by an audio amplifier. This produced a horizontal spot de
flection on the tube screen which was directly proportional to the 
field strength of the signal. The vertical plates had a locally adjusted 
sweep circuit voltage impressed on them to produce vertical spot de
flections. The sweep frequency was synchronized with the wobble 
rate so that the extreme upper and lower deflections occurred at the 
same instant as the respective upper and Iower frequencies of the 
wobble. Figure 6 indicates the cathode ray picture of a signal with
out selective fading while that of Fig. 7 shows a severe case of selective 
fading. It is apparent that general fadingwas revealed by the hori
zontal collapse of the reetangle of Fig. 6. 

I t is an interesting fact that upon the first appearance of the cathode 
ray figure, with the wobble rates employed, it is a horizontalline mov
ing up and down, but after a few seconds, the traced solid figure stands 
out clearly, due to the persistence of vision. 

One of the surprising results of experience with this system was 
that, at times of severe fading, eight orten depressions were occasion
ally seen within a sweep of a few hundred cycles. 

For comparison purposes, there were two complete outfits, as de
scribed, with their cathode ray tubes mounted side by side. One outfit 



202 BELL SYSTE.M TECI-INICAL JOUR.VAL 

PROPORTIONAL TO 
FIELD-STRENGTH 

- HIGH FREQUENCY 

- LOW FREQUENCY 

Fig. 6-Cathode ray oscillograph figure for no selective fading when observed with 
wobbled carrier. 

PROPORTIONAL TO 
FIELD-STRENGTH 

~-- HIGH FREQUENCY 

- LOW FREQ.UENCY 

Fig. 7- Cathode ray oscillograph figure for severe seleclive fading when ubsernd 
with wobbled carrier. 

Operated on a simple antenna system, as a standard of comparison, 
while the second was connected to the adjustable directive antenna. 
Fig. 10 is a photograph of this apparatus. 

Other testsalso going on at Holmdel, N. J., were concerned with 
the measurement of the comparative delay times and the respecti,·e 
angles of the various paths of the wm·es.2 To permit this, the ßritish 
Post Office transmitter scnt pulses of very short duration. At the re
ceivi ng point, a single transmitted pulse frequently appcarcd as se,·eral 
spaced pulses when a sweep circuit was employed. The spacing- en
abled thc mcasurement of thc relative time dclays. It was found to 
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be the apparently invariable fact that the earlier arriving pulscs are the 
lower in angle with the horizontal and are relatively stable in direction. 
These tests suggested that a somewhat similar schemc of Observations 
would be useful to the present work since, if pulses were similarly 
employed, one would actually see the effect on each individual path of 
steering the antenna. 

Accordingly, cathode ray equipment was constructed employing a 

Fig. 8-Cathode ray oscillograph pulse figures when using the circular sweep circuit. 
The circumference is traversed by the spot in twenty milliseconds. 

circular sweep system, in place of the usual linear sweep, thus making 
the entire time interval always in view. Figure 8 illustrates how thc 
pulses sometimes appeared during this sweep. Since the pulses were 
always vertical, their definitionwas lost if permitted toslidedown into 

Fig. 9-Cathode ray oscillograph pulse figures when using the 
elliptical sweep circuit. 
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the "3 o'clock" or ''9 o'clock" positions of the circle. This possibility 
was considerably reduced by employing the ellipse in Fig. 9 instead of 
the circle. For general observation purposes the ellipse was used but 
for more accurate time delay measurements the circle was employed. 

The British Post Office station transmitted pulses at intervals of 
0.02 second. In order to synchronize with them, an oscillator variable 
about SO cycles was used to keep the pulse position stationary. A 
split-phase circuit feeding the four cathode ray plates produced the cir
cular or elliptical sweep. This equipment is also shown in Fig. 10. 

Fig. 10-Cathode ray oscillographs, their amplifiers, and the sweepcircuit installatiun. 
The meter in the center of the table is the antenna position indicator. 

Some studies of general carrier fading were made with a pair of 
magnetic counters actuated by trigger gas tubes. Thesefading count
ers were Operated tagether with automatic recordcrs so as to maintain 
the same integrated average signal output. Sincc, in the recordcr inte
gration, ten-sccond intervals elapsed between gain readjustments, the 
fading counters opcrated to record all quick faces, during these inter-
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vals, which feil below the average output Ievel by any prescribed 
amount. A photograph of this equipment is shown in Fig. 11. 

Fig. 11-Field strength recorder and fading counters used 
for fading reduction studies. 

RESULTS 

Cathode ray tube observations of selective and also general fading 
were made on the British Post Office stations GBW and GBU using 
wobbled carrier. \Vhenever possible, these observations were made at 
half-hourly intervals. For record purposes, arbitrary numbers ranging 
from 0 to 4 were adopted. Zero meant very little fading (five per 
minute or less) and the most severe cases were represented by 4. These 
figures were recorded separately for the standard antenna and for the 
rhombus. The~ difference between the numbers assigned to each an
tt>nna gave an indication of the fading reduction accomplished. 
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Fig. 12-Selective fading severity and its reduction at the best positions of the 
rhombic antenna. Stations GBU and GBW, March and April, 1933. 

Figure 12 is a summary of results of these half-hourly observations 
made during the working hours of March and April, 1933. Disregard
ing the fact that portians of that figure are shaded, the total lengths 
of the vertical bars represent percentage of the total number of Ob
servations plotted against the degree of the selective type of fading, 
observed on the comparison antenna, as indicated on the abscissas. 

During each of the above observation intervals, the rhombus was 
steered over its available range to determine the best position for re
duction in selective fading. Each of the vertical bars in Fig. 12 is sub
divided by shading into the various degrees of fading reduction obtain
able at the best position of the adjustable rhombus. The solid sections 
represent }arge selective fading reductions, the cross-ha tched sections 
are fair reductions, while the unshaded portians indicate that the re
ductions were not of appreciable magnitude. 

Analyzing Fig. 12, the results show that 51 per cent of the readings 
gave no reduction in selective fading; however, for 35 per cent of the 
readings there was practically no selective fading to be reduced. On 
the other hand, if one disregards the rather mild and therefore rela
tively harmless fading cascs, graded 0, 1, and 2, rhombic fading rcduc
tions were possible 89 per cent of thc remaining time, so that when 
selective fading on the comparison antenna was rca lly troublesome, 
it is important to note that an appreciable rhombic selective fading 
reduction was nearly always accomplishcd. By deliberately steering 
the rhombus to a disadvantageaus angle, it was possible four pcr cent 
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of the time to make the selective fading worse on the rhombic antenna 
than on the comparison antenna, but no case has been observed where, 
at an ordinary rhombic antenna setting, the selective fading was not 
at least equal to or less than that on the comparison antenna. 

\Vhile the cathode ray tube figures indicated some degree of general 
fading, where all frequencies fade together, it was evident that this 
type of fading is of far less importance than the selective type of 
fading, in fact it was rarely noticeable except when the selective fading 
was almost absent. 

Figure 13 is a photograph of permanent wobble records of selective 
300C'\J 650C'\J 

6SOC'\J 300C'\J 

TIME IN SECONDS 

Fig. 13-0scillographic record of selective fading reduction. The upper trace is 
proportional to the output of the rhombic antenna, when the angle 4> equalled 69 
degrees, and the center trace is proportional to the output of the half-wave vertical 
antenna. The lower string was idle. Wobbled carrier from station GBU, April 19, 
1933, 4:00 P.l\I., E. s. T. 

fading as recorded by the string oscillograph previously mentioned. 
The centerstring was actuated by the signals from the half-wave verti
cal comparison antenna while the rhombus signal was fed to the upper 
string. The third string was not utilized. The frequency wobble can 
be seen on close examination and as each small timing division is 0.01 
second, the audio frequency is recorded. The record has been marked 
at the wobbled frequency extremities. 

Figures 14, 15, and 16 are sketches of three interesting series of pulse 
patterns observed on the rhombic and comparison antennas. The 
three groups reading from left to right show the effects on the individual 
pulses of the steering of the rhombus, as indicated by the angle cp. 
The steering achieved at these angles can be seen by referring again 
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cp = 71°-73° 

TIME-

Fig. 14-Pulse pattern changes with steering, l\1arch 8 and 9, 
1933. Station GCS on 33.26 meters. 

to Fig. 4. l\1arked over the individual pulses are the arrival angles 
above the horizontal, measured through the cooperation of co-workers. 

Figure 14 is of a test, at thirty-three meters, during a period when a 
wide angular spread of the duster prevailed. Four narrow pulses of 
similar magnitude appear on the half-wave antenna. The progressive 
effect of suppressing the higher angle waves by steering the rhombus 
is shown. Very appreciable selective fading reductions are possible 
und er such condi tions. 

Figure 15 is a sketch of twenty-meter Observations during a period 

17 20 
ANGLE IN DEGREES 

____fV\__ _fJL ___N\_ 
HALF-WAVE VERTICAL 

TIME-

Fig. 15-Pulse pattern changes with steering, April 8, 1933, 
2:00 P.M., E. S. T. Station GB\V on 20.78 meters. 

when selective fading reductions were achieved at the Iower angle an
tenna settings. The broad, flat tops of the pulses are incidentally an 
interesting cantrast to those in Fig. 14. These are possibly due to an 
increased horizontal spread of wave angles. 

Figure 16 is of a case where it was possible deliberately to make the 
fading on the rhombus worse than that on the comparison antenna. 
Since the Iater pulse had a higher amplitude than the earlier one, 
rhombic steering by equalizing the relative amplitudes, as shown in 
the left-hand figure, made the selective fading vcry bad indeed. Thc 
opportunities for producing a result of this nature are rather rare, in 
fact in our previously mcntioned wobble sturlies it was possiblP to make 
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17 20 
ANGLE IN DEGREES 

_;j\_ ~ 
HALF-WAVE VERTICAL 

cJ>= 7t-73° 

RHOMBUS 

Fig. 16-Pulse pattern changes with steering, April 8, 1933, 
2:40P.M., E. S. T. Station GBW on 20.78 meters. 

the selective fading worse only four per cent of the total time of ob
serva tions. 

Occasionally, and in particular on twenty meters, only slight selec
tive fading was observed. \Vhen pulse transmissions were available 
during these times, only one major pulse could be seen. Really bad 
fading invariably occurs when multiple pulses, which are widely spaced 
in time, are observed. 

I t may be evident, from the previous discussions in this paper, that 
the change in antenna output, with steering, is closely related to the 
number and spread of the waves arriving and to the selective fading 
improvements obtainable. Figure 17 shows three cases of results se
cured by reading relative gain changes, as shown by automatic 
recorders. 

Case 1 is typical of a closely spaced wave cluster arriving at an 
averageangle of about ten degrees above the horizontal. Case 2 can be 
explained as due to a narrow wave dusterat eleven degrees plus another 
of less amplitude at eight degrees. \Ve would ordinarily expect annoy
ing selective fading in such an event. Should we deal with many closely 
spaced waves having a large angular spread, very Iittle gain change 
would be evident while steering the rhombic antenna, but selective 
fading improvements over the comparison antenna might still be pos
sible. 

Curve 3 is of considerable interest in that it served as one of the 
experimental checks of the theoretical directive pattern calculations. 
The change in gain with steering is so weil defined that probably only 
one wave-direction existed. This belief was supported by an absence of 
noticeable fading. Independent measurements, made by an average 
angle measuring installation2 consisting of two horizontal dipoles at 
different heights which determines the average angle by the ratio of 
the respective outputs, gave the arrival angle at from eighteen to nine
teen:äegrees above the horizontal. Figure 4 indicates that a <t>-angle 
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Fig. 17-Horizontal rhombic antenna output changes with steering as shown by 
automatic field strength recorders. Corrections for changes in signal le,·el with 
time, as obtained from a half-wave vertical antenna, have been applied. 

of about 68 degrees would place a null at this angle. \Vhile the range of 
steering of the rhombic antenna in use did not permit an adjustment to 
less than about sixty-nine degrees, the trend of thc curve leaves little 
doubt as to the correctness of our null point calculation. 

As might have been expected, the previously described fading 
counters for studying general carrier fading showed that reductions 
were usually obtained at the directivity positions which also gave the 
least selective fading. This type of apparatus is incapable of determin
ing whether general fading or selective fading conditions arc affecting
the amplitude of the fixed carricr frequency. 

CoNCLUsio~ 

It is believed that the results, discusscd in this naper, demonstratc 
that· sharp angular discrimination is a basically sound method of com
bating sclcctivc fading. 



A General Theory of Electric W ave Filters * 
By H. W. BODE 

T HE growth of the field of electric wave filters since their original 
discovery by Dr. G. A. Campbellshows the filtering action by no 

means inheres in any particular physical configuration. Filters have 
been built, for example, as recurrent or non-recurrent ladder structures, 
as lattices, as bridged-T's, and in a variety of combinations of trans
formers with ordinary elements. No general theory uniting all these 
configurations has, however, been developed. Each structure has 
been treated by methods which are primarily adapted to that con
figuration alone. In consequence, such questions as the relations 
between filters of different types and the possibilities of securing im
proved characteristics by going to a still wider variety of configura
tions have remained unsettled. 

The present paper is an attempt to develop a general filter theory 
independent of any particular structure, by means of which these 
questions can be answered. For the sake of a rigorous discussion, 
the term "filter" has been used to signify a four-terminal network of 
ordinary lumped elements which, when terminated in its image 
impedances, transmits freely one continuous band of real frequencies 
and attenuates all other real frequencies. Since in actual operation 
the distinction between free transmission and attenuation is always 
more or less obscured by terminal effects and parasitic dissipation, 
this definition is necessarily somewhat arbitrary. It agrees, however, 
with common usage except in its rejection of multiple band-pass filters, 
which are rarely used in practice. 

I t follows from the definition that a "filter" can include only re
active elements. Otherwise, however, the structure considered may 
be an arbitrary four-terminal network and may include transformers as 
weil as ordinary inductances and capacitances. The analysis is based 
upon a combination of the ordinary image parameter method of 
analyzing networks and the normal coordinate method familiar in the 
dynamics of vibrating systems. It is found that the conditions for 
filtering action can be expressed by means of relations between the set 
of normal Coordinates of the network when it is short circuited at both 

* This paper is a summary of a recent article with the same title appearing in the 
Journal of M athematics and P hysics of.Massach usetts Institute of Technology, N ovem
ber, 1934. It is included largely for its value in connection with the accompanying 
paper on "Ideal Wave Filters." 
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ends and the sets obtained by open circuiting one or both ends. The 
same normal coordinate solutions also furnish convenient parameters 
in terms of which general expressions for the image parameters of 
the structure. can be built up. Fora band-pass filter, for example, the 
typical result is 

Tanh e = kl {äclan+I ... a p-I {ä('2' 
an ... ap 

Z _ 'k Ja2 ' '' am-I {äCl{äc2a q+I ''' ar 
I - 'L 2 1 al ... am a q ••• ar-1 

where ai symbolizes a frequency factor of the form 1 - .f and fi2 
Q -:5:. J1 -:::::_ h -:5:. ' ' ' -:5:. J m -:5:. J c 

1 
-:5:. J n -:5:. J n+ 1 -:5:. ' ' ' 

-:::::_ Jh -:::::_ fc
2 

-:::::_ J q ' ' ' -:5:. Jr -:::::_ 00 • 

The formulce are almost exactly similar to those familiar in the theory 
of the lattice, except that the quantitiesj1 · · · fn which are now natural 
frequencies of the network as determined under the previousiy de
scribed conditions have a different significance. As in the lattice, 
however, they fall into three groups: !1 · · · fm and f q • • • fr, which 
affect Zr only; fn • · · f p, which affect e only; and the cut-offs, f ct and 
fc

2
, which enter into both expressions. The formuhe can be extended 

to low-pass, high-pass and all-pass structures by allowing the cut-offs 
to assume the limiting values zero and infinity respectively. 

Certain further restrictions upon the image impedance and transfer 
constant of physically realizable filters may be obtained from the con
siderati9n of another system of parameters, r1 · · · rn, defined as the 
roots of the equation tanh e = 1. They are usually of either single 
or double multiplicity. The importance of the roots depends upon 
the fact that in combination with the cut-offs they are sufficient to 
detcrmine e at all frequencies. The restrictions to which they lead 
may be divided into two sets. The first affects the transfer constant 
alone and is expressed in terms of Iimitations on the allowable positions 
and multiplicities of the roots. The second is concerned with the 
restrictions which must be placed upon the relation between the 
transfer constant and the two image impedances. It may be expressed 
by the statement that when the transfer constant and one image 
impedance have becn chosen as functions of frequcncy, the sccond 
image impedance is determined as a function of frequency to within a 
constant multiplier. The differences between the two image im
pedances depend only upon the roots of single multiplicity, so that if 
only double roots are involvcd the structure is necessarily symmetrical. 
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The second half of the paper is devoted to an interpretation of known 
filter theory in terms of these results and to an attempt to extend this 
theory until it affords a definite technique for the construction of any 
filter which the preceding analysis has shown to be physically ad
missibk. The method followed depends upon the fact that when a 
number of filter structures with matched image impedances are con
nected in tandem, the roots, r1 · · · rn, of the resulting filterwill be the 
aggregate of the roots of all the individual units of which it is composed. 
This allows us to represent the general filter as a composite structure 
in which each constituent represents one or at most a few of the total 
number of roots. The resulting networks are very similar to the 
familiar Zobel type composite filter, especially when it is noticed that 
the various required roots can be obtained from simple prototype 
structures by transformations analogous to the m-derivation, and 
that the preceding classification into roots of single and double mul
tiplicity corresponds in the composite filter to a classification of the 
constituent structures into half and full-sections. 

In spite of these relations, the usual composite filter theory must be 
extended in several ways if the general filter is to be adequately 
represented. The first extension is demanded by the fact that in the 
general filter we must be able to assign one image impedance char
acteristic of each of the constituent sections in any form compatible 
with the preceding general equation. The required image impedances 
are not obtainable from ordinary ladder structures. When the con
stituent involved is a double root, or full-section, structure however, 
the required impedance can readily be realized by resorting to the 
lattice form. With half-section structures the procedure is more 
complicated. It is necessary to make use of a combination of Dr. 
Zobel's multiple m-derivation and a new transformation, described as 
an h-derivation, which alters the impedances of ladder type half
sections without affecting their transfer constants. 

Similar extensions are also needed to provide the requisite variety 
of transfer constants. Roots falling within certain ranges can be 
provided by ordinary ladder structures, m-derived, in the usual way, 
with a real value of m less than one. In order to complete the Iist, 
however, it is also necessary to consider single sections derived with 
real values of m greater than one, which may be realized as lattices or 
as ladder structures with mutual inductance, and pairs of sections 
derived with conjugate complex values of m. By including all of these 
types of sections we can construct physical networks giving any filter 
characteristics falling within the general limitations discovered in the 
first part of the paper. 
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Aside from its purely theoretical interest, the analysis Ieads to two 
results of immediate practical value. The first is the introduction of 
new characteristics by the complex m and h-derived sections. The lz
derived structures can be dismissed briefly. They are chiefly of inter
est for their impedance characteristics, which resemble those found in 
symmetrical lattices. They allow us, however, to extend these imped
ances to unsymmetrical structures and they also allow us to extend 
considerably the range of impedances, even of symmetrical structures, 
which can be realized in the ladder form. The complex m structures, 
on the other hand, are chiefly of interest for their novel phase and 
attenuation characteristics. The novel phase characteristics are par
ticularly important since the elementary constituents of the linear 
phase shift filters described in the accompanying paper usually turn 
out to be complex m sections. 

The second general result is an increase in our knowledge of the 
relations existing between filters of different physical configurations. 
This last point is particularly important because it allows us to convert 
filters from one type of configuration to an equivalent type which may 
be better suited for purposes of practical construction. For example, 
it allows us to convert the general lattice filter, which is very convenient 
for theoretical purposes but is very difficult to build practically, into a 
composite of simple lattices and ordinary ladder sections. 



Ideal Wave Filters * 
By H. W. BODE and R. L. DIETZOLD 

The increasing usefulness of wave filters in the telephone plant, tagether 
with rising standards of quality, emphasizes the need of a systematic method 
for approximating ideal characteristics as closely as we please. By an ideal 
filter is meant a network having the properties of a distortionless transducer 
over a given frequency range and suppressing all other frequencies. A design 
method is presented whereby an arbitrarily close approximation to these 
properties may be realized in a physical network. Examples of actual 
designs illustrate the engineering features involved in the practical applica
tion of the theory. 

lNTRODUCTION 

I N the phenomenal advance of telephone practice during the past 
twenty years, almost every step has further restricted the distortion 

which individual parts of a transmission system can be allowed to 
introduce into the signal. The extension of circuits to great distances 
made it necessary that each link pass on to the next a more faithful 
copy of the signal so that the accumulated effects of many links might 
not endanger the intelligibility. The extension of telephone circuits 
to new uses, such as the transmission of pictures and the distribution 
of broadcast programs, imposed new demands for accuracy. Each of 
these has required rising standards of performance for wave filters. 
More than anything else, however, it has been the introduction of 
carrier methods, with their comparatively large utilization of selective 
structures, which has given prominence to the problern of reducing 
the distortion from wave filters. With the increase in length and com
plexity of carrier systems, the problern of providing wave filters which 
will have no harmful effect upon transmission has become one of in
creasing importance. 

What this requires of the filters quickly appears if we recall that a 
structure which transmits all signals· without distortion must (1) 
possess a characteristic impedance which is a pure resistance inde
pendent of frequency; (2) attenuate steady sinusoidal signals equally 
at all values of frequency; and (3) introduce a rotation in phase pro
portional to the frequency. In filter theory we need consider these 
requirements over only a Iimited band, since the signals which filters 

* The reader is referred to the preceding paper entitled "A General Theory of 
Electric Wave Filters." 
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are meant to transmit, whether voice, telegraph, or television , are of 
a specified type having energies concentrated in certain portions of the 
frequency spectrum. vVe can therefore say that an ideal filter is one 
which has the ideal phase, impedance and attenuation properties in 
the frequency range of the desired signal and which totally suppresses 
all other frequencies. 

The conventional ladder type filter structures which have been so 
extensively studied may be made to yjeld any desired suppression at 
the unwanted frequencies. In the range of wanted frequencies, 
however, they show wide departures from all three ideal properties. 
The impedance characteristic can be greatly improved by suitable 
elaboration of the filter structure itself, but to approximate uniformity 
of loss or linearity of phase shift it has been necessary to make use of 
supplementary networks of empirical design.1 

The design of such corrective networks is by no means an easy task, 
primarily because the filter characteristics for which they are supposed 
to compensate change very rapidly with frequency in certain intervals. 
Nevertheless, much has been achieved. Thus it has been found 
possible to Iimit reflection coefficients to 2 per cent, in contrast with 
coefficients of 50 per cent not uncommonly tolerated in the systems 
of ten years ago. lmprovements in the other characteristics have 
been comparable. In modern systems variations in attenuation of a 
few hundredths of a decibel, or in phase slope of a few per cent, can 
be attained if need be. These Iimits, however, demand the most 
patient and skillful design, and can seldom be met unless control of a 
single one of the characteristics is especially important. Since 
amplitude equalizers introduce non-linear phase, phase correctors non
uniform loss, and so on, the problern becomes increasingly difficult 
when close requirements must be met in several characteristics 
sim ul taneousl y. 

By contrast, the method proposed in this paper gives the various 
characteristics simultaneously in a single network without recourse to 
auxiliary corrective structures. The method is a systematic one, 
requiring comparatively little in the way of cut and try design work. 
At the sametime it preserves a measure of the flexibility of the existing 
technique, so that when considerable deviation from the ideal is 
tolerable in one or more characteristics, a corresponding economy of 
materials may be effccted. 

1 The distortion problern has been discussed by several \\Titers in this Journal. 
See, for exarnple, S. P. Mead, "Phase Distortion and Phase Distortion Correction," 
April, 1928, p. 195; 0. J. Zobel, "Distortion Correction in Elcctrical Circuits ... ," 
July, 1928, p. 438; C. E. Lane, "Phase Distorti011 in Telephone Apparatus," July, 
1930, p. 493; E. B. Payne, "Impedancc Corrcction of \Vave Filters," October, 1930, 
p. 770. 
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The discussion which follows has a two-fold objective. The first is 
purely theoretical: to demonstrate that no matter how close the limits 
of deviation from the ideal may be set, there is a finite physical net
work all of whose characteristics meet these Iimits, except within a 
certain "transition interval" about each cut-off, which transition 
interval may also be taken as narrow as we please. This is by no 
means trivial; for it is known that no network, finite or infinite, can 
meet the ideal characteristics exactly.2 

The second object is to guide the selection, from among the many 
networks which would meet the requirements of a given practical 
problem, of that one which meets them most economically. This 
part of the paper contains a number of examples, among them some 
which illustrate· the use of slight empirical variations as a means of 
obtaining the highest measure of economy when wide deviations from 
the ideal are more tolerable in one respect than in others. The final 
example, which is segregated as Part 111, deals with a situation met 
in picture transmission circuits, where the selectivity required is 
frequently small, but the effects of phase distortion may be very 
serious. Here a modification of the design technique Ieads to a filter 
which has comparatively modest selectivity but which exhibits a 
linear phase characteristic not only in the transmitting band but also 
in the range of rising attenuation. 

PART 1-THEORETICAL ANALYSIS 

Since linear phase shift is not available from ladder networks, the 
analysis will be based upon the more flexible lattice configuration. 
Although the lattice lends itself particularly weil to the theoretical 
design problem, it is not so satisfactory for purposes of physical con
struction. After the paper design has been made, therefore, it will 
usually be desirable to convert it to a more suitable practical con
figuration. This can be clone by methods described elsewhere. 3 

We may greatly simplify the theoretical discussion by ignoring the 
effects of parasitic dissipation-a simplification warranted by Mayer's 
Theorem,4 which states that the attenuation resulting from dissipation 

· 2 This proposition is due to Dr. T. C. Fry, who showed that in a transducer possess
ing the steady-state characteristics of an ideal filter, a signal would arrive at the 
receiving terminals before it began to be impressed on the sending terminals. As 
this is absurd, we must conclude that no such system exists. 

3 H. W. Bode, "A General Theory of Electric Wave Filters," M.I.T. Journal of 
Mathematics and Physics, November, 1934. A summary of this article appears in this 
issue of the Bell System Technical J oumal. 

4 H. F. Mayer, "Über die Dämpfung von Siebketten im Durchlässigkeitsbereich," 
E. N. T., October, 1925, p. 335. His results were later somewhat extended by Feige 
and Holtzapfel, "Dämpfung und Winkelmass von Vierpolen mit geringen Verlusten," 
T. F. T., July, 1932, p. 179. Even these latter results are capable of considerable 
generalization, so as to include other characteristics of the network besides the trans
fer constant. 
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is proportional to the derivative of the phase characteristic. The 
realization of a linear phase shift in the transmission band therefore 
automatically carries with it the satisfaction of the requirement of 
uniform loss_ in this range. 5 I t can also be shown that the other 
characteristics of the network will not be appreciably affected by slight 
uniform dissipation. 

Moreover, it is weil known that the image impedance and transfer 
constant of a lattice structure are controlled by independent param
eters. 6 \Ve can, therefore, dissociate the problern of providing the 
required constant image impedance in the transmissionband from that 
of providing the required loss and phase characteristics. 7 For the 
moment we shall fix our attention on the transfer constant. 

\Vith these simplifications our problern reduces to that of con
structing a filter whose transfer constant on a non-dissipative basis 
represents a linear phase shift in the transmission band and an infinite 
loss in the attenuation bands, these being separated by narrow "transi
tion intervals" in the neighborhood of the cut-offs. These transition 
intervals may be taken small at pleasure, but must be assigned in 
advance to insure the physical realizability of the network. 

Fonnutation of Requirements-Low-Pass Filters 8 

If the impedances of the arms of a lattice are Zx and Zy, Fig. 1, it is 
weil known that the image transfer constant and the image impedance 
are given by the expressions 9 

h 
e rz: 

tan - = \fz' 2 Zy 
(1) 

Zr= ~ZxZy. (2) 

5 Strictly speaking, a slight qualification should be placed upon this statement. 
Our process of approximating the ideal characteristics will Iead to a phase shift which 
ripples about the desired linear characteristic, the number of ripples depending upon 
the number of elements used. As the number of elements is increased indefinitely, 
the linear characteristic is approximated more and more closely, but it is evidently 
not a necessary consequence of this that the slope of the ripples should approach 
constancy. \\'e shall be able to show, however, that with the actual process used, the 
amplitude of the ripples decreases so rapidly that dB/dw approaches constancy as B 
approaches linearity. 

6 This follows at once from equations (4) and (5), p. 220. 
7 A method of choosing the lattice parameters to give a substantially constant 

impedance in the transmission band has in fact already been obtained by \V. Cauer, 
"Siebschaltungen," V. D. I. Verlag, Berlin, 1931; or "Ein Interpolationsproblem 
mit Funktionen mit Positivem Realteil," .Math. Zeit., November, 1933, p. 1. An 
alternative method will eventually be developed as a by-product of the present 
analysis. 

8 The extension to filters of other types is given on p. 225. 
9 G. A. Campbell, "Physical Theory of the Electric \Vave Filter," this Journal, 

Vol. I, No. 2, November, 1922, p. 1. 
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Fig. 1- The symmetricallattice. 

The relation (1) requires for transmission, i.e., for e imaginary, that 
Zx and Zy differ in sign; for attenuation, i.e., for 0 real, that Zx and Z 11 

be alike in sign. In the case of the low-pass filter, this amounts to 
requiring correspondence of zeros (resonances) in one arm to poles 
(anti-resonances) in the other for f < fc, and of zeros to zeros and 
poles to poles for f > fc, where fc, the cut-off, is a critical frequency 
which appears in one arm only. 10 If we denote these critical fre
quencies by JI, h, · · ·, fr in the range below fc, and by JI', h', · · ·, Js' 
in the range above fc, and if we make use of a well-known theorem 11 

we readily find that Zx and Zy have forms similar to 12 

Z = 'K fa2a4 · · · ar-1aca2' · · · a's-1 } 
X 1, X f f l ala3 ... ara1 ... as . 

iK 11 a1a3 · · · a;a2' .. · a's-1 Zy =- -- , f a2a4 ... ar-1al' ... as' 

(3) 

10 In the basic theory given by Dr. Campbell, in the paper just referred to, it is 
shown that in generat a lattice having many natural frequencies is a milti-band-pass 
filter. The extension of the theory in the manner shown above, in which separate 
parameters for the control of the transfer constant and image impedance are obtained 
by imposing special conditions on the natural frequencies, thus rendering many bands 
confluent, was discovered and exploited independently by \V. Cauer and one of the 
present writers (see Cauer, "Siebschaltungen" and later papers; or H. W. Bode, U. S. 
Patent No. 1828454, also "A General Theory of Electric Wave Filters," loc. cit.). 
The published work by Dr. Cauer gives a particularly complete discussion. It ap
pears from a recent informal communication from Dr. Campbell to the authors, how
ever, that this extension was also considered by him and was described briefly in the 
Yale-Harvard Lectures on \Vave Filters delivered in 1923. The lectures have unfortu
nately not been published. Their content, however, is similar to that given in the 
discussion above. 

11 R. M. Foster, "A Reactance Theorem," this Journal, Vol. 111, No. 2, April, 1924, 
p. 259. 

12 The cut-off factor ac may appear in either the numerator or denominator of 
either form, and the line- and cross-arms may be interchanged. Otherwise the ex
pression is general. 
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and hence that 13 

(4) 

- az' · · · a's-1 
Zr = ~KxKy.Vac , , ' a1 ... as 

(5) 

where the a's are shorthand notation for 

a·=l-.f, 1 fl a/ = (6) 

\Ve shall have frequent occasion to distinguish between those critical 
frequencies of (4) which lie in the practical transmission band and 
those which lie in the transition interval. Tothis endweshall denote 
that interval by (JA,fs), where obviously JA < fc < JB, and shall write 
P for the group of factors 

(7) 

which lie in the wanted band, and Q for the remainder 

(8) 

which lie in the transition band. Then, obviously, (4) becomes 

() 
tanh 2 = PQ. (9) 

Requirenzents on Transition Factors 

\Vith these formulcc before us, we are now prepared to attack the 
problern of meeting the double requirement of linear phase shift in 
the practical transmission band ·and infinite loss in the practical 
attenuation band. Expressed analytically, these requirements are 
simply 

() h . 7rj . 7rj 
f < J..l, (1 0) tanh 2 = tan t? = t tan 2 , _a a 

() 
tanh-z = 1' f > fn, ( 11) 

13 It should be noted that, except for the cut-ofT factor ac, (4) and (S) are entirely 
independent. That is, the frcquencies j,, ... fr may be chosen as we desirc, in 
order to control the transfer constant, without in any way affecting the image im
pedance; and .f!', ... , f.' can be chosen at will without affecting 0. Similarly the 
constants ..JKr/Ku and ..JKrKu may be chosen at will. 
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where a is a constant which determines the slope of the phase curve. 
But it is well known that 

If, then, in (4) we choose 

.VKxfKu = 1rj2a, 
h = 2a, ]A = Aa, 

so that P becomes identical with the first A terms of (12), and if in 
addition we choose our unit of frequency so that 14 (A + l)a = 1, 
we readily see that in the transmitted range Q must equal 

( 
r , 

(1 - p) 1 - ~ ) ... 
Q = (1 + 2a) 2 

( 1 - (1 ~ a)2) ( 1 - (1 : 3a)2) ... ' 

j < ]A, (13) 

while by (9) and (11) in the attenuated range it must be given by 

f > fn. (14) 

Expressed in terms of Gamma functions, (13) and (14) become 15 

and 

Q= r•(~)r(~)r(~), 
r2 ( ± ) r2 ( 1 

2
-: 1 ) r2 ( 1 ~ f ) 

r4 ( _!__ ) r2 ( L=J ) r ( .L±l ) 
1 1 - j 2a 2a a 

Q = 4"i ~ r' ( ~ ) r ( f ~ 1 ) r' (1 t, 1 ) ' 

(15) 

f > fn. (16) 

14 This means that we express all frequencies in terms of the first critical frequency 
of (12) which falls in the transition interval. 

15 The necessary transformations may be found in \:Vhittaker & \Vatson, "Modern 
Analysis," 12.13, 12.15, and 12.33. 
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Asymptotic Series for P and Q 

If we now take the logarithm of (15), and apply Stirling's formula, 
we obtain the asymptotic series 

4,11ar4(1 /2a) 1 
log Q = log 81ra1;'2 ( 1 ja) + 2tog (1 - .f) 

oo ( _ 1)r(22r _ 1)B,.a2r-1 [ 1 1 ] 
+ ,t:l 2r(2r - 1) (1 + J)2r-1 + (1 - J)2r-1 ' (1 i) 

where the B's are Bernoulli numbers. Since Stirling's formula holds 
only for z > 0, this expansion is valid, as inspection of equation (15) 
will show, only for f < 1, but as the unit of frequency was so chosen 
that JA < 1 < fn, this includes the entire wanted band, and none of 
the attenuating range. 

If we apply a similar process to (16) we are again led to (17), except 
that now the range of validity is f > 1. But this includes the entire 
attenuating range, and none of the wanted band. 

That is, the single formula (17) represents the lacunar 16 function 
Q in both ranges in which it is weil defined. 

Weshall now determine the transition factors aA+I, aA+2, • · ·, ac by 
comparison of (8) ~ith (17). If we adopt the notation 

so that the c's measure, not the critical frequencies themselves, but 
their displacement from unit frequency, each factor of (8) has the 
characteristic form 

.f 1 - .f ( C· ) ( C· ) 1 - (1 + Cj) 2 ===: (1 + Cj) 2 1 + 1 .:_ j 1 + 1 + j ; 

whence (8) becomes 

( 1 + 1 ~ f) ( 1 + 1 ~ f) ... ~ 1 + 1 c_: f ~ 1 + 1 ~ f 
Q = K · · · ~1- p 

( 1 +~)(1 +-(2 
)···(1 +~)(1 +~) ' 1-j 1+1 1-f 1+! 

(19) 

where K is a constant multiplier which depends on thc c's. \Ve will 
neglect it in this analysis since it may be readily cletermined later from 
the condition that Q = 1 when f = 0. 

16 A lacunar function is one which is weil defincd in several regions, but not capahle 
of analytic continuation frorn one to the other. 
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The logari thm of Q is, of course, the sum of the logari thms of the 
individual factors of this expression. Expanding these as series of 
powers of 1/(1 - f) or 1/(1 + f), and collecting terms of like degree 
in 1/(1 - f) and 1/(1 + f), we obtain 

1 
log Q = 2 log (1 - F) 

+(cl-c2+ca-

- ~ ( c 12 - c 22 + c i -

+ 1 ( C13 - c23 + ca3 -

± ~ Cm) [ 1 ~ J + 1 ~ J J 
± ~ ( m 

2 
) [ ( 1 ~ j) 2 + ( 1 ~ J)2 ] 

± 4 Cm3 ) [ ( 1 ~ j)3 + (1 ~ j)3 J 
(20) 

where the sign of Cm is plus or minus according as m is odd or even.17 

As the terms of (20) are similar in form to those of (17),18 we can make 
the first m terms identical. This Ieads to the equations 

± ~ Cm = - ~ ß 1cx, 1 
1 2 - 0 ± 2 Cm - 1 

1 1s I 
· · • ± 2 Cm

3 = + 4B2cx
3

, ~ (21) 

1 4- 0 ± 2 Cm - 1 

I 

± ! c 5 = - ~ Bacx5 j 2 m 2 1 

. . . . .. 
' 

whose simultaneaus solution gives the desired transition factors. 
The nurober m of transition factors used will depend upon the desired 

approximation to ideal characteristics in the practical transmitting and 
17 When the c's are evaluated it will appear that these series are all absolutely 

convergent-so that their termwise sum correctly represents log Q-at all positive 
frequencies outside the interval (1 - Cm, 1 + cm). As the complexity of the network 
is increased, in the approach toward ideal characteristics, the interval of non-con
yergence closes on the reference frequency 1, and is contained by the given transition 
mterval. 

18 The first term of (17) does not contain J, and may therefore be neglected for the 
same reason which led us to neglect Kin (19). 
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attenuating ranges and the allowable width of the transition interval. 
It can best be determined by inspection of results given Iater. 

The result of solving the equations (21) for the ratios ci/a for values 
of m between 1 and 5 is given in the following table. 

TABLEI 

SPACING OF TRANSITION F ACTORS 

Number of c1/a c2/a ca/a C4/a c~/a Factars 

1 -0.50000 
2 -0.14645 +0.20711 
3 -0.05032 +0.67731 +0.95526 
4 -0.01897 +0.86157 +1.49180 +1.72252 
5 -0.00760 +0.93809 + 1.74806 +2.30277 +2.50080 

The first of these solutions corresponds to a single frequency, the 
cut-off, in the transition interval. It follows the uniformly spaced 
critical frequencies of the practical transmission band at one-half the 
uniform spacing, a. The other solutions represent networks having, 
in addition to the cut-off, rational factors which vanish in the transi
tion interval. 

When these values of the c's are used in equation (8), with due regard 
for (6) and (18), the form of Q is completely determined. For example, 
the frequency pattern corresponding to the case m = 3, is illustrated 
by Fig. 2. 

8 d 8 
f"J f"J f"J 
0 ,..... .n .n ,..... .n 
0 <0 01 
0 0 0 
I + + 

II II 

~ I :j: ~ ~ 
c:- ~ c:- ~ ~ c:- ;f 

------*~*~x~~--~~~+-2-a.---~------~----
(A-2)cx. (A-l)CX. +-a. 1 1+0:. I 
TRANSM1TT1NG BAND TRANSITION 1 , ATTENUATING BAND 
~8<0.0025 RAD. (A ~5) INTERVAL ATTENUATION > SODB(A:::S) 

Fig. 2-Location of transition factors with m = 3. 

Nature of tlze Approximation 
How closely we approach ideal characteristics by this method 

depends on how nearly log Q is represented by the first m terms of (17) 
and (20). In both cases the series of omitted terms can be written 
in the form 

A m+l [ m+la (1 

(22) 
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where the A 's are constants. In (20) this series is convergent. In 
(17) it is merely asymptotic. It is known, however, that the error 
due to ending (17) at any term is numerically less than the first 
omitted term. Since we are at present interested insmall values of a, 
therefore, we can estimate the error in the approximation from the 
first term alone. 

Inspection of this term shows that the error is greatest in the vicinity 
of the transition interval, where the factor 1/(1 - f) is large. It de
pends upon all three of the quantities j, a and m; but by choosing 
them in the proper order there is no difficulty in showing that an 
indefinitely close approximation can be obtained. 

The transition interval must first be selected on the absolute fre
quency scale. It may be assmall as we choose. Next, a value of m 
must be chosen. What value is used is immaterial for our present 
purposes, although it is important for later applications. Finally, 
a must be taken small enough so that all transition factors lie in the 
prescribed transition interval. Otherwise it may be varied at will. 
But by choosing it small enough, the error of approximation (22) can 
obviously be reduced without Iimit for any value of f outside the 
interval (JA, fB)· We may thus conclude that only considerations of 
expense and of manufacturing precision restriet the accuracy of 
approach to the ideal fil ter. 

For purposes of future reference approximate formulce for the 
attenuation and phase in the limiting condition are given below: 

-A ..:.._ - 1 A m+t [ 1 + 1 ] 
e - 2 m+la (1 - j)m+l (1 + J)m+l , (23) 

B ..:.._ 1rj + A m+l [ 1 + 1 ] . 1rj 
- -;; m+•a ( 1 - J)m+l ( 1 + J)m+l sm ~- . (24) 

I t will be seen that the attenuation rises monotonically as we recede 
from the transmission band while the phase curve ripples about the 
ideal straight line in a sinusoid of varying envelope. The ripples, of 
course, increase in frequency as a is diminished but since the exponent 
m + 1 is always at least 2 they flatten out so rapidly that dB /dw 
approaches constancy nevertheless. We may also observe that, 
although the absolute time of delay increases indefinitely as a de
creases, it varies only as 1/a, whereas the precision of approximation 
can be made indefinitely great by choosing m ]arge. 

Filters of Other Types 

\Vhile the preceding analysis has been restricted formally to low
pass filters, its application to filters of other transmission types is a 



226 BELL SYSTEAf TECI-INICAL JOURNAL 

simple matter. \Ve need merely repeat, in each transmission or 
transition interval, the rules for frequency spacing we have already 
developed. 

The method can be understood from the study of a linear phase 
shift high-pass filter. Since linear phase shift demands arithmetic 
spacing of critical frequencies in the transmission band, it is clear that 
the desired characteristic cannot be obtained over the complete 
transmission band of the high-pass filter with a finite network. This 
difficulty will, however, be ignored for the moment. A method of 
modifying the analysis to give a finite filter having a linear phase 
characteristic in a finite interval above the cut-off will be described 
later. 

\Ve begin, then, by assigning to the transmission band of the 
structure an infinite, evenly spaced chain of critical frequencies, as in 
(13). The group of transition factors must evidently simulate the 
reciprocal of this value in the attenuation range, if the condition of 
high Ioss is to be realized; while in the transmission band, they must 
simulate the P of our earlier analysis if we are to obtain a linear phase 
characteristic. These conditions would be met by using for our 
transition function the reciprocal of (19), using for the c's the same 
values as before. Such a group, however, is not physically realizable 
as part of a high-pass transfer constant, since the rational factors 
would occur outside the theoretical transmission band. If, however, 
we transfer the factor (1 - ]2) from (13) to (14), and seek a new Q 
wh~se values will take the reciprocals of the old, thus altered, we 
obtain a series identical with (17) except for a change of sign in every 
term but ! log (1 - J2). This change, however, reverses the sign of 
the right-hand members of (21), and therefore changes the sign of 
each c. The new solution then is the same as the original solution 
except that the factors occur in reverse order on the frequency scale. 
They can thus appropriately be combined with the remaining portion 
of the high-pass transfer constant expression. 

A linear phase shift band-pass filter can be constructed similarly. 
The groups of transition factors associated with the upper and lower 
cut-offs should follow the arrangements prescribed, respectively, for 
low-pass and high-pass filters. An illustration will be found in 
Part II. 

The Impedance Property 

I t will be recalled that the problem of approximating the ideal 
transmission characteristics for each type of fil ter was sohred only on 
the assumption that the image impedance could be adjusted to a 
nearly uniform value in the practical transmitting band. \Ve can 
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now quickly show how the desired irnpedance is to be obtained. I t is 
rnerely necessary to observe that for any filter there exists a cornple
rnentary structure with the sarne arrangernent of critical frequencies, 
but having the transrnitting and attenuating bands interchanged. 
The cornplernentary structure is found by replacing the Zy branch of 
the original lattice by the inverse irnpedance Zy' = R 2/Zy. \Vhen 
these are substituted in (1) and (2), the new transfer constant, 0', is 
found tobe 

and the new irnage irnpedance, Zr', 

Z/ = ..JZ~.' =R~ = R tanh~. 

Thus, for any filter, the problern of adjusting the irnage irnpedance to 
the constant R in its transrnitting band is the sarne as the problern of 
adjusting tanh 0/2 to 1 in the attenuating band of the cornplernentary 
filter. The latter problern, however, is rnerely a restaternent of our 
original requirernent of high loss in attenuating bands and has already 
been studied for various types of fil ters. 

I t follows frorn this relation that the transfer constant expressions 
which are appropriate for low-pass and band-pass filters furnish 
suitable solutions for the irnpedance problern in high-pass and band
elirnination structures. \Ve rnight also use our high-pass transfer 
constant expression as a lmv-pass irnpedance characteristic except for 
the difficulty previously rnentioned that it requires an infinite nurnber 
of elernents. This difficulty can be avoided, however, by observing 
that by interchanging coils and condensers we can convert any low
pass filter into a high-pass structure having the sarne characteristics 
on a reciprocal frequency scale. \Ve can thus use the finite low-pass 
solutions to obtain the required finite high-pass filter having high 
attenuation. For exarnple, if we begin with a low-pass filter having 
three evenly spaced critical frequencies and a half spaced cut-off the 
resulting critical frequencies (including the cut-off) are in the ratio 
1 : 7/6 : 7/4 : 7/2. 

The device of inverting the frequency scale is, of course, not avail
able to produce a finite high-pass filter having linear phase shift 
throughout its transrnission band since the linear phase property is 
thereby destroyed. It can be used, however, to produce a finite 
filter having linear phase shift for a lirnited region above its cut-off. 
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To see this, it is merely necessary to observe that the set of rational 
factors qppearing in the 10\v-pass image impedance expression de
scribed in the preceding paragraph must approximate the reciprocal 
of the cut-off factor at lower frequencies. \Ve can therefore use such 
a set of factors to replace the upper cut-off factor of a band-pass filter, 
obtaining thereby a high-pass structure which approximates the ideal 
characteristics over a portion of the transmitting band. 

If the cut-off factor of the low-pass filter transfer constant be 
similarly replaced by rational factors, there results an all-pass "delay 
network" having a constant impedance and a phase characteristic 
linear below the original cut-off frequency. This network is of par
ticular interest for its relation to the dassie problern of the simulation 
of a smooth line. As it stands, the network evidently simulates an 
ideal dissipationless line. To include the effects of dissipation we 
need merely add resistance and leakance to the coils and condensers in 
the proportions in which they occur in the actual line. 

PART II-DESIGN OF PRACTICAL FILTERS 

Thus far we have been interested primarily in demonstrating that 
an indefinitely close approximation to the ideal characteristics could be 
obtained when all restrictions with respect to economy of elements 
were removed. In practical designs, on the other hand, we wish to 
approximate the ideal characteristics only within moderate Iimits, and 
our interest centers upon the choice of the most economical network 
which will prove satisfactory. \Ve must now reappraise the theory 
from this point of view. 

One question which must be examined is that of determining values 
for m and a which will result in the most economical network mceting 
a prescribed standard of performance. A second is concerned with 
the possibility of changing the nature of the approximation with 
respect either to the frequency, or to the relative emphasis laid upon 
the phase and attenuation characteristics. In many practical designs 
such changes can be obtained by slight modifications of the thcoretical 
design parameters and Iead to corresponding economies in the use of 
elements. In investigating both questions wc must remember that 
since a is no Ionger necessarily small, as it was in the theoretical 
analysis, the frequency interval actually occupied by the transition 
factors may be apprcciablc. Conscquently it becomes important to 
investigatc the behavior of the nctwork in this part of the frequency 
range with more care than was hitherto necessary. 

The varicty of possible design requirements precludes the possibility 
of a thorough analytic treatment of these questions. The choicc of 
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the most economical netw.ork meeting given requirements consequently 
cannot always be made without trial. The procedure may, however, 
be considerably facilitated by a study of the curves and iiiustrative 
material given in the sections which follow. The first two sections 
show the quantitative relations to be expected when the theoretical 
design parameters are adhered to strictly. The remaining sections 
indicate modifications obtainable by making slight changes in the 
theoretical parameters. 

Approxinzate Cmnpu.tation of Network Characteristics 

When the frequency in which we are interested is not too close to 
the transition interval, an approximate determination of the phase and 
attenuation characteristic is most easily made from (23) and (24). 
The A 's appearing in these expressions are shown in the accompanying 
table.19 In addition to Am+I the table also supplies values of Am+2 

TABLE II 

COEFFICIENTS IN SERIES EXPANSIONS FOR APPROXIMATION ERRORS IN PHASE AND 
ATTENUATION CHARACTERISTICS 

m 1 2 3 4 5 

Am+l•ooo .. o. -0.063 -0.044 -0.051 -0.084 -0.17 
Am+2o. o ••• •. -0.063 +0.00011 +0.10 +0.41 +1.52 
Am+3···0 .. o. -0.0078 +0.050 -0.047 -1.07 -7.60 

and Am+3, for use if additional terms in the general expression (22) 
are desired. 

A study of equations (23) and (24) shows that, aside from the 
constant factor Am+I, each expression can be resolved into two factors 
by means of which the contributions of the various design parameters 
can be somewhat segregated. The first factor, amH, is chiefly im
portant in determining the effect of various choices of a and m on 

the approximation error, while the factor [ (1 _
1
J)m+l + (1 +

1
J)m+I] 

expresses the variation of the network characteristics with frequency. 
In order to facilitate design work the quantity 

Am+l[ 1 1 ] 
- 20 loglo-2- (1 _ J)m+l + (1 + J)m+l 

19 In preparing the table, coefficients of corresponding terms in the series expan
sions for (17) and (20) have been combined, so that the coefficients as given represent 
the accumulated errors of both approximations. 
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Fig. 3-Chart for loss computations. 

has been computed for values of f > 1 and is shown plotted for various 
m's in Fig. 3. The approximate attenuation, in db, for any given 
val ues of a and m can be obtained from the chart by adding 
20(m + 1) log10 1/a to the appropriate curve. 

A similar chart for the phase characteristic is furnished by Fig. 4, 

h ' h h • 180Am+l [ 1 1 ] w IC represents t e quantlty 7r ( 1 _ J)mH + (1 + J)m+l · 

The values given are arithmetic, although the scale is logarithmic. 
The approximate envelope of the ripple in the phase characteristic 
about the ideal straight line can therefore be found, in degrees, by 
multiplying the chart values by am+l. 

In using these charts it should be remernbered that they are based 
upon the approximate formulcc (23) ancl (24) which fail in thc \·icinity 
of the transition interval. The results, therefore, should always be 
checked by an exact computation.20 I t should also be observed tha t 
in complicated filters the numerical departure of tanh ()/2 from its 
ideal value in most frequency ranges is very small. The effects of 
slight errors in calculations or of small deliberate variations in the 

20 See, for example, thc comparisons in Figs. 11 and 12. 
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design parameters, may therefore be correspondingly important.21 

Since slight adjustments in the designparameterswill normally occur, 
these charts are chiefl.y of value in making preliminary estimates. 

It is apparent that the approximation error at a given frequency 
can be diminished either by increasing m or reducing a. Element for 
element, an increase in m is much the more powerful method. Since 
the total number of elements in the network is nearly proportional to 

21 A simple example is furnished by the choice of the numerical constant multiply
ing tanh 8/2 as a whole. It will be remernbered that the constant was left undeter
mined in the solution for the c's. In the original equation (14) it was chosen to give 
the best characteristics in the neighborhood of f = 0. In preparing Figs. 3 and 4, 
on the other hand, it was chosen with reference to the characteristics near f = oo, 
since the error expression used in these figures vanishes at that point. The two condi
tions are very nearly equivalent; as we can see, for the half-spaced cut-off solution at 
least, by means of \Vallis' theorem. Since they are not identical, however, a change 
from one to the other may produce a relatively large, though practically unimportant, 
effect at extreme frequencies. 
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m + (1 /a) it would therefore appear that the most economical 
structure meeting given requirements will be obtained by using a large 
m in combination with a large a. This procedure is, however, re
stricted by two considerations. The first is chiefly theoretical. Since 
the series we have been using is merely asymptotic, the successive 
terms obtained by choosing progressively higher m's eventually grow 
larger. For ordinary values of a, however, the value of m at which 
the series begins to diverge lies beyond the range of practical interest. 
A more important Iimitation is the fact that as we increase the number 
of transition factors, the width of the transition interval, as measured 
in terms of a, also increases. Thus, the spread between the last uni
formly spaced critical frequency and the cut-off, which is a /2 form = 1 
and about 2a for m = 3, has risen to more than 3.5a for m. = 5. In 
each case a certain additional allowance is of course required for the 
region of rising attenuation beyond the cut-off. \Vhen the transition 
interval is fixed on an absolute frequency scale, therefore, the per
missible values of m will depend upon the choice of a. Unless the 
transition interval is unusually broad only low values of m will be of 
practical interest. 

Illustrative Characteristics 

The curves shown in Figs. 3 and 4 are not of use in the neighborhood 
of the transition , interval. To supplement them, therefore, exact 
computations on a number of typical structures have been made. 
One set was obtained by choosing a = 1/12 and computing the 
characteristics corresponding to various m's. The resulting phasc 
characteristics are shown by Fig. 5. Since the departures from 
linearity are too small to be noticeable when the cbaracteristics as a 
whole are drawn, the figure shows only the departures themselves in 
terms of an envelope similar to that used for Fig. 4. The curves are 
drawn approximately as far as the last evenly spaced critical frequency 
which marks the practical Iimit of the range within which a high degree 
of phase linearity is to be expected. Since the curves vary rapidly 
in this vicinity, however, the fact that they are merely cnvelopes is 
important in determining the exact performancc of the structure. 
Curves of the phase characteristics in the transition interval will be 
given later. 

The attenuation characteristics arc shown by Fig. 6. As m is 
increased, the cut-off moves to successively higher frequencies because 
of the progressively broader intcrvals consumed by the transition 
factors. Once past the cut-ofT, howcvcr, the curves for large valucs of 
m rise morc rapidly and quickly cross thc othcrs. 
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A second set of characteristics was obtained by choosi ng a = 1/6 
and adding various groups of transition factors in a similar fashion. 
The results are shown by Figs. 7 and 8. The characteristics a re drawn 
only for 1n's between 1 and 3 in this case, since with ]arger m!s t he 
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Fig. 9-Low pass filter with a = 1/4. Envelope of phase departures. 

transition interval becomes disproportionately wide in comparison 
with the practical transmission range. Still a third set, corresponding 
to a = 1/4 and m = 1 is shown by Figs. 9 and 10. 
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As an illustration of the accuracy to be expected from the approxi
mate method, a comparison between the results obtained by this 
method and the exact characteristics is shown in Figs. 11 and 12 fo r 
the cases m = 1 and m = 2 of Figs. 5 and 6. On the logarithmic 
scales used for the fi.gures, the curves appear to be in good agreement 
almost up to the transition interval. The actual numerical de
partures in the vicinity of that interval, however , a re quite large. 
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Fig. 11-Approximate and exact envelopes of phase departure for low pass filters 
with a = 1/12. 
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Image Impedance Characteristics 

In virtue of the relationship previously developed between the 
image impedance of a given filter and the transfer constant of its 
complement, the curves just given might also be used to determine 
the impedance characteristic. However, the precision required in the 
approximation of Zr to R in practical filter design is much less than 
that required in the approximation of tanh 0/2 to unity. A satis
factory characteristic can therefore be obtained with a much smaller 
nurober of critical frequencies. In a low-pass filter, for example, one 
or two impedance Controlling frequencies is usually sufficient. \Vith 
such a small nurober of critical frequencies the analytical machinery 
we have set up is unnecessarily cumbersome. The problern can be 
solved more effectively by simple cut and try methods, or by the 
methods advanced by Cauer 7 and Zobel.22 For the sake of complete
ness, however, several illustrative characteristics are given in Fig. 13. 
They correspond to the choice of impedance contro1ling frequencies 
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Fig. 13-Typical low pass filter image impedance characteristics. 

7 "Siebschaltungen," loc. cit. 

1.0 

22 This Journal, Apr. 1931, p. 284. Zobel's work is not stated in terms of the 
lattice parameters. A simple m-type termination (of low-pass or high-pass type) 
can be identified with a lattice image impedance having one impedance contro11ing 
frequency while an mm'-type termination can be identified with a lattice impedance 
having two such frequencies. The numerical values he gives can therefore readily be 
adapted to the lattice design problem. 
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shown in Table I I I. An illustration of the results obtainable with the 
present method using a large nurober of critical frequencies, is furnished 
by Fig. 14, since the curve can evidently be interpreted as a representa
tion of Z r/R: for a certain high-pass filter. 

TABLE III 

IMPEDANCE CoNTROLLING fREQUENCIES CoRRESPONDING TO CHARACTERISTICS 
OF FIG. 13 
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Fig. 14-Tanh 0/2 for low pass filter with m = 2, a = 1/12. 

Weighting the Approximation 

In the limiting case in which a is very small while m is fixed, the 
methods we have followed give t he best obtainable results with respect 
to both attenuation and phase, for the errors in both characteristics 
depend upon higher order terms and become negligible as a approaches 
zero. In a practical design, for which a is finite, on the other hand, 
it will frequently be desirable to make slight adjustments in such 
parameters as the transition factors or the constant multiplier of thc 
tanh 0/2 expression in order to take some account of the higher order 
terms. The effect may be either to improve both the phase and 
attenuation characteristics or, more usually, to improve one at thc 
expense of the other. 

The general nature of the problem is illustratcd by Fig. 1-l, which 
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represents a sketch of tanh ()/2 corresponding to the m = 2 curve of 
Fig. 6. It will be seen that the curve rises monotonically toward the 
line unity, at which () = oo. What we should evidently like to obtain 
by slight alterations in the design parameters is a curve which rises 
more rapidly, or perhaps one which ripples about unity. It is also 
evident that the curve approximates unity so closely that even slight 
adjustments · may produce a radical effect. To take the simplest 
possibility, if the constant multiplier of tanh ej2 is slightly increased, 
so that the curve crosses unity at a finite frequency, the appearance of 
the resulting attenuation characteristic will be greatly altered. The 
net gain in the general Ievel of attenuation secured, however, will be 
not more than 6 db. Similar remarks might be made with respect to 
the phase characteristic. 

The relation between the phase and attenuation characteristics 
where such adjustments are made can be illustrated most easily by 
reference to the elementary half-spaced cut-off solution for the transi
tion factors. I t will be recalled that this solution was obtained by 
equating the coefficients of the first powers of 1 /(1 - f) and 1 /(1 + f) 
in (17) and (20). The approximation error thus depends chiefly upon 
the succeeding term involving 1/(1 - f) and 1/(1 + f) to the second 
power. A study of the expression shows that the error makes Q too 
small in both the transmitting and attenuating ranges. If the phase 
characteristic is the more important this error can be partly com
pensated by slightly increasing the normal half-space between the 
cut-off and the preceding critical frequency. On the other band, the 
attenuation will be improved if the interval between the cut-off and 
the preceding critical frequency is decreased. To a more Iimited 
extent, both characteristics can be improved by increasing the constant 
factor which multiplies tanh ()/2 as a whole. 

A similar study might be made of the other groups of transition 
factors, although the discussion would naturally become more com
plicated. In general it appears, as with the half-spaced cut-off 
solution, that the attenuation characteristic will be improved by a 
slight decrease in the spacings of the transition factors, while the phase 
characteristic will be improved if they are slightly increased. I t 
should be remarked, however, that as the network becomes more 
complicated, either by a reduction in a or an increase in m, the de
sirable modifications in the theoretical spacings are reduced. This 
becomes evident if it is recalled that the transition factor spacings are 
proportional to a while the error is roughly proportional to am+l. 

It is therefore to be expected that the appropriate modifications in the 
spacings between transition frequencies will be of the order of magni
tude of am times their original values. 
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The relationship between the phase and attenuation characteristics 
can be seen in another light if we observe that the improvement in 
attenuation which comes from the use of several transition factors is 
due essentially to a progressive decrease in the interval between 
critical frequencies as the cut-off is approached. In the final solution, 
for example, the intervals between critical frequencies are initially 
almost equal to the constant interval a. Thus in this solution, the 
interval between JA and fA+l is 0.992a and that between fA+l and 
fA+2 is 0.945a. As the cut-off is approached, however, the interval 
gradually decreases to about 0.2a. In the transition interval, con
sequently, the phase characteristic is originally almost linear and 
curves upward sharply near the cut-off. Thus if the phase requirement 
is not severe we can consider that the first part of the transition region 
falls with in the practical transmitting band, thereby securing a better 
attenuation characteristic than would be possible if the spacing of 
critical frequencies in the transmitting band were strictly uniform. 
A sketch of the phase characteristics through the transition interval 
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Fig. 15-Transfer constant phase shift in thc transition interval; a = 1/12. 

for the networks corresponding to Figs. 5 and 6 is shown by Fig. 15. 
The last evenly spaced critical frequency falls at lla. 

In the extreme case when no phasc requircment is imposcd, it is 
reasonable to cxpect that the best attcnuation charactcristic will be 
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obtained if the progressive reduction in the spacing between critical 
frequencies extends over the complete transmission band, so that the 
phase characteristic should resemble that of familiar ladder type filter 
structures by becoming continually steeper as the cut-off is approached. 
The exact arrangement will, however, depend upon the desired type 
of best approximation to perfect suppression. If the approximation is 
to be best at frequencies most remote from the cut-off, the critical 
frequencies must be evenly spaced along an ordinary arc sine curve. 
In the Tschebycheffian type of approximations studied by Cauer, on 
the other hand, the spacing must be uniform along the arc of a certain 
sn function. 

Design of a Band-Pass Filter 

To illustrate the manner in which small modifications of the theo
retical frequency spacings may be employed to control the relative 
emphasis placed on the phase and attenuation characteristics, we may 
consider the design of a practical band-pass filter. Suppose that the 
practical transmitting band is the 2,250-cycle interval _between 11,375 
and 13,625 c.p.s., in which the approximation of the phase charac
teristic to linearity is specified by the requirement that aB /ow, the so
called "delay," deviate from its average value by less than 0.1 milli
second. The transition intervals are 500 c.p.s. each, beyond which 
the loss is to be not less than 50 db. 

The comparatively liberal tolerances suggest that the approximation 
furnished by m = 1 will be adequate. We notice that we can fit 10 
uniform intervals of 250 c.p.s. between 11,250 and 13,750 c.p.s., which 
locates the half-spaced cut-offs at 11,125 and 13,87 5 c.p.s. respectively. 
\Vhen the characteristics corresponding to this design are checked, it is 
found that the phase characteristic is rather better than required, 
while the loss characteristic is weak. 

\Ve then turn to the solution with m = 2, making a compensating 
reduction in the number of uniform intervals. The critical frequency 
allocation for this case is shown in Table IV. This arrangement meets 

TABLE IV 
CRITICAL FREQUENCY ALLOCATION FOR LINEAR PHASE SHIFT BAND-PASS FILTER 

m = 1 m = 2 Modified Limits of Required 
Linear Region 

11,125 11,198 11,174 
11,250 11,289 11,265 11,375 11,500 11,500 11,500 
. . . . . .. . .... 

13,500 13,500 13,500 13,625 13,750 13,711 13,735 
13,875 13,802 13,826 
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the loss requirement with a large margin of safety, but the phase 
shift curve departs seriously from linearity near the last useful fre
quencies, which fall in the shortened intervals of the transition factors. 

\Vith the~e two attempts as guides, a compromise frequency pattern 
which exactly suits the conditions of the problern is readily arrived at. 
In cantrast to the transition factor spacings of 0.853a and 0.353a, 
as shown by the solution for m = 2, those actually adopted are 0.94a 
and 0.3 7 Sa so as to make the first transi tion spacing more nearly 
uniform with those in the pass-band. The indicated frequency 
pattern is shown in the third column of the table. 

As the values of these transition factors near the band edges are 
somewhat too large they Iead to larger undulations of the phase 
characteristic in those regions than near the band center. The 
approximations can be rendered more uniform throughout the band 
without serious consequence to the loss characteristic by multiplying 
the tangent expression by a constant slightly smaller than unity. In 
this case the value chosen was K1 = 0.997 5. 

The final "delay" and loss characteristics, corrected for the effects 
of dissipation, are exhibited by Figs. 16 and 17. A noteworthy result 
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of modifying the theoretical spacings for the transition factors has 
been to introduce peaks of loss near the band edges. The shortened 
intervals adjoining the cut-offs produce tanh 0/2 curves which rise 
rapidly beyond these points to maxima slightly greater than unity, 
instead of approaching unity monotonically. 

Having thus located the critical frequencies, we may readily com
plete the design of the filter in lattice form. 

The formulation of the transfer-constant expression results in 

tanh~ = K, ( ~1( 1 -~ l ... ~ 1 -y i(FJ?)' 
1 - ft2 ( 1 - fa2 . . . 1 - J92 1 - fn2 

where f a and fb represent the cut-offs, and the other j's in tervening 
critical frequencies in order of magnitude, as shown by T able IV. 

A suitable form for the image impedance must next be obtained and 
since it is normally determined by requirements with which we are 
not now concerned, we will adopt the simplest possible expression . 
namely 

where K2 is determined from the condi t ion that Z 1 = 600 oh ms when 
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f = m . The impedance f unctions z X and z II are now readily 
found by means of (1) and (2), and with the help of Foster's formula 
the element values can be obtained. Theseare shown in Fig. 18. 

c,o -
........... ---

~~~~//-:--__________ c,~ 
L1 0.0675 mh. C1 = 3.035 mf. 
L2 0.6529 mh. C2 = 0.2810 mf. 
L3 0.1958 mh. C3 = 0.8622 mf. 
L4 0.1770 mh. C4 = 0.8801 mf. 
L6 0.1330 mh. C6 = 1.085 mf. 
L6 0.0404 mh. C6 = 3.325 mf. 
L1 = 35.66 mh. C1 = 0.0046 mf. 
Ls 0.1620 mh. Cs = 1.182 mf. 
Lg 0.2021 mh. Cg = 0.8703 mf. 
L1o = 1.335 mh. C1o = 0.1214 mf. 
Ln = 0.1097 mh. Cn = 0.9112 mf. 
L12 = 0.1089 mh. C12 = 1.276 mf. 
L1a = 35.86 mh. C1a = 0.0046 mf. 

Fig. 18-Band pass filter. 

This example illustrates the way in which the analysis may be 
applied to a typical problern in network design. The practical design 
would not ordinarily be complete at this point, however, since, as was 
mentioned previously, it is seldom desirable actually to construct the 
network as a single symmetrical lattice. lmproved stability with 
respect to variations of the elements from their design values is 
obtained if the lattice is resolved into its components, that is, the 
elementary lattice sections which when Operated in tandem have the 
same transmisswn properties. This question is discussed in a recent 
paper.3 Furthermore, unbalanced structures equivalent to the sym
metricallattice but employing fewer elements are known,23 and expense 
can usually be reduced by resorting to one of these. 

3 H. W. Bode, loc. cit. lt may be interesting to observe that in the terminology 
of that paper the elementary constituents of linear phase shift filters are usually 
complex m sections. 

23 A linear phase shift lattice filter cannot, of course, be constructed as a sequence 
of TI or T sections, but equivalences in generalized bridged-T configurations exist. 
General equivalences in configurations employing ideal transformers are familiar in 
the literature. See, for example , Cauer, loc. cit., or Jaumann, E. N. T., July, 1932, 
p. 243. 
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PART III-FILTERS WITH LINEAR PHASE SHIFT 

THROUGH THE CuT-OFF 

245 

I t was the conclusion of the theoretical discussion that any desired 
approximation to ideal filter characteristics may be obtained from a 
finite network, so long as a finite transition interval separates trans
mitting from attenuating bands. The transition interval can be 
taken small at pleasure, but very small transition intervals are associ
ated with networks of many natural frequencies and numerous 
elements. We have already seen how considerable economies in 
meeting a given attenuation requirement could be obtained if the phase 
requirement were subordinated or removed entirely. We now con
sider the contrary case, in which major emphasis is placed upon the 
phase characteristic of the filter. Filters of this type are of practical 
interest in picture transmission systems since instruments used in the 
reproduction of images seem to be much more sensitive to the effects 
of phase distortion than the ear. The selectivity required from filters 
used in such systems is comparatively mcdest, but phase linearity is 
required not only in the practical transmission band but also through 
the transition interval into the region of rising attenuation. 

In one important particular the present problern differs from those 
previously considered. In the present analysis we can no Ionger 
regard the adjustment of Z I and the adjustment of e as independent 
problems. On the contrary, in the attenuating region the contribution 
of e to the phase shift is constant and we must therefore rely upon 
reflection effects to maintain the desired linear characteristic. More
over, near the cut-off e must be very carefully adjusted with respect 
to Zr in orderthat the contributions to the phase shift from reflection 
and interaction effects may preserve the linearity through the transition 
band also. The added restrictions imposed by the extension of the 
phase requirement require a revision of the frequency spacings already 
found, and set Iimits upon the approximation to ideal characteristics 
obtainable from reactive networks of reasonable complexity. 

Use oj Rejlection Effects to Produce Linear Phase 

In the practical transmission band, Z I can be adjusted to approxi
mate R sufficiently closely to make reflection and interaction effects 
negligible. Therefore, in this range the total insertion phase is the 
same as the transfer constant phase, and, as before, is to be obtained 
from a chain of uniformly spaced critical frequencies in tanh 0/2. In 
the practical attenuating band, on the other hand, we find that the 
im.aginary part of e is either 0 or 1r, while interaction effects can be 
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ignored if we assume the loss tobe reasonably high. The variation of 
the phase shift with frequency must therefore be attributed to re
flection effects, which we can write as 

where Br is the sum of the reflection effects at the two ends of the 
structure. 

Since Zr is reactive in the attenuating band, the angle of the 
denominator in this equation is ± 1rj2, while that of the numerator is 
2 arctan Zr fiR. Th us 

1r Zr 
Br = =F 2 + 2 arctan iR · (2 5) 

Except for the constant term, which we will consider presently, this is 
a function of.precisely the type we have been considering. Hence if 
the impedance controlling factors are spaced at the same uniform 
interval that was used in the pass-band, the phase slope will be constant 
and equal in both bands. 

Phase Clzaracteristics in Transition Intervals 

The transition factors-or rather, factor, since clearly we have to 
rule out the solutions for m > 1-must be determined so that these 
linear parts of the phase characteristic are joined by a chord of the 
same slope. If we suppose the transition interval to be bounded by 
the last uniformly spaced frequencies of the transfer constant and 
image impedance chains, and to contain only the cut-off factor, it is 
easily shown that it must include a net change in phase of 37r/2 radians. 
The interval must therefore contain 3/2 uniform spaces if the average 
slope is to be correct. Considerations of symmetry to be described 
later require that the cut-off be the center of the interval, which thus 
comprises two three-quarter spaces. The behavior of the several 
components of the total insertion phase is exhibited by Fig. 19, in 
which B, Bn and Bi refer respectively to the phase shifts contributed 
by the transfer constant, by reflection effects, and by the interaction 
factor. The mutually annulling discontinuities of 1rj2 radians in B. 
and Brat the cut-off are noteworthy. 

Thc fact that this choice of parameters is sufficient as weil as 
necessary to obtain the desired linearity of phase shift is not easily 
shown analytically. I t can, however, be verified by dirt>ct computa-
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Fig. 19- Transfer, reflection, and interaction phase in the transition interval. 

tion. For this purpose the customary resolution of the total insertion 
loss into transfer constant, reftections, and interaction is not very useful 
because of the indeterminacies found at the cut-off. This difficulty 
is avoided by expressing Zr and 0 in terms of the lattice impedances, 
in which event 

(26) 

where 'Y is the total insertion loss. 
lf iX x and iX u be wri tten for Z x and Z y, the insertion loss and phase 

shift are given by 
XxXy- R 2 

tan B'~ = R(Xx + Xy) (27) 

and 
.V(R2 +X x2)(R2 +X 2) 

eA'~ = Y • 
R(Xx- Xy) 

(28) 

Equation (27) can be used to confirm our previous choice of the 
location of the cut-off. At this frequency one of the two reactances, 
X x and X Y• will be either resonant or anti-resonant. It is evident 
from (27) that if the phase shift is to have the desired value, 
(n + 3/4)7r, at the assumed cut-off the non-resonant impedance must 
have the magnitude R. That this value is approximated follows from 
the symmetrical spacing of transfer constan t and image impedance 
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controlling frequencies with respect to the cut-off. On both sides of 
the transition interval, in the regions of uniform spacing of poles and 
zeros, the non-resonant reactance approximates R tan 1rjj2a or 
R cot 1rjj2CX: and at the middle of each space, where 1rjj2a is an odd 
multiple of 7r/4, is numerically equal to R. Hence, by symmetry, 
this must also be the value approximated at the middle of the non
uniform interval between the two chains, i.e., at the cut-off frequency. 

Nature oj the Approximation 

The argument of Part I shows that the three-quarter spacing 
between the cut-off and the chain of transfer constant controlling 
factors results in poorer approximations to phase linearity in the trans
mission band and to complete suppression in the attenuating band 
than would the half-spaced cut-off solution. The three-quarter 
spacing between the cut-off and the chain of impedance controlling 
frequencies also Ieads to less perfect uniformity of the impedance 
characteristic. This is the price we pay for the larger range of phase 
linearity. Nevertheless, the error of approximation for both () and 
Zr if we follow the sense of equation (22) can be shown to be 

i a ( 
1 
~ f- 1 ~ f ), when a is small, and hence can be made as 

small as we please by a suitable choice of a. 24 Sofaras the phase and 
impedance characteristics are concerned, experience shows that satis
factory precision can be obtained with a moderate value of a. The 
situation with respect to the attenuation characteristic is more serious. 
As we have already seen, the best approximation in the attenuating 
band is obtained by a cut-off spacing which is, if anything, slightly 
less than, rather than slightly greater than, a/2. Furthermore, it 
appears from the above formula that with the three-quarter cut-off 
spacing, the approximation error at a given frequency in the attenu
ating bandisproportional only to the firstpower of a. Hence cutting 
a in two, which substantially doubles the number of elements in the 
structure, adds but 6 db to the attenuation at this frequency. It is 
clear that a practical Iimit is thus set upon the suppression which can 
be provided. 

Since the attenuation of the structure is relatively low, the con
tribution of reflection effects to the total loss is correspondingly im
portant. A peak of loss occurs at each impedance controlling fre
quency, whcre the lattice impedances are zero or infinite together. 

24 It is not true that the error in oß/ow vanishes with a. However, in the following 
example, which may be taken as typical, the variation of oß/ow is still only about 
1 per cent of its average value. 
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At these frequencies the image impedance changes sign, and thereforc 
also the constant term of equation (25). Thus, although the phase 
slope is uniform throughout the attenuating range, the phase charac
teristic itself suffers discontinuities of 1r radians at each impedance 
contraHing frequency. Whether the discontinuity is an increase or a 
decrease of 1r radians is not distinguishable for a non-dissipative net
work. \Vhen parasitic dissipation is taken into account the peaks are 
finite and the phase increases or decreases according as the line- or 
cross-arm of the lattice has the smaller resistance component at the 
peak frequency. The infinite peak at this frequency, and the associ
ated abrupt change in phase, can evidently be restored by adding 
additional resistance to the smaller impedance so as tobring the arms 
into balance. 

This observation is of importance in considering the effect of 
dissipation on the phase shift. A counterpart of Mayer's theorem can 
be found which relates the change in phase shift resulting from uniform 
dissipation in the network elements to the slope of the lass curve. 
The formula is 

. aA !J.B=-wd-, aw 

where d is the dissipation constant, and where A and B are in nepers 
and radians respectively. In the transition interval, where the slope 
of the lass curve is great, the effect of uniform parasitic dissipation may 
reduce the phase appreciably. This effect can be compensated by 
small modifications in the theoretical frequency spacings, or by the 
introduction of a lumped resistance to balance the bridge at the first 
impedance controlling frequency, according to the plan suggested 
above. 

Example 

To illustrate the performance of this sort of network, we may con
sider a low-pass filter containing four evenly spaced critical frequencies 
in the practical transmission band. Subsequent natural frequencies 
will then occur at 4. 7 Sa, 5.5a, 6.5a, etc., according to the rule for three
quarter spacing adjacent to the cut-off. We may suppose that the 
requirement for linearity of phase shift does not extend above 7.5a, 
so that the sequence of uniformly spaced impedance controlling fre
quencies may be terminated after this point according to the scheme 
proposed in the case of the high-pass filter. In the frequency range of 
interest, we can replace the omitted chain of uniformly spaced fre
quencies by a single natural frequency at double spacing. The trans
fer constant and image impedance expressions can then be written as: 
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These equations determine Zx and Zy, the values of which may be 
used in equations (27) and (28) to calculate the performance. This is 
shown by Fig. 20, after dissipative effects have been taken into account. 
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Fig. 20- Performance of a low pass filter having linear phase through the cut-off. 

The approximation of thc phase characteristic to linearity has again 
been indicated by exhibiting departures of the slope from the average. 

It is observed that the approximation obtained by the thrce-quarter 
spacing is as close in the transition interval from 4a to 5.5a as in thc 
practical transmitting band below 4a. In practical design problems, 
the phase shift is unlikely to bc of in tcrcst bcyond the first or second 
reflcction pcak, so that thc chain of impcclancc controlling frcqucncics 
might bc sooncr tcrminatccl. 
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The loss characteristic reveals that no very high degree of suppression 
is attained. In fact, the loss falls to about 16 db in the trough beyond 
the first refl.ection peak. So serious a prejudice in favor of the phase 
characteristic would render the design unsuitable for certain engineer
ing purposes. There are open, however, several possibilities for in
creasing the attenuation. Small modifications in the theoretical 
design parameters of the type which have been described, and in 
particular, slight separations of the theoretically coincident impedance 
controlling frequencies in the two arms of the lattice, enable the loss 
to be somewhat improved without much degradation of the phase 
characteristic. If very much higher attenuation is demanded, it can 
be provided by two simple structures of this type, separated by a 
resistance pad to preserve the refl.ection effects upon which the phase 
characteristic depends. 

Further possibilities are suggested by combination of two principles 
already developed. It has been observed that a reduction in the 
three-quarter spacing of the cut-off would improve the selectivity of 
the structure but would also unduly increase the slope of the phase 
characteristic in the transition interval. \Ve have also seen, however, 
that the result of uniform dissipation in the network elements is to 
diminish the phase shif t in this region. Hence our analysis suggests 
that we may be able to obtain the desired phase characteristic in 
conjunction with the shorter cut-off spacing necessary for high 
selectivity if we deliberately increase the dissipation in the network. 

A concomitant result of such procedure is seen to be an increase in 
the uniform loss in the transmission band, which may not always be 
desirable. Neither does the attempt to provide the phase property 
without sacrifice of high loss through the introduction of uniform 
dissipation represent the most effective attack on the problem. To 
achieve this end, resistances must be associated with the reactive 
elements of the Iattice impedances in a precisely determined manner, 
not to be deduced solely from the foregoing theory of reactive net
works. The elaboration of the theory to include also resistive im
pedance elements serves to determine a filter whose attenuation 
changes continuously from a low, uniform value in the pass-band to an 
arbitrary value in the attenuation bands with linearity of phase shift 
and, in addition, the third ideal property of constant impedance. 
The generat theory, however, can more appropriately form the subject 
of a subsequent paper. 

The solution of this problem completes the application of the 
methods for realizing ideal filter properties. \Ve have seen that if all 
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the properties are of importance and the desired approximations close, 
we are led to networks which, while formally simple, involve corre
spondingly numerous natural frequencies. On the other hand, if the 
impedance, 9r the phase, or the loss property be subordinated in 
respect to the others, suitable modification of the analysis allows the 
remaining properties tobe realized with simplification of the structure. 



Ultra-Short-Wave Propagation: Mobile Urban Transmission 
Characteristics * 

By C. R. BURROWS, L. E. HUNT and A. DECINO 

This paper, a sequel to one entitled "Ultra-Short-Wave Propagation,'' 
deals with transmission in urban areas. The experimental data were 
obtained in the City of Boston on a frequency of 34.6 megacycles per 
second by means of a specially equipped motor car for carrying the receiver 
while the transmitter was fixed or vice versa. 

Mass plots of these data show that the mean field strength varies in
versely as the square of the path Iength which is the same variation as 
would be expected for Ievel terrain in the absence of buildings. The same 
data are presented in the form of field strength contour maps. 

These data are interpreted on the basis of the same physical picture 
which has been established for open country. The present data preclude 
interpretation upon the basis employed by earlier investigators of ultra
short-wave propagation through urban areas. 

It is concluded that ultra-short-wave transmission in urban territory 
may be interpreted on the basis of transmission over Ievel land plus the 
wave interference patterns caused by reflections frorn the buildings and an 
additional attenuation which on the average is independent of the length 
of the transmission path. Also, if the theoretical formula for the propaga
tion of ultra-short waves over Ievel terrain is used to calculate the received 
field in urban territory, and the height of the fixed antenna is measured 
from the local roof Ievel instead of from the ground, these data indicate 
that the field strength so calculated would be near to the mean of the actual 
received field strengths in urban territory. 

lNTRODUCTION 

THIS paper is a sequel to an earlier paper, "Ultra-Short-vVave 
Propagation," 1 which dealt mainly with transmission across 

open country. In the present paper the research has been extended to 
include transmission within a built-up region. Additionalproblems of 
transmission within urban areas that result from man-made inter
ferences, such as the noise produced by automobile ignition systems, 
have been investigated. 

A specially equipped motor car was used as a mobile laboratory for 
most of this work both because of its convenience as .a means of ob
taining transmission data and because of the importance of mobile 
comm unica tion i tself. 

This paper describes general characteristics and quantitative meas
urements of the received signal on 34.6 megacycles. Transmission 

* Published in Electrical Engineering, January, 1935. 
1 J. C. Schelleng, C. R. Burrows and E. B. Ferrell, "Ultra-Short-\Vave Propaga

tion, Proc. I. R. E., Vol. 21, pp. 427-463, March, 1933 and Bell Sys. Tech. Jour., Vol. 
12, pp. 125-161, April, 1933. 
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phenomena were studied in both directions between a fixed location 
on a· building and the mobile laboratory. 

APPARATUS 

8oth terminals employed vertical half-wave antennas which " ·ere 
connected to balanced circuits by means of symmetrical two-wire 
transmission lines. At the fixed locations unloaded antennas were 
used; at the mobile terminal, in order to Iimit their heights to eight 
feet above the ground and maintain the symmetry the antennas were 
loaded so that their lengths were reduced to about a quarter of a 
wave-length (Fig. 1). 

Fig. 1-Mobile receiving equipment. 

The transmitter consisted of an electric oscillator employing two 
75-watt tubes operating in push-pull relationship. At the fixed 
location, where ample power was available, the transmitterwas capable 
of producing one ampere 2 of 100 per cent modulated carrier in its 
antenna without undue distortion. The mobile transmitter which 
used a dynamotor for tube plate supply was capable of producing the 
same current in its antenna. This corresponds to about six decibels 
less power due to the shorter antenna length. 

The measuring set was of the double detection type \\'ith balanced 
high-frequency circuits, push-pull first detector and calibrated inter-

2 The current was measured by a \Veston type -!25 thennoammeter at the current 
maximum. 
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mediate frequency attenuator.3 This receiving equipment was cali
brated in absolute units by a method described in the appendix. 
A mechanism for recording the field strength was attached to the 
measuring set: this consisted of a roll of paper that could be driven 
either by clock-work or by the rear wheels of the truck. The position 
of the recording pen was con trolled by the setting of a manually 
operatedvariable attenuator. Sampies of the type of record obtained 
are shown in Figs. 6 and 7. 

LocATIONs 

The radiator for the fixed transmitterwas supported by a fifty-foot 
pole above the roof of a seven-story building at the corner of Berkeley 
and Stuart Streets in the business section of Boston. The building is 
about 90 feet high, making the center of the antenna about 130 feet 
above the ground. Thus, the antenna was higher than most of the 
buildings of the city though it was lower than a few buildings nearby. 

The antenna for the fixed receiver was supported by a 20-foot pole 
from the middle of the highest ridge of a gabled building making the 
center of the antenna about 80 feet above the street Ievel. This 
building is located on the side of a slight slope in a fairly heavily 
wooded territory, on Seaverns Street near Center Street. 

FIELD STRENGTH M EASUREMENTS 

Transmitter at a Fixed Location 

\Vith a current of one ampere in the half-wave antenna 4 above the 
building at Berkeley and Stuart Streets and with the receiver in the 
truck, fi.eld strength measurements were made along various routes 
throughout Boston. These data have been averaged by one-tenth
mile intervals when the average radial distance was less than two 
miles and by half-mile intervals for greater average distances. A plot 
of these data is shown in Fig. 2. The points lie approximately on an 
inverse-square-of-distance line with deviations ranging up to about 
± 10 db. An effort has been made to separate the points taken in 
the high building area. These points (shown as open circles) lie 
somewhat below the others with a few particularly low field strengths. 
The lowest field strengths of the business district were measured along 
the shore near Charles River Dam and near St<1;te Street on Atlantic 
Avenue. The field strengths in the business district would be expected 
to be lower because of the presence of the high buildings. The lower 

3 The setwas similar tothat described by Friis and Bruce, Proc. I. R. E., Vol. 14, 
pp. 507-519, August, 1926. 

4 Since the antenna was in free space in sofaras radiation resistance is conce rned, 
this corresponds to a radiated power of 7 3 watts. 
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Fig. 2-Mass plot of field intensities measured at various distances from the 
transmitter at Berkeley and Stuart Streets in Boston. The values corresponding to 
distance less than two miles represent field strengths averaged over one-tenth mile 
intervals, while those for greater distances represent averages over one-half mile 
intervals. The open circles indicate fields in the high building area. Residential 
points outside the city Iimits have been enclosed in circles. 

residential field strengths correspond to the region beyond Chestnut 
Hili. 

When attempting to interpret the results of the mass plot of Fig. 2 
a natural method would be to assume transmission as in free space 
plus an additional attenuation due to the proximity of the earth and 
obstacles above the earth's surface. The simpler case of transmission 
over Ievel terrain in the absence of obstacles will be considered first. 

It has been experimentally determined that the propagation of 
ultra-short waves over unobstructed paths follows the laws of optics 1 • 6 

so that the resultant field is composed of a well-defined reflected wave 
superposed upon a direct wave. Consequently for propagation over 
Ievel terrain, the explanation is as follows (Fig. 3): Energy is propa
gated from a transmitterat A, at a height of h1 above the ground, to a 
receiver at B, at a height of h2 above the ground, both directly, as 

1 Loc. cit. 
6 C. B. Feldman, "The Optical Behavior of the Ground for Short Radio \Vaves," 

Proc. I. R. E., Vol. 21, pp. 764-801, June, 1933. 
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represented by r11 and by reflection at G, as represented by r2, the 
distance between transmitter and receiver being represented by d. 
For the practical case where h1 and h2 are small compared with d 
the reflected wave impinges upon the ground at nearly grazing in
cidence, so that a negative reflection coefficient the magnitude of 
which is unity 6 for ordinary ground (not water) is obtained. This 

B 

A 

Fig. 3. 

results in the field at B being the difference between two vectors of 
approximately equal magnitude and differing in phase by an amount 
corresponding to the difference m path lengths, r2 and r 1• For the 
case under consideration, 

r2 - r1 = 2h1h2jd, 

and the angle between the vectors is 

21r(r2 - r1) /'A = 41rh1h2/'Ad. 

(1) 

(2) 
6 The magnitude is more exactly 1 - 2e(hl + h2)/dVe - 1 for vertical polarization 

and 1 - 2(ht + h2)/dVE - 1 for horizontal polarization, making the corresponding 
values for the received fields, 

Eo ( 47rhth2) /1 + e2(ht + h2)2X2 

Xd 'V (e - 1)47r2ht2h22 (a) 

and 

(b) 

respectively, instead of as in equation (3). When the lower of the two antennas is 
more than a couple of wave-lengths off the ground, the radicals are substantially 
unity. For the case under consideration it would be more accurate to refer to ex
pression (a) as the theoretical formula but Iack of knowledge of the magnitude of 
the dielectric constant and antenna heights that apply would introduce unnecessary 
uncertainty if the results were referred to this formula. It might be remarked that 
neglecting the presence of buildings and referring all heights to the local street Ievel 
the radical represents an increase of 7-12 db for vertical polarization in the cases 
under consideration. 
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Except in the immediate proximity of the transmitter this angle 1s 
small and the resultant field is 

where E 0 is the free space field. Since 7 

the resultant field becomes 

Eo = 60n1il, 
'Ad 

(3) 

(4) 

(5) 

Equation (5) shows that the field over level terrain is inversely pro
portional to the square of the distance from the source. 8 

Data presented in Fig. 8 of reference 1 show that at a frequency of 
69 megacycles per second the field strength variation with distance 
follows approximately the inverse-square relationship for a range of 
from two to ninety kilometers. 9 In fact, the beststraight line through 
these data agrees with the numerical values obtained from equation (5) 
well within the accuracy of the experimental data. Experiments 
designed to test the validity of this equation now are being conducted 
at Deal, New Jersey and data obtained to date confirm it both as to 
absolute value and variation with terminal heights and wave-length 
for horizontal polarization within the range 2 < h1 < 25, 2 < h2 < 25, 
2 < 'A < 17, d = 9,420 and 26,300, all measured in meters. The 
experimental confirmation of this formula for these distances indicates 
that the effect of the earth's curvature is secondary to the negative 
reflection effect upon which this formula is based. This might be 
expected in view of the fact that both diffraction and refraction tend 
to mitigate the additional attenuation that would be caused by re
flection from a plane tangent to the earth's surface at the point of 
geometric reflection. 

7 If l is in amperes, d in meters, and II the effective height of the antenna, and ;\. 
the wave-Iength in the same units, Eo is given in volts per meter. 

8 Since distance appears in this equation only as a factor and not as an exponent, 
the reduction with distance of the field strength of ultra-short waves over Icn~I 
terrain is independent of wave-Iength, polarization, dielectric constant, etc., as all 
of these quantities cancel in the ratio of the field strength at one point to that at 
another. The absolute magnitude of the field strength is proportional to the frc
quency for the same radiated power and antenna heights. If the antenna heights are 
sufficiently Iow, the fieldisalso dependent upon the polarization and ground constants 
as indicated by expressions (a) and (b) of footnote 6. 

9 While undoubtedly at the greater distances the field sufTers additional attenuation 
above that shown by equation (5) due to the curvature of thc carth, such additional 
attenuation evidently takes pbce at distances bcyond those employed in any of t he 
authors' cxpcriments. 
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When the propagation is through built-up areas instead of over level 
terrain the condition is more complicated. Even here, however, for 
terminalsweil above the tops of buildings, theoretical considerations 1 

indicate that the same explanation of direct and reftected waves is 
valid. Data presented by J ones 10 may be used as a verification for 
this explanation even for transmission over buildings. Fig. 11 of 
his paper shows that for heights between 170 and 1,500 feet the field 
is proportional to the height in accordance with equation (5). When 
the terminals are lowered within the building region, the field should 
decrease more rapidly than proportionally with the height above the 
ground. In fact, data presented in Fig. 4 indicate that with one 
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Fig. 4-Variation of field received at Berkeley and Stuart Streets with antenna 
height. Curve A shows the variation with height above the roof while Curve B 
shows the variation with height above the ground. The slope of the broken line 
indicates a linear relationship between field and height. 

1 Loc. cit. 
10 L. F. Jones, "A Study of the Propagation of Wave-lengths between Three and 

Eight Meters," Proc. I. R. E., Vol. 21, pp. 439-486, March, 1933. 



260 BELL SYSTEM TECIINICAL JOURSAL 

terminal above a Hatroof that \Vas approximately the same height as 
other nearby ftat roofed buildings, the field strength is more nearly 
proportional to the height above the roof than to the height above the 
ground. Vl.hen the terminals are Iowered below the average building 
height additional complications are introduced. \Vhile this is some
what difficult to picture because of the irregularity of the surface 
bounding the transmitting medium 11 the main outline seems simple 
enough. Above the building Ievel there is a tendency for the field to 
follow the simple rules that hold for transmission over Ievel country. 
In general the field strength actually received in the street would be 
proportional to the field strength overhead but of smaller amplitude 
since it is a product of scattering. This does not imply that the street 
signal comes down vertically; it probably is the result of scattering 
from points lying in a fairly !arge zone about the receiver and consists 
of a multiplicity of signals traveling in inclined directions. 

Returning now to the present data on the propagation of ultra
shart waves through urban areas, Fig. 2 shows 12 tha t the field strength 
is in general inversely proportional to the square of the distance from 
the transmitter. The mean curve through the data is 12 db below the 
curve for Ievel terrain free from obstacles, plotted from equation (5) 
above, indicating the additional attenuation due to man-made 
structures. An analysis of the individual points shows that the 
reduction in field due to the obstacles (i.e., in addition to the Ievel 
terrain attenuation) is independent of the distance so that there is no 
absorption due to the buildings in the usual meaning of the ward; 
otherwise the additional attenuation would increase with the distance. 

This method of interpretation is radically different from that of 
investigators of the propagation of ultra-shart waves through urban 
areas whose papers have come to the attention of the authors.13 • 1-1· 15 

They have assumed that the transmission occurs as in free space 
except for an additional attenuation through tlze absorbing layer of 
buildings. Such an assumption that the propagation of ultra-shart 
waves is unaffected by the presence of the ground except in so far as 
the waves penetrate the absorbing layer of buildings, appears to bc 

11 This surface is, of course, that formed by the ground and the walls ancl tops of 
builclings. 

12 It will be shown later that the empirical formula assumed by Schröter, Sohne
mann, Jones, and Muyskens at1d Kraus cannot be made to fit these data. 

13 F. Schröter, "Zur Frage des Ultrakurzwellen-Runkfunks," E. N. T., \'ol. S, 
pp. 431 - 436, October, 1931. 

14 K. Sohnemann, "Feldstarkemessungen im Ultrakurzwcllengebiet," E. N. T .. 
Vol. X, pp. 462- 467, October, 1931. 

15 Henry Muyskens and John D. Kraus, "Some Characterist ics of l lltra-I ligh
Freq nency Transmission," Proc. I. R. E., Vol. 21, pp. 1302 131(i, September, 1'>33. 
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inconsistent with the physical picture 1 • 5 • 16 • 17 of ultra-short wave 
propagation which has been confirmed by basicexperimental data . 

Since the inverse-square-of-distance relationship (equation 5) which 
results from this physical picture is so different from the exponential 
relationship which results from the absorption assumption of previous 
investigators, the question arises as to the possibility of reinterpreting 
their data on the basis of this physical picture. The data presented 
by l\1 uyskens and Kraus as Fig. 2 of reference 15 has been replotted 
in Fig. 5 of the present paper on logarithmic Coordinates in order to 
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Fig. 5-Attenuation curve for 5 meter transmission as replotted from paper by 
Muyskens and Kraus, Proc. I. R. E., Vol. 21, p. 1306, Sept., 1933. The straight 
heavy line shows an inverse-square of distance variation in accordance with the 
physical picture. The thin curved line is a replot of the curve presented by M uyskens 
and Kraus as representing these data by a variation according to an inverse-dist ance 
times an exponential factor. It is evident that these data may be interpreted equally 
well on the basis of the physical picture (heavy curve) as on the basis of the empirical 
equation assumed by Muyskens and Kraus. 

facilitate reinterpretation on the basis of this physical picture. Fig
ure 5 shows that it is possible to interpret their data as following an 
inverse-square-of-distance law equally as weil as an inverse-distance 
law times an exponential factor. 18 In this interpretation little weight 

16 Bertram Trevor and P. S. Carter, "Notes on Propagation of \Vaves Below 
Ten Meters in Length," Proc. I. R. E., Vol. 21, pp. 387-426, Mar., 1933. 

17 Carl R. Englund, Arthur B. Crawford and William \V. Mumford, "Some 
Results of a Study of Ultra-Short-Wave Transmission Phenomena, " Proc. I. R. E., 
Vol. 21, pp. 464-492, March, 1933 and Bell Sys. Tech. Jour., Vol. 12, pp. 197-227, 
April, 1933. 

18 Comparison of Figs. 2 and 5 on an absolute basis is difficult. The lower density 
of the buildings in Ann Arbor and the fact that the fixed antenna was located in as 
open a space as possible at the corner of the roof, combine to reduce the effect of the 
buildings in lowering the mean field strengths. Also the apparent abse nce of a 
measurement of the radiated power in the Ann Arbor experiments precludes the 
determination of the absolute value of the attenuation from the experimental data. 
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has been given to the points which are weil below the curve, in ac
cordance with the view of the experimenters that these points repre
sent particularly unfavorable receiving locations. 

Trevor an_d Carter 16 have made a similar interpretation of the data 
presented by Jones 10 which shows that for the !arger distances the 
field strength was inversely proportional to the square of the distance. 
If this inverse-square-of-distance curve were extended to shorter 
distances it would be found that most of the nearby points would lie 
somewhat below it. This is presumably because of the Iack of favor
able receiving locations in the high-building area. \Vhile the empirical 
formula arrived at by Jones may represent his data satisfactorily, the 
physical picture assumed of a free space field times an absorption 
factor is untenable since it requires a radiated power approximately 
20 db below that measured. Undoubtedly, the power radiated is not 
in error by this amount, since Trevor and Carter obtained a satisfactory 
numerical check on the basis of the other picture by using the value 
of power radiated as given by J ones. 

It is possible, of course, to represent any data by an inverse-distance 
factor times an exponential factor for a limited range of distances. 
An attempt to do this with the data of Fig. 2 by making the empirical 
curve agree with the experimental inverse-square-of-distance curve at 
1 and 4 miles results in a curve that agrees well with the data between 
0.6 and 5.0 miles but is 11 and 22 db low at 0.2 and 12.0 miles, re
spectively. Even if theserather large discrepancies at the Iimits of the 
curve were neglected it would still be impossible to interpret the data 
in terms of the free space field times an exponential absorption factor, 
because of the fact that the empirical curve so determined requires a 
radiated power 3.5 db below that measured; this is untenable since the 
over-all uncertainty in the absolute value of the measurements is only 
a few decibels. 

It should be pointed out that each point of Fig. 2 represents the 
average field over an interval of either a tenth or a half mile depending 
upon whether the transmission path involved was Iess or greater than 
two miles. \i\Tithin each intefval the field varied by five to fifteen 
decibels because of the Iocal wave interference pattern, as is shown by 
the samples of the graphstaken with the recorder \vhich are presented 
in Figs. 6 and 7. Fig. 6 is an example of the record taken in the 
business district of Boston at a distance of about one and a half miles 
from the transmitter near the regi~n A shown in Fig. 8. The maxima 
and minima are spaced very closely and differ by ten to fifteen decibels. 
This was characteristic of the type of record obtained a t the shorter 
distances. At the greater distances the magnitude of the local varia
tions was less, as illustrated by Fig. 7, which is a sample of the record 
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Fig. 7-Portion of record showing the small variations of field strength while 
driving through the residential section of Boston at a distance of about 5 miles from 
the transmitter. 

taken at a distance of five miles (near Bin Fig. 8). The change in the 
magnitude of the variations might have resulted from the fact that 
all of the data for the greater distances were taken in residential 
districts with correspondingly lower heights and densities of buildings. 

An idea of the variations tobe expected from the inverse-square-of
distance relationship is shown by the contour map of Fig. 8. The data 
already presented will give an idea of the impossibility of showing 
much detail in such a map. Likewise it would be an almost endless 
job to make measurements on every street in a city of this size. While 
data were obtained within reasonable intervals over the area for which 
solid contours are drawn (continuous field strength records taken 
over 143 miles of street are represented by this figure), another set of 
data might result in a somewhat different looking map. The broken 
contours are not based upon field strength measurements, but are 
merely a plausible way of joining the solid contours to aid the eye of 
the reader. The two 20 db contours in the lower part of the figure 
have not been joined because of insufficient data. The low field 
strengths along the Neponset River may be a result of local conditions 
and possibly the 20 db contours should be continued to the right along 
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an arc of more nearly constant radius. In this connection it may be 
mentioned that the field is nearly constant within the bulge of this 
contour to the southwest. 

A striking fact brought out by the map is the crowding of the 
contours in the business district. There are particular directions for 
which the attenuation is greater presumably due to the combined 
effects of high buildings, for example to the east-northeast. There are 
other directions where the field strength is higher than the average. 
Several such places were noted when salt water extended immediately 
in front of the measurement location in the direction of the transmitter. 
The closed contours in the l\'Iystic River to the north illustrate the 
better reception over salt water as predicted by theory.t An example 
of the records taken over bridges upon which these contours are based 
is shown in Fig. 9. (The route over which these data were taken is 
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Fig. 9-Portion of records showing the variation of field strength on going OYer water. 

indicated at C of Fig. 8.) The average increase in field when going 
over bridges was 10 db. This may be explained by the better con
ductivity of the water which results in a receiving directive charac
teristic that is more favorable to low angle reception. In some cases, 
the absence of buildings and increase in the height of the antenna due 
to the elevation of the bridge undoubtedly contributed to the greater 
field. 

Another fact that is illustrated by the map is that the etTects of 
obstacles and type of terrain are in general local. For example, the 
higher field strengths beyond salt water are soon reducc·d to normal 
with the intravention of additional land, illustrated at D in Fig. 8. 

It was found that thc field strengths along Columhus An,nue 
(indicatcd by E on Fig. 8) were about 10 db higher than those obtained 
on <.'ither side. This increase probahly resultt;d from the fact that a 
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Fig. 8-Field strength contour map of Boston, 1\lass. Transmitter located at ß erkeley and Stuart Street s as shown by the 
solid circle. Frequency - 34.6 mc. Field strengt h in decibels above one microvolt per meter with one ampere in a half wave 
antenna. 
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more or Iess unobstructed optical path existed along Columbus 
Avenue. 

\Vhile a detailed analysis of the attenuation of ultra-short waves 
over paths as complicated as those considered in this paper is im
possible, the known facts indicate several general characteristics that 
seem worthy of mention for further experimental investigation. The 
fact that the field was found to be approximately proportional to the 
height of the antenna above the roof Ievel of the surrounding buildings 
(in Fig. 4), rather than to the height above the ground, as in the case 
of transmission over Ievel terrain free from buildings, confirms the 
expectation that the "ground" conditions in the immediate vicinity 
of the fixed terminal would play an important part in determining the 
magnitude of the received field strength. 

I t is perha ps correct to assume tha t for the fixed terminal the heigh t 
to be substituted in equation (5) should be the height above the roof 
rather than the height above ground. This would reduce the "Ievel 
terrain" curve of Fig. 2 by 10 db. 

Figures 6, 7 and 9 show marked wave interference patterns which 
indicate reflections from a multiplicity of points in the immediate 
vicinity of the mobile terminal. Besides these variations in the magni
tudes of the fields observed at points in close proximity to each other, 
which are undoubtedly caused by reflections from irregularities in the 
immediate vicinity of the terminal, there are the variations represented 
by the spread of the points about the mean curve (Fig. 2). That these 
variations may be attributable to conditions Iocal to the terminal is 
indicated by the fact that the increase in field on the far side of salt 
water and the decrease in the field on the far side of hills, etc., do not 
persist at further distances. Even if the irregularities of the contours 
of Fig. 8 were removed the contours would not be concentric circles 
about the transmitter. At this stage in the development it would be 
unwise to attempt to say how much of the deviation of the contours 
from circles may be attributable to directional characteristics at the 
fixed terminal and how much may be due to the intervening terrain. 
Statistically speaking, however, it is safe to say that the additional 
attenuation attributable to deviations from Ievel terrain such as is 
produced by the presence of buildings, is independent of the length 
of the transmission path, so that there is no absorption in the usual 
meaning of the word. Another experimental result that points to 
the possibility that the effect of the buildings is local may be deduced 
from the data presented by Jones 10 and by Trevor and Carter. 16 

The latter showed that the more distant points Iie on the inverse
square-of-distance curve expected for transmission over Ievel terrain 
free from buildings. The nearby points , however, lie below thi s 

.cun·e, indicating that the major effect of the buildings is a loca l one. 
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from circles may be attributable to directional characteristics at the 
fixed terminal and how much may be due to the intervening terrain. 
Statistically speaking, however, it is safe to say that the additional 
attenuation attributable to deviations from Ievel terrain such as is 
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square-of-distance curve expected for transmission over Ievel terrain 
free from buildings. The nearby points, however, lie below this 

-curve, indicating- that the major effect of the buildings is a local one. 
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The greatest difficulty encountered in attempting to apply the 
results of these experiments to the pre-determination of the field tobe 
expected for transmission in other cities would be the interpretation 
of the method of assigning values to the heights in equation (5). 
While sufficient data are not available to establish an empirical re
lation, for a first estimation it seems reasonable that if the height of 
the fixed antenna were measured from the general roof Ievel of the 
surrounding buildings and the height of the mobile antenna were 
measured from the street Ievel, the resulting field strengths would lie 
within the range of expected values.19 

FIELD STRENGTH ~lEASUREMENTS 

Receiver at a Fixed Location 

The field strength data obtained with the receiver at Seaverns 
Street and the transmitter in the truck are shown in Fig. 10. These 
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Fig. 10-Mass plot of field intensities measured with the transmitter at various 
distances about the Seaverns Street location. The open circles represent fields 
averaged over one-tenth mile intervals while the solid circles represent averages over 
one-half mile intervals. 

19 This should not be expected to be true for antennas close to the roof, since the 
field-strength obviously would not go to zero when the antenna height goes through 
the roof Ievel. Extreme caution should be used in applying thcsc results to citics 
in which the density a nd uniformity of buildings difTer from those of Boston. \\"hcn 
the topography departs greatly from that of Ievel terrain, it would be difficult to 
infer the transmission conditions from the data here prcsented. 
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data may be represented also by an inverse-square-of-distance curve. 
By comparison with Fig. 2 no differences that can be attributed to the 
change in position of the fixed terminal nor the direction of transmission 
is evident. There is a smali difference in the separation between the 
mean curves and the "Ievel terrain" curves, bu t in both instances the 
mean curve lies very close to the Ievel terrain curve (not shown) that 
would result from measuring the antenna height of the fixed terminal 
from the average roof Ievel instead of from the ground. 

Most of the nearby points were taken in the park system. They 
indicate that it is not more difficult to transmit through wooded areas 
than through built-up sections. 

A field strength contour map iliustrating the results obtained with 
the receiver fixed at Seaverns Street is shown in Fig. 11. The disturb
ing effect of hills is illustrated at several points on the map. There was 
a reduction of field when the transmitter was behind either Bussey 
Hili at A on the map or Green Hili at B, while the field was higher 
when the transmitter was between them. There was a rather deep 
minimum when the transmitter was immediately behind Parker Hili 
at C to the north, but half a mile farther away there was no noticeable 
effect. 

E.ffect oj Obstades 

In the course of the measurements some qualitative observations 
were made which will be summarized in this section. I t was noticed 
in particular that when the receiver passed underneath an intersection 
of overhead trolley wires, the field was somewhat reduced. An 
example of this effect was observed at the intersection of Massa
chusetts and Huntington Avenues where the reduction was 15 db. 
At this point the maze of overhead trolley and support wires apparently 
constituted a fairly efficient screen for these waves. Observations 
made during the tests showed that sometimes the field was con
siderably reduced on the far side of hills as has been brought out by 
the contour maps. A large reduction in field strength resulted upon 
going behind a low hill on Saratoga Street on Breeds Island. The 
most striking example of this effect occurred with the measuring set 
at Seaverns Street and the mobile transmitter being driven from 
Huntington Avenue onto South Huntington Avenue (C of Fig. 11). 
Soon after rounding the corner at the foot of Parker Hili, which is 200 
feet high, the average field dropped about 15 db. 

The field was 20 db lower under Funeral Bridge than on either 
side of it. This is a stone and earth bridge appearing as a short 
tunnel to the road beneath it. The field was usually reduced upon 
passing underneath bridges of this general type of construction. 
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Fig. 11-Field st rength contour map of Boston, l\ Iass. Recei\'er located on Sca\'crns Strcct nea 
Center Street as shown by the solid circle. Frequency = 3-1 .6 mc. Field st rength in decibels abo\' 
one microvolt per meter. 
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A separation of the field strengths into those obtaining in the high
building area (indicated by open circles in Fig. 2) from those in the 
lower-building area (indicated by solid dots) shows that the attenuation 
is somawhat greater in the former. 

No effect of the elevated railway structures on the average field 
was observed. 

NOISE l\'lEASUREMENTS 

For reception in the car, by far the greatest interference is that 
caused by the electrical systems of passing automobiles. Special tests 
to determine whether or not street cars produced any noise gave a 
negative result. That is, under conditions where automobile noise 
was a Iimitation to reception, trolley noise was unaudible. \Vhile no 
special tests were made of the noise from elevated trains, at no time 
was it found objectionable. 

With the receiver on top of the building at Berkeley and Stuart 
Streets, the predominating interfering noise was caused by an electrical 
substation next door. When the antenna was lowered approximately 
to the roof Ievel the noise from the elevator motors and switching 
equipment in the pent house near by was well above any other noise. 
Upon raising the antenna to its proper position the elevator noise was 
reduced to a negligible amount compared with the power station noise, 
because of the combined effect of the directivity of the antenna and 
increased distance. The resulting noise was of approximately the 
same magnitude, indicating that the elevator switching noise was 
reduced by a fairly ]arge factor in raising the antenna. This fact has 
an important bearing on reception of signals on the roofs of office 
buildings, since elevator switching noise is in general the limiting 
factor. Occasionally an automobile, started in the street below, 
would produce measurable interference. At Seaverns Street, however, 
the most objectionable noise was caused by the ignition systems of 
automobiles which were accelerating in Iow gear in the street below. 
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APPENDIX 

l\1ETHODS OF CALIBRATING 

In order to obtain an absolute calibration of the measuring equip
ment , the field strength at a distant point in space, at the same height 
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above the ground as the center of the receiving antenna, was obtained 
by a standard method of field strength measurement.20 This equip
ment then was removed and the truck placed in such a way that its 
antenna was always at the point where the field strength had been 
determined. By pivoting the truck about this point the horizontal 
polar diagram of the mobile receiving equipment was obtained. It is 
shown in Fig. 12. As the field was known at this point in the absence 

Fig. 12-Directional characteristic in the horizontal plane of the mobile receiYer. 

of the truck the attenuator settings gave a calibration of the receiving 
equipment for all directions. \Vith this calibration as a standard, a 
comparison fieJd generator which employed a loop radiator attached 
to the opposite side of the truckwas calibrated also. The comparison 
field generator then was used throughout the test to check the calibra
tion of the receiver. Since the polar diagram was fairly constant on 
the right side of the truck, care always was taken to orient the truck 
in such a way that the direction of the transmitter was at the right 
side rather than the Ieft. 

20 This method consists of comparing the unknown field with a known field 
produced by a "Standard Field Generator," which is a small compact self-contained 
oscillator. It is very carefully shielded except for a small balanced loop extending 
in a vertical plane above the shield. A thermomilliammeter is located in the loop 
at the point of low potential with respect to the shield. From the reading of the 
meter and the dimensions of the loop, the field at nearby points may be computed. 
See Proc. I. R. R., Vol. 21, pp. 430-431, March, 1933. 
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\Vhen the receiverwas at Berkeley and Stua rt Streets it was possible 
to employ the usual method of calibration 18 because the roof was fla t . 
With the receiver at the Seaverns Street location, however, the gabled 
roof made it impractical to support the standard field generator 
opposite the midpoint of the antenna. In the latter case, accord ingly, 
the constancy of the gain of the receiving equipment was depended 
upon in reducing the measurements to field strengths in absolute 
units. This Iack of calibration did not introduce a ]arge uncertainty, 
since the receiving equipment has been used over a period of years 
during which time its gain has remained constant within a few decibels. 

Two-W A Y TEsTs 

At the conclusion of this survey, actual two-way tests were made 
between a cruising car and fixed locations. For this purpose a car 
was equipped by E. B. Ferrell and R. C. Shaw 21 with an ultra-short-

Fig. 13-Fixed terminal transmitting equipment located at Berkeley Street. 

wave transmitter and receiver arranged for simultaneaus two-way 
communication. A distinctive feature of this equipment was the use 
of a single antenna for simultaneously transmitting a nd receiv ing. 
This was made possible by the use of a suppressor circui t in the re
ceiver to prevent overloading of the first detector by the outgoing 
signal. With this suppressor circuit, which consisted of only a half 

21 Both of Bell Telephone Laboratories, Deal, New Jersey. 
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section of a simple band-elimination filter, it was possible to transmit 
and receive simul taneously on frequencies differing by only five 
percent. 

The equi.pment at the fixed transmitting location is shown in 
Fig. 13. 

The car was used for communication at distances up to about 5 
miles from the fixed transmitter and up to a little over 3 miles from the 
fixed receiver. The circuit from the moving car to the fixed receiver 
was consistently good for distances up to about two miles. 



An Application of N umher Theory to the Splicing of 
Telephone Cables * 
By H. P. LAWTHER, JR. 

The consideration of a simple and practical splicing scheme for mini
mizing the recurrence of same-layer adjacencies among telephone circuits 
in long cables Ieads to a problern in Number Theory whose solution calls 
for some extension of the previous work in this field. The solutions for 
numbers not greater than 139 have been computed, and a table of these 
is included. 

SOME time ago in connection with the placing of a long telephone 
cable the writer had occasion to attempt the specification of a 

splicing scheme designed to minimize the recurrence of same-layer 
adjacencies among the telephone circuits as they threaded their way 
through successive lengths of the completed cable. The task, super
ficially so simple, proved to be one of most intriguing difficulty, and 
the pursuit of the solution led a confused investigator stumbling into 
the province of number theory. That sp~culation upon an art so 
mundane asthat of telephone cable splicing should have led to a propo
sition in the oldest and most neglected branch of mathematics seemed 
to be especially worthy of note, for few applications so practical have 
been found. In the course of the investigation certain small ground 
apparently was covered for the first time. I t was feit, therefore, that 
the story would be of passing in terest alike to the ma thema tician and 
to the engineer. • 

The present standard cables for long distance telephone service are 
manufactured as a series of concentric layers of conductor units con
tained within a cylindrical sheath. The conductor units are either 
pairs of quads of wires. The layers are one unit in thickness, and suc
cessive layers either spiral in opposite directions of rotation, or in the 
same direction but with different pitches. The feature of importance 
to this discussion is that in an unbroken length of cable any one con
ductor unit will experience shoulder-to-shoulder adjacency throughout 
this distance with the two conductor units lying on either side in the 
same layer, and its experience with these two conductor units will be 
unique. Cables usually are manufactured in uniform lengths of from 
7 SO to 1000 feet, and a Ionger cable is made up from a succession of such 

* Published in Amer. Math. Monthly, February, 1935. 
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lengths spliced end-to-end. At each splice point a ]arge nurober of 
different splices is possible among conductor units. In general, wire
to-wire splices are not made, and considerable mixing up is achieved. 
For reasons. which need not be given here it is considered desirable 
from the standpoint of crosstalk control that each telephone circuit 
experience the minimum amount of same-layer adjacency with every 
other telephone circuit. 

For the purposes of this discussion it will suffice at present to con
sider the cross-section of a cable as a simple closed sequence of N con
secutively adjacent units. As an example, the array presented by a 
circular picket fence would be of this character. Each conductor unit 
in a cable is identifiable, and it will be assumed that each has been 
"tagged" with one of the numbers 1, 2, 3, 4, · · ·, N in such sequence 
that units bearing consecutive numbers lie adjacent-remembering 
that unit No. 1 and unit No. N also lie adjacent. \Vhile this simple 
picture of the cable cross-section is representative truly of only a single 
layer structure, still the results of a study of it may be fitted to apply 
to practical cases. Schemes for accomplishing this will suggest them
selved to the practical worker, and their discussion here would burden 
this presentation unduly. 

Consider now two consecutive lengths in a completed cable and focus 
attention upon a conductor unit in one of these. At the splice point 
this conductor unit may connect to any one of the conductor units in 
the second length, and the two conductor units which lie alongside the 
latter in the same layer in the second length may connect to any two of 
the N - 1 remaining conductor units in the first length. As an ex
tended conductor unit traverses the completed cable, then, it may ex
perience same-layer adjacency successively with any possible combina
tions two at a time of the other extended conductor units, and in any 
order, sequence, or repetition of these as determined by the splicing 
scheme that is used. Since there can be but [(N - 1)/2]* totally 
different combinations two at a time of N - 1 different objects it is 
evident that [(N - 1)/2] successive cable lengths is the maximum 
possible nurober for an extended conductor unit to traverse without 
incurring repetition of at least one of the same-layer adjacencies that 
occurred in the first of these Iengths. 

Any splicing scheme that is devised for practical use must embody 
the utmost in simplicity. For this reason it is considered highly 
desirable (1) that the required results be achif>ved through repetition 
of the same splicing instruction at consecutive splice points, and (2) 

* The symbol [x/y] means the greatest integer not greater than x/y. 
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that this instruction follow the simplest possible system-e.g., a ny two 
adjacent conductor units in one length of cable shall connect to two 
conductor units having a constant Separation in count in the next 
length. The exposition which follows makes no attempt to solve the 
general problem, and seeks only to establish the results which can be 
realized when the above two simplifying restrictions are imposed . At 
the condusion is added a description of a minor and accepta ble devia
tion from the second restriction which will enable the practica l worker 
to supplement these results and achieve the maximum possibilities in a 
number of cases sufficient for his needs. The problern now will be 
formulated. 

1~ 1~ 1 1~ 

2~ 2 2 ~ 3 2 ~ 4 
3~ 3 3 ~ 5 3 ~ 7 
4 ~ 4 4 ~ 7 4 ~ 10 
5~ 5 5 ~ 9 5 ~ 2 
6~ 6 6~ 11 6 ~ 5 
7~ 7 7 ~ 2 7 ~ 8 
8~ 8 8 ~ 4 8 ~ 11 
9~ 9 9 ~ 6 9 ~ 3 

10 ~ 10 10 ~ 8 to ~ 6 
u~u 11 ~ 10 u ~ 9 

Fig. 1 Fig. 2 Fig. 3 

The three tabulations exhibited in Figs. 1, 2, and 3 show possible 
ways of splicing two pieces of eleven-unit cable tagether in systema tic 
fashion. The left-hand columns indicate the consecutively adjacent 
conductor units in the .first or reference piece of cable (remembering 
that No. 1 and No. 11 are adjacent), and the numbers opposite in the 
right hand columns indicate the conductor units in the second piece of 
cable to which splice is made. No importance attaches to the splicing 
of unit No. 1 to unit No. 1 in each instance. This is simply one of 
eleven possible "starts," and from the poin t of view of this discussion 
there is no preference among these. Note that with Fig. 1 two con
ductor units which lie adjacent in the first piece of cable connect to 
conductor units separated by a count of one (adjacent) in the second 
piece. vVith Fig. 2 conductor units which lie adjacent in the firs t piece 
connect to conductor units separated by a count of two in the second 
piece. With Fig. 3 conductor units which lie adjacent in the first piece 
connect to conductor units separated by a count of three in the second 
piece. Splices made in accordance with the schemes of F igs. 1, 2, or 3 
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will be described as made wi th a "spread of one," a "spread of two," 
of a "spread of three," respectively. It is readily shown that for a 
spread number s tobe applicable to cable of N units it is necessary and 
sufficient thq.t s be prime relative to N. 

Figure 4 shows the splicing of six pieces of eleven-unit cable through 

1~ 1~ 1~ 1~ 1~ 1 
2~ 3~ s~ 9 ~6~ 11 
3~ s~ 9~ 6 ~ 11 ~ 10 
4~ 7~ 2~ 3~ s~ 9 
s~ 9~ 6 ~ 11 ~ 10 ~ 8 
6 ~ 11 ~ 10 ~ s~ 4~ 7 
7~ 2~ 3~ s~ 9~ 6 
s~ 4~ 7~ 2~ 3~ 5 
9~ 6~11~1o~ s~ 4 
10~ s~ 4~ 7~ 2~ 3 
11 ~ 10 ~ s~ 4~ 7~ 2 

Fig. 4 

the successive application of five consecutive identical splices, each 
with a spread of two. Following the "key" of the first and second 
columns, the succeeding columns are written down immediately. 
Scrutiny of the sequences of numbers appearing in the several columns 
reveals at once the fundamental properties of the spread. For a 
cable of N units these are: 

1. Successive applications of a spread of s for n times result in a 
spread of sn. 

2. A spread of minus s is equivalent effectively to a spread of plus s. 
3. A spread of KN + s (K is an integer: positive, negative, or zero) 

is the same effectively as a spread of s. 
The problern of achieving the minimum possible recurrence of same

layer adjacencies among conductor units through the application of 
successive similar splices in accordance with a simple spread now may 
be stated formally in the terminology and symbols of number theory. 
If N, an integer, is the number of conductor units in the cable, and if s, 
an integer prime to N, is the spread number used, then it is requircd to 
find a value for s for which the companion relations 

sd = ± 1 (mod N), 

sb ~ ± 1 (mod N), b < d 

determine the largest possible integer d. 
From the forcgoing introductory discussion it should be noted that 
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values for N less than 5 are of no significance to this problem. In 
the analysis which follows, therefore, no particular effort has been 
made to render the general conclusions capable of extension to these 
extreme and trivial cases. 

It is necessary at this point to recall and introduce certain working 
material. First, there is the established theorem that every positive 
integer N greater than unity can be represented in one and only one 
way in the form 

where p1, P2, · · ·,Pt are different primes and a1, a2, · · ·, at arepositive 
integers. Then there is the familiar number theory function cf>(N) 
which indicates the number of positive integers not greater than N and 
prime to N. * If p is a prime number and a is a positive integer, then 

also 

where P1, P2, · · ·, Pt aredifferent primes. 
Then there is the A.-function defined in terms of the cf>-function as 

follows: 
A.(2a) = cf>(2a) for a = 0, 1, 2, 

A.(2a) = cf>~a) for a > 2, 

A.(pa) = cf>(pa) for p an odd prime, 

where Af is the least common multiple of 

2, p2, Pa, · · ·,Pt being different primes. t Finally, it is established that 
for two relatively prime integers s and N the value A.(N) is the largest 
possible for the exponent m for which the relations 

sm·= 1 (mod N), 

sn ~ 1 (mod N), n < m, 

* Euler, "Novi Comm. Ac. Petrop.," 1760-61, p. 74. Carmichael, "The Theory 
of Numbers," John Wiley & Sons, Inc., 1914, pp. 30-32. Dickson, "Introduction 
to the Theory of Numbers," Univ. of Chicago Press, 1929, Chap. I. 

t Cauchy, Comptes Rendus, Paris, 1841, pp. 824.-845. Carmichael, p. 53. 
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will hold, and that a value for s belanging to this exponent does exist. * 
Here it is convenient to consider separately numbers of the two 

classes-those for which X(N) = ~(N) and those for which X(N) 
< ~(N). For numbers of the first dass established theorems may be 
drawn upon to furnish a complete analysis. For numbers of the 
second dass, however, it will be necessary to extend ?- bit beyond the 
ground covered by previous workers, and the steps will be given in 
considerable detail. This procedure coupled with the inherent com
plexity will render the treatment for the latter dass much less compact 
and elegant than that for the former. 

Case I. X(N) = ~(N). 

From the defined relation between the ~-function and the X-function 
it follows that numbers of the dass such that 'A(N) = ~(N) are con
fined to the val ues 

1, 2, 4, pa., and 2pa., 

where p is an odd prime and a isapositive integer.t Fora nurober ]\T 

ofthisdass it is established that there exists a set of ~(~(N)) numbers 
r, such that 

(1) r>.<N> = 1 (mod N) and 

(2) rn ~ 1 (mod N), n < 'A(N), X(N) = ~(N). 

Such a nurober is known as a "primitive root" of N.i From the 
properties of the primitive root r of the nurober N as defined by rela
tions (1), (2) it follows readily that 

(3) r>.<N>f 2 = - 1 (mod_N), 

(4) rn ~ ± 1 (mod N), 0 < n <X(~), X(~) < n < X(N). 

First there will be considered the companion rela tions 

(5) 

(6) 

sd = - 1 (mod N), 

sb ~ ± 1 (mod N), b < d, 

and, from comparison with relations (3) and (4), these dearly are 
satisfied for s a primitive root of N and for d = X(N) /2. Tha t no 

* Carmichael, p. 54 and pp. 61-63. 
t Carmichael, p. 71. 
t Gauss, "Disquisitiones Arithmeticae," Art. 52- SS. Carmichael, pp. 65- 71. 

Dickson, Sec. 17. 
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value for d greater than X(N) /2 is possible is evident immediately. 
For Iet a be any integer prime to N. Then for some exponent k 

rk = a (mod N) and 

aXCN)/2 = rHCN)/2 = ± 1 (mod N). 

Next there will be considered the companion relations 

(7) 

(8) 

sd = 1 (mod N), 

sb ]i ± 1 (mod N), b < d. 

The reasoning just above shows that d cannot be greater than X(N) /2. 
Suppose for the moment that d has this greatest possible value X(N) /2. 
Relations (7), (8) then become 

sXCN)f 2 = 1 (mod N), 

sb ]i ± 1 (mod N), b = 1, 2, 3, · · ·, X(N)/2 - 1. 

These relations may be written 

(9) (s 112)XCN) = 1 (mod N), 

(10) (s 112) 2b ]i ± 1 (mod N), 2b = 2, 4, 6, · · ·, X(N) - 2. 

Now relations (9), (10), will be compatible with relations (1), (2), (3), 
( 4) only if X(N) /2 is an odd number, for otherwise the restrictions of 
relation (10) applying to the even numbered exponents from 2 to 
X(N) - 2 inclusive would be in conflict with relation (3). For X(N)/2 
an odd number, then, relations (9), (10), are satisfield for s 1' 2 a primi
tive root of N. Consequently, with relations (7), (8), X(N)/2 is the 
Iargest possible value for the exponent d, and a value for s equal to the 
square of a primitive root of N permits this to be attained. 

Case II. X(N) < 4>(N). 

The inquiry for this case will be divided into four parts. In general 
N = p1a1p2a2p3a3 • • • Ptat where p1, P2, p3, · · ·, Pt are different primes. 

(a) First will be considered the case where PI, P2, p3, · · ·, Pt are all 
odd primes. Then X(N) is the least common multiple of X(pia1), 

X(p2a2), X(p3a3), • • ·, 'A(ptat). Suppose now that the highest power of 2 
dividing any of the X's divides X(Pt'). If this samepower of 2 divides 
more than one of the X's, arbitrarily select X(piai) as one of them. Then 
this power of 2 will be exactly that occurring in X(N). Now arbitrarily 
select p1 as any one of the odd primes other than Pi· Then clearly 
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X(N) will also be the least common multiple of 

X(pta1), X(p2a2), • • ·, 'A(Pi-la;-1), X(~ia;)' 'A(Pi+Ia;+~), 

Now take 

r = gi2 (mod Pia;), gi a primitive root of Pia;, 

= gk (mod pkak), gk a primitive root of pkak, 

k = 1, 2, 3, ... 'j - 1, j + 1, ... 't. 

The r thus chosen must be prime to each of the prime factors of N, 
and hence must be prime to N. Consequently it is known that 

r"<N> = 1 (mod N). 

Suppose that m is the smallest exponent for which the congruence 

rm = 1 (mod N) 

is true. Then it is noted that the chosen r is such that m must be a 
multiple of 

X(pl .a;) 
"(p . a;-1) ' "(P· a;+I) 
1\ ]-1 ' 2 ' 1\ J+l ' 

and the least multiple common to these is, of course, X(N). Therefore 
it can be written that 

rX<N> = 1 (mod N), 

rb 71'= 1 (mod N), b < X(N). 

Now suppose that for some exponent n less than X(N) 

rn =- 1 (modN). 
Then 

r2n = 1 (mod N), 

and if n is less than X(N), 2n is less than 2X(N) and can only be equal to 
XCN). It would necessarily follow then that 

r>-<N>f 2 = - 1 (mod N), 

and it would follow in turn that 
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However, r has been chosensuch that 

This last relation is incompatible with the one immediately a bove, a nd 
it must be concluded that the assumption 

yn = - 1 (mod N), n < 'A(N) 

is false, and that for the r that has been chosen 

yA(NJ = 1 (mod N), 

rb ~ ± 1 (mod N), b < 'A(N) 

and no exponent greater than 'A(N) is possible. 
(b) N ext will be considered the case where P1 = 2, a1 = 1, a nd 

p2, p3, • • ·, Pt are all odd primes. Select p, as above and take Pi 
different from 2. Then take 

r=1 (mod2), 

= gi 2 (mod Piai), gk a primitive root of Pt i, 

= gk (mod pkak), gk a primitive root of P~.:ak, 

k = 2, 3, 4, ... 'j- 1, j + 1, ••• t 

' ' 

and the same Iine of reasoning may be repeated and the same con
clusions reached as under part (a) above. 

(c) Next will be considered the case where P1 = 2, a1 = 2 and P2 , 
p3, ···,Pt are all odd primes. Since 'A(2 2) = 2 take p, different from 2, 
and for simplicity take Pi as 2. Then take 

r = 1 (mod 4), 

= gk (mod pkak), gk a primitive root of pkak, 

k = 2, 3, 4, .. . ' t 

and the same Iine of reasoning may be repeated and the same con
clusions reached as under part (a) above. 

(d) Finally will be considered the case where P1 = 2, a1 > 2, a nd 
P2, p3, · · ·, Pe are all odd primes. Now 5 has the property tha t 

s>-< 2al) = 1 (mod 2a1)' 

Sb ~ ± 1 (mod 2a1), a 1 > 2, b < 'A(2a1). 
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So by taking 

r :=: 5 (mod 2a1), 

_::::: gk (mod pkak ), gk a primitive root of pkak, 

k = 2, 3, 4, ... ' t 

it is concluded immediately that 

fA<N> ::::: 1 (mod N), 

rb ~ ± 1 (mod N), b < X(JV). 

The preceding formal analysis for Case I and Case II may be 
summed up as having established the following general theorem: 

Ij N is a given positive integer and ij s is an integer prime to N, then tlze 
Zargest possible exponent d jor which the companion. congruen.cial relations 

sd ::::: ± 1 (mod N), 

sb ~ ± 1 (mod N), b < d 

will be true is X(N) /2 jor numbers such that X(N) = <J>(N) and ü X(N) 
jor numbers such tlzat X(N) < <J>(N), and a value for s betonging to tlzis 
exponent in each instance does exist. 

In order to apply the foregoing results to a practical case Table I 
has been prepared. In the left-hand column appear the numbers 5 to 
139, inclusive. In the next column is listed for each number the value 
of X(N) /2 or of X(N), depending upon whether X(N) = <J>(N) or X(N) 
< <t>(N). In the final column there is listed for each number a suitable 
value for the spread. There appears tobe no advantage of one spread 
figure over another, and the listing of additional acceptable values is 
omitted in the interest of economy of , space. For the numbers for 
which X(N) = <t>(N) and for which X(N) /2 is odd care has been taken 
tha t the listed spread figures areprimitive roots, and not the squares of 
primitive roots which were shown tobe equally acceptable. This fact 
will be recalled later. 

It was shown earlier that [(N- 1)/2] successive cable lengths 
would be the maximum possible number for an extended conductor 
unit to traverse without incurring repetition of at least one of the same
layer adjacencies which occurred in the first of these lengths. On 
referring to Table I it is seen that only for the prime numbers is this 
maximum attainable. The prime numbers are distinguished by the 
fact that for them X(N) /2 = (N - 1) /2, and each has been indicated 
by an asterisk. The composite numbers are seen to yield quite in
ferior results in general. 
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TABLE I 

Foreach N there is listed the value d and a value s for which the companion relations 
sd = ± 1 (mod N) sb 'rf: ± 1 (mod N), b < d 

determine the largest possible integer d. 

N d s N d s N d s 
---

5* 2 2 50 10 3 95 36 2 
6 1 5 51 16 5 96 8 5 
7* 3 3 52 12 7 97* 48 5 
8 2 3 53* 26 2 98 21 3 
9 3 2 54 9 5 99 30 5 

10 2 3 55 20 2 100 20 3 
11 * 5 2 56 6 3 101* so 2 
12 2 5 57 18 5 102 16 5 
13* 6 2 58 14 3 103* 51 5 
14 3 3 59* 29 2 104 12 7 
15 4 2 60 4 7 105 12 2 
16 4 3 61* 30 2 106 26 3 
17* 8 3 62 15 3 107* 53 2 
18 3 5 63 6 2 108 18 5 
19* 9 2 64 16 3 109* 54 6 
20 4 3 65 12 3 110 20 3 
21 6 2 66 10 5 111 36 2 
22 5 7 67* 33 2 112 12 3 
23* 11 5 68 16 3 113* 56 3 
24 2 5 69 22 2 114 18 5 
25 10 2 70 12 3 115 44 2 
26 6 7 71* 35 7 116 28 3 
27 9 2 72 6 5 117 12 2 
28 6 5 73* 36 11 118 29 11 
29* 14 2 74 18 5 119 48 3 
30 4 7 75 20 2 120 4 7 
31* 15 3 76 18 21 121 55 2 
32 8 3 77 30 2 122 30 7 
33 10 5 78 12 7 123 40 7 
34 8 3 79* 39 3 124 30 7 
35 12 2 80 4 3 125 50 2 
36 6 5 81 27 2 126 6 11 
37* 18 2 82 20 7 127* 63 3 
38 9 3 83* 41 2 128 32 3 
39 12 2 84 6 5 129 42 14 
40 4 3 85 16 3 130 12 3 
41 * 20 6 86 21 3 131* 65 2 
42 6 11 87 28 2 132 10 5 
43* 21 3 88 10 3 133 18 2 
44 10 3 89* 44 3 134 33 7 
45 12 2 90 12 7 135 36 2 
46 11 5 91 12 2 136 16 3 
47* 23 6 92 22 3 137* 68 3 
48 4 5 93 30 13 138 22 7 
49 21 5 94 23 5 139* 69 2 

* The asterisk indicates a prime number. 

For the benefit of the practical worker there must be described a 
slight deviation from the second simplifying restriction imposed at the 
beginning which will permit the maximum possibility to be realized if 
N is one plus a prime number. This artifice is based upon the fact 
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that for r a primitiv~ root of a nurober N for which 'A(N) = 4>(N ) and 
in particular for a prime nurober N 

r>-CN>t2 = - 1 (mod N ). 

This means that 'A(N) /2 consecutive splices with a spread r result in a 
spread of minus one. I t is readily shown that this in turn means that 
there will be two conductor units No. band No. b + 1 in the first Iength 
of cable which ultimately will be extended to connect respectively to 
units No. b + 1 and No. b. In Fig. 4 two units No. 6 and No. 7 meet 
this requirement. To illustrate the use of this artifice it will be sup
posed that a cable of 12 units is tobe spliced. Referring to Fig. 4. for 
guidance, the arrangement shown in Fig. 5 is set up readily. The 
first two columns indicate the splicing assignment, and the succeeding 
columns are then derived from these. The eleven units 1, 2, · · · , 5, 6, 
8, 9, · · ·, 11, 12 are assigned exactly in conformity with the scheme of 
Fig. 4, ignoring the break in sequence between No. 6 and No. 8. 
Unit No. 7 is then simply spliced to itself throughout. 

1 ---t 1 ---t 1 ---t 1 ---t 1 ---t 1 
2 ---t 3 ---t 5 ---t 1 0 ---t 6 ---t 1 2 
3 ---t 5 ---t 1 0 ---t 6 ---t 12 ---t 11 
4 ---t 8 ---t 2 ---t 3 ---t 5 ---t 1 0 
5 ---t 1 0 ---t 6 ---t 12 ---t 11 ---t 9 
6 ---t 12 ---t 11 ---t 9----t 4----t 8 
7----t 7----t 7----t 7----t 7----t 7 
8----t 2----t 3----t 5 ---t 1 0 ---t 6 
9----t 4----t 8----t 2----t 3----t 5 

10 ---t 6 ---t 12 ---t 11 ---t 9----t 4 
11----t 9----t 4----t 8----t 2----t 3 
12 ---t 11 ---t 9----t 4 ----t 8 ----t 2 

Fig. 5 

Undoubtedly there are other equally acceptable artifices for extend
ing further the practical scope of the simple results. The prime num
bers and the prime numbers plus one constitute nearly fifty percent of 
all numbers in the range in which the practical worker is Iikely to be 
interested, however, and when it is bornein mind that normally he has 
latitude in his choice of N it is seen that the material here presented is 
adequate for his needs. 

The writer is indebted to Dr. D. H . Lehmer for pertinent suggestions. 
The entire treatment for the case of numbers for which 'A(N) < 4> (N ) 
follows a line of attack suggested by lVlr. l\'larshall Hall, and but for hi s 
helpful interest this presentation would have been la cking in formal 
completeness. 



Contemporary Advances in Physics, XXIX 
The N ucleus, Fourth Part 

By KARL K. DARROW 

The earlier parts of this series have dealt with the charge, the mass, the 
stability or instability, and the liability to transmutation, of the atom
nucleus; this one deals with the two remaining properties which are ascribed 
to nuclei, to wit, magnetic moment and angular momentum. Since these 
exhibit themselves chiefly by influencing the spectra of the atoms to which 
the nuclei belang, the bulk of the article is concerned with various laws of 
atomic spectra; advantage is taken of the opportunity to describe some 
features of the electron-systems surrounding the nuclei, and to explain how 
the concept of the spinning electron enters into atomic physics. There 
follows an account of various experiments in which streams of atoms are 
deflected by inhomogeneaus magnetic fields, and the laws of the deflections 
indicate the magnetic moment or the angular momentum of the nucleus or 
both. Finally there is a summary and tabulation of existing knowledge of 
these quantities. 

THE NucLEus AS A QuANTIZED VECTOR 

UNDER this somewhat forbidding title I propose to discuss some 
phenomena-mostly spectroscopic, but in certain cases magnetic 

or even chemical-which are interpreted by supposing that the nuclei 
of atoms are endowed with two vectorial qualities, magnetic moment 
and angular momentum. One may say that these nuclei are to be 
visualized, no Ionger simply as particles possessed of mass and charge 
alone, but as bodies-usually, as congeries of particles both charged 
and uncharged-which are in incessant rotation: the spinning of the 
mass constitutes their angular momentum, the spinning of the charge 
a perpetual circular current-flow which is equivalent to a magnet. 
Why, then, should I not have entitled this section "The Spins and 
Magnetic :Moments of Nuclei"? Chiefly because it might have 
suggested, at the very outset, that nuclear spins and magnetic moments 
are observed as clearly and measured as directly, as are nuclear masses 
and charges: which in the main is not so. With only a couple of ex
ceptions (for magnetic moment) they are deduced from phenomena 
which certainly carry no obvious sign of their character. Indeed, 
what is called the nuclear angular rnomentum or the spin is distin
guished by a feature, which is altogether strange and foreign to angular 
momentum of ordinary wheels and gyroscopes and the other spinning 
things of daily life; and it is by virtue of this foreign and paradoxical 
feature-and not any of the familiar qualities of spinning things-

285 
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that the concept of "spin" is a valuable addition to atom-models. This 
feature it is which is responsible for calling the nucleus a "quantized" 
vector. But I need not further justify at this point my suggestion that 
spin is a quality both strange and remote from immediate experience, 
for this 'vill be only too evident in what is to follow. 

I t is desirable to make a longish excursion through some of those 
early-known and more-or-less familiar features of spectra, which are 
explained solely by calling into account the orbital or circum-nuclear 
electrons of the atom, without taking notice of any property of the 
nucleus excepting its charge which holds those electrons together. 
This excursion will have the incidental advantage of making us aware 
of the magnetic moment and the spin of the electron, though we cannot 
pause long enough to get an adequate appreciation of the scope and 
val ue of this concept of the "spinning electron." I t is best to simplify 
these preliminary steps as much as is conveniently possible, and 
therefore I will speak of a single spectrum only; yet not the spectrum 
of hydrogen, for this would carry simplicity rather too far. By a 
queer paradox of which we are destined to see altogether too much, 
it often happens in quantum mechanics that the seemingly-simplest 
of all cases-the ones to which one would go by choice for a start-are 
liable to a singularly-confusing complexity quaintly known as a 
''degeneracy." Let us therefore take sodium for our example. 

The sodium atom has a nuclear charge + 11e, and eleven orbital 
electrons, of which the eleventh or "valence electron" is sharply 
contrasted with the other ten. Employing the original atom-model 
of Bohr, one visualizes the ten as describing a network of interlacing 
close-packed orbits enclosing the nucleus as in a sort of cage, while the 
eleventh darts about in some sort of a far-ftung orbit which at one 
end may enter the cage, while the other end reaches far out into space 
(" penetrating orbits ") or a lternatively an entire orbit may encircle 
the cage completely, not entering it at all (" non-penetrating orbit "). 

\Ne now consider the major feature of the sodium spectrum- which 
indeed is the only feature of the absorption-spectrum of tranquil 
sodium vapor- a beautiful converging series of lines. All of the 
lines correspond to transitions between one and the same state, viz. the 
normal state of the sodium atom, and the various members of a 
sequence of abnormal or excited states. Theseare distinguished by an 
index n to which consecutive integer values are attached; and all 
tagether they are known as the P sequence, to distinguish them from 
other sequences of states which a fuller study of the sodium spectrum 
(not confined to the absorption-spectrum of the tranquil vapor) dis
closes. The t erminology, of course, is a detail. \Vhat is essential is, 
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that they are all discriminated from each other by something physical, 
and yet they all have something in common which distinguishes them 
as a whole from states of other sequences. As to the nature of these 
"somethings," the original theory of Bohr is perfectly explicit. All 
the states correspond to orbits of the valence electron; the different 
P states correspond to orbits of different but definite sizes and shapes; 
what all the P orbits have in common is, a common value of the angular 
momentum of the electron revolving in its orbit. 

To repeat Bohr's argument here would be an unjustifiable use of 
time and space. Let me merely recall that when it was applied to the 
hydrogen atom, it led to several extraordinary agreements with the 
data of experiment, to which others have since been added. To some 
degree these are transferable to the sodium atom, especially since the 
electric field in which the valence-electron of the sodium atom mostly 
revolves is extremely like that in which the electron of the hydrogen 
atom always revolves (i.e., beyond the "cage" to which I referred, 
the ten electrons of the cage effectively cancel the influence of the 
portion + 10e of the nuclear charge, leaving uncancelled only the 
field of a nuclear charge + e which is the same as the charge of a 
hydrogen nucleus). These agreements were the primary cause of the 
enormous roJe which angular momentum has ever since been playing 
in all atom-models. They were responsible also for the numerical 
values now assigned to angular momenta which figure in atoms; for 
according to the original theory, the orbital angular momentum of the 
P states is 2(h/27r), and all the other values which it may take for 
states of other sequences are other small-integer-multiples of (h j21r); 
and while these values have since been somewhat altered without 
impairing the numerical agreements on which they rested and on 
which now the new ones rest, it remains true that alt angular momenta 
occurring in a/om-models are expressed as multiples of Hh/2 1r), the 
multiplying factors being integers usually smaller than ten. 

As my words have already implied, there are various types of 
angular momentum nowadays fitted into atom-models, the one already 
described-hereafter tobe called the "orbital angular momentum "
being only one and the first. We turn now back to the principal 
series of sodium to discover why another type is required. 

Examined with a sufficiently good spectroscope, each "line" of that 
series is found to be actually a close doublet. These imply that each 
of what I have been calling the P states is actually a pair of states. 1 

(The confusion introduced into language by referring to one and the 
1 That it is not the normal state which is resolved into a pair is proved by various 

facts which it is not necessary to mention here. 
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same spectroscopic object sometimes as a line and sometimes as a 
pair or group of lines, and the corresponding confusion about states, 
are very bad impediments to clarity of exposition, but there is simply 
no way of getting araund them.) Such is in fact the case. The two 
members of a pair have a common value of the index n and a common 
value of the orbital angular momentum of the valence-electron, and 
yet there must be something physical which distinguishes them. To 
leap at once to the conclusion: in the atom-model, this something is 
orientation. 

But, orientation of what with respect to what? \Ve have as yet 
introduced only one outstanding direction, only one vector, into the 
atom-model. The outstanding direction is that of the normal to the 
orbital plane of the valence-electron; the vector is the orbital angular 
momentum. To these it is necessary to supply a second vector,-as 
it turns out, a second angular momentum. 

Since it may occur to some reader that the natural place to seek 
this angular momentum is among the electrons of the cage-that we 
should begin by assigning a net or resultant angular momentum to the 
ten electrons which we have hitherto so much neglected-1 will recall 
that such was actually the first suggestion. I t prevailed during the 
early twenties, and was generally accepted; but it suffered from 
certain disadvantages, which now there is no particular reason for 
retelling at length. Yet it was of the greatest assistance in preparing 
the ground and the technique for the suggestion which superseded it 
in the middle twenties, that the second angular momentum is to be 
ascribed to the electron itself; the electron is to possess, like the earth, 
not only a motion of revolution but also a motion of rotation. (As 
for the ten electrons of the cage, their angular momenta both of rota
tion and of revolution are so oriented as to balance one another out, 
and we have made no error in neglecting them.) 

Now there are two vectors and two directions in the model of the 
sodium atom: that of the axis of the rotating electron, and that of the 
normal to the orbit-the spin momentum and the orbital momentum. 
To speak of different orientations of the one with respect to the othcr 
is now sensible. But different orientations must correspond to differ
ent energies if they are to explain the data, since the t'vo lines of a 
principal-series doublet are separate and distinguishable because and 
only because the two members of a pair of P-states diffcr in energy. 
\Vhy should they? 

This happens to be the casiest question of the lot, or at any rate 
the one which can be answered from classical physics. The rotating 
electron is a magnet, by virtue of its whirling chargc. Also it bchaves 
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as though it were moving through a magnetic field, and this is not so 
easy to grasp, since we have postulated merely that it is revolving 
in the electrostatic field surrounding the nucleus and the cage of inner 
electrons. Yet if we were to shift our frame of reference and imagine, 
not the nucleus standing stilland the valence-electron revolving around 
it, but the electron standing still and the nucleus revolving around 
it-then we should have no difficulty in realizing that the revolving 
nucleus, being a charge describing a closed path, and being therefore 
equivalent to a current, would produce a magnetic field. Reverting 
now to our original frame of reference, we may bring the magnetic 
field back with us, and say that the spinning electron revolves both in 
the electrostatic field aforesaid and in the magnetic field, and its 
energy is influenced by both. This is not a very sophisticated way of 
looking at the matter, and there is a tricky little relativistic detail in 
the shifting of the frame of reference, which produces an error of a 
factor 2 if disregarded; bu t i t serves to bring out the idea. The energy 
of the valence-electron in its orbit is affected by this quasi-magnetic 
interaction due ultimately to the fact that it is a magnet moving 
through an electrostatic field; and the ·mlue of the energy depends on the 
orientation-on the angle e between the axis of the magnet-electron 
and the normal to the orbital plane. One now sees readily that there 
will be a minimum energy occurring when these two directions are 
parallel, and a maximum energy occurring when they are anti-parallel. 
But why then do we not find the individual P-state spread out into 
a continuous band of states corresponding to all the energy-values 
between these two extremes, and all the infinity of different Orienta
tions between the value 0° and the value 180° of the angle e? 

This is no question which classical physics can solve. The fact 
that the individual P-state, or what would otherwise be the individual 
P-state, is split into two instead of into an infinity-this fact implies 
tha t only two orien ta tions occur in nature, are "permi tted," as the 
phrase is; and this instance of quantization of direction, like all the other 
instances of quantization, is a consequence of the quantum-mechanical 
constitution of the world. l\1ore lucid instances occur when the atom 
with its electrons is immersed in an applied magnetic field of known 
intensity; that is, when sodium vapor is exposed to the measurable 
field of a Iarge-sized magnet, and its spectrum is observed. \Ve will 
take up some of these instances before beginning with the assignment 
of spin to the nucleus. 

\Nhen a magnetic field of moderate strength is applied to sodium 
vapor, each of the doublets of the principal series is split up into a 
pattern of several lines or "components." I can no Ionger say that 
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the P-states themselves are split up into as many components as are 
the lines: that was a happy coincidence while it lasted, but it does not 
repeat itself henceforward (nor usually) . From the subdivision of the 
lines it is necessary to deduce the subdivision of the initial and the 
final states of the corresponding transitions: that is a classical task of 
spectroscopy, which we may assume to have been achie\·ed. It is 
found that the normal state of the sodium atom (not betonging to the 
P sequence) is resolved by the magnetic field into two components, 
while of each pair of states belonging to the P sequence, one is resolved 
into two and the other into four components. Incidentally, the 
Separations of these components areproportional to the strength of the 
magnetic field. It appears, therefore, thal the sodium atom possesses 
properties of a magnet, quantized in direction; or rather, that in 
different states it is equivalent to different magnets, since in certain 
states it has two permitted orientations in the field, while in others it 
has four. 

As might be guessed, the magnet to which the atom-as-a-whole is 
equivalent is a sort of resultant of the two magnets, spinning electron 
and "orbital magnet," which have already been separately inserted 
into the model. This quantum-mechanical resultant, however, pos
sesses a couple of peculiarities, into which we shall have to Iook rather 
carefully. To Iead up to them, it is desirable to Iook at the two special 
cases in which (a) there is no spin and (b) there is no orbital angular 
momentum, so that the resultant reduces to a magnet of one of the 
two types. Strictly speaking, case (a) never occurs in sodium, but to 
work it out is useful, nevertheless. 

I have spoken of the electron revolving in its orbit as being equivalent 
to an "orbital magnet": now is the time to fortify that statement by 
giving a cardinal relation between the magnetic momentofthat orbital 
magnet (not now the magnetic moment due to the electron-spin !) 
and the angular momentum ofthat orbital motion. I t is sufficient to 
work out the relation for a circular orbit. Let r stand for the radius 
of the circle, v for the speed of the electron, n( = v j21rr) for the nurober 
of times per second that the electron runs around the circle; e for the 
charge, m for the mass, p for the angular momentum of the electron, .1ll 
for the magnetic moment of the system. The revolving electron is 
equivalen t to a current 2 ne fc flowing in a circuit enclosing the area 
1rr2 ; the magnetic moment of such an affair is equal to the current
strength times the enclosed area: 

..:1/ = (ne/c)n-r'\ (1) 
2 Thc factur c cnters in becausc e is commonly cxprcsscd in clcctrostatic units, 

whereas in cquation (1) thc current must be cxprcssed in electromagnctic units. 
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while for the angular momentum, we have: 

p = mvr, (2) 

and eliminating vr between (1) and (2), we get : 

Jl![jp = ej2mc. (3) 

Here we have on the left the ratio of magnetic moment to angular 
momentum, a very important quantity for all these categories of atomic 
and subatomic magnets. It is equated to ej2mc, a value which is 
correct whenever we are dealing with the magnet constituted by the 
orbital motion (not the spin !) of an electron; this equation in fact is 
valid for any sort of an orbit described in a central field, and is one 
of the few that have survived unamended all of the stages in the evolu
tion of Bohr's original theory into quantum mechanics. I will rewrite 
the equation thus: 

Mjp = g(e /2mc), g = 1, (4) 

and this is meant to imply that for other categories of atomic and 
subatomic magnets, the ratio of the moments is not always equal to 
e/2mc, which is true. In general it . is the custom to characterize 
any one of these magnets by giving its value of g. Orbital magnets, 
then, are characterized by the value unity jor the g-factor. 

We next ascertain the energy which the orbital magnet possesses by 
virtue of being in the applied field II. Letting a stand for the angle 
between the direction of the field and the axis of the magnet, we find 
for the torque exerted on the magnet by the field, 

T =- MHsin a (5) 

and integrating to obtain the energy in question, 

U = fTda = MH cos a. (6) 

This we now write as follows: 

U = C~fiijp)p cos a = (geii/2mc) p cos a, (7) 

and here is as good an opportunity as any to recall a well-known 
theorem of classical mechanics, fundamental in the theory of the 
gyroscope. \Vhen a torque is acting upon a rotating body, the body 
precesses around the direction of the field responsible for the torque; 
and if the torque be equal to a constant To times the sine of the a ngle 
between the field-direction and the axis of the rotating body, then the 
angular velocity w of the precession is equal to the ratio between To 
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and the angular momentum of the rotation.3 This ratio is the one 
enclosed in parentheses in equation (7): we may therefore write: 

U = wp cos a. (8) 

The precession of which w is the angular velocity is known as the 
Larmor precession. To keep this precession in mind as a feature of the 
atom-model is usually desirable, though not constantly necessary. It 
must be supposed to occur not only when an atom is immersed in an 
extraneous magnetic field, but also when two of the subatomic magnets 
within a single atom are influencing one another. 

\Ve have treated the (non-existent) extreme case in which there is 
nothing but the angular momentum and the magnetic moment of the 
orbital motion of a single electron tobe taken account of; we turn now 
to the other extreme in which there is nothing but the spin of a single 
electron to be taken into account. \Yere we still confined to the 
original atom-model of Bohr, this case would be equally non-existent; 
for no electron-orbit could have a vanishing angular momentum unless 
it were a straight line passing to and fro through the nucleus, and this 
was formerly excluded as unthinkable. Quantum mechanics, how
ever, assigns the value zero to the angular momentum of a valence
electron in a state of the S sequence (to which the normal state of the 
sodium atom belongs). vVhether the Student prefers to visualize a 
straight-line "orbit" for such a case, or a spherical cloud of charge or of 
"probability-of-charge," is to some extent a matter of taste, though 
usually the latter is the better policy. For such a state, there is no 
angular momentum and there is no magnetic moment save those of the 
electron-spin itself. 

To this spin of the electron-whether isolated as in this extreme 
example, or compounded with an orbital motion into a resultant
we are compelled by various reasons to assign the value 2(e /2mc) for 
that important ratio of magnetic moment to angular momentum. 
Otherwise expressed: the spin oj the electron is clzaracterized by tlze 1.•alue 
2 jor the g-factor. 

There is a classical argument for this assertion, based on an evalua
tion of the ratio in question for a sphere of homogeneaus charge rotating 
about an axis passing through its centre. There is a morc powerful 
quantum-mechanical argument, based on thc fact that whcn Schroed
inger's fundamental equation of wave-mechanics was amended by 
Dirac to be conformable with relativity, there appearcd in it a term 
attributable to a whirling chargc with a g-factor of 2. Apart from 

3 Slater and Frank, "lntroducti011 to Theoretical Physics," Chaptcr X. 
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this last, the strongest argument is furnished by the validity of the 
verifiable formula for the g-factors of various atoms in various states, 
which we shall presently be deriving. For, inasmuch as in nearly 
every state of an atom there are both electron-spins and electron
orbits, and the net magnetic moment and net angular momentum of 
the atom are sorts of resultants of these, the g-factor of the atom-as-a
whole varies from state to state and from one kind of atom to another 
in · a remarkable fashion, which imposes a stringent test on the con
temporary atom-model. 

In explaining how this test is satisfied, I can no Ionger postpone 
specific numerical statements about the angular momenta of electron
orbits and electron-spins and the atoms into which these enter. 
These statementswill be made confusing by the fact that to each one 
of these angular momenta it will be necessary to assign two different 
numbers. This is one of the impediments which are unavoidable in 
fitting visualizable atom-models to the results of quantum-mechanical 
theory, and which to avoid, some theorists would be willing to forego 
models altogether. 

Were it not for this impediment, I could say quite simply that in 
every P-state of the sodium atom, the valence-electron has a spin, 
with angular momentum !(hj21r), and is moving in an orbit with 
angular momentum (hj21r); that as regards the two members of each 
of the aforesaid pairs of P-states, these two angular momenta are 
oriented parallel for one member and anti-parallel for the other, so that 
the net angular momentum of the atom-as-a-whole is !(h/27r) in one 
case and 'f(h/27r) in the other; that when an atom with a net angular 
momentum of !(h/27r) is exposed to an applied magnetic field, it 
orients itself either parallel or anti-parallel to the field, so that the 
projection of its angular momentum upon the field-direction is either 
+ !(h/27r) or - !(h/27r); that when an atom with a net angular 
momentum of 'f(h/27r) is exposed to an applied magnetic field, it 
orients itself in one or another of four permitted ways so that the 
projection of its angular momentum upon the field-direction is either 
+ 3/2 or + 1/2 or - 1/2 or - 3/2 times hj21r. 

This sort of thing is frequently said in the literature, and one must 
realize its limitations. The trouble is', that quantum mechanics 
prescribes for theseangular momenta (but not for their projections on 
the field-direction !) magnitudes which differ from those which I 
have been giving. For the spin s of the electron, it substitutes 
.,Jlj2. 3/2(h/27r) for !(h/27r); for the orbital motion l in the present case, 
it substitues .,JD for the factor unity whereby (h/27r) was multiplied; 
in the two values j' and j" of angular momentum of the atom-as-a-
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whole, it substitutes ..J 1/2 · 3/2 and ...f3 /2 · 5 /2 for the factors 1/2 and 3/2. 
In orderthat these new values of j' and j" may be resultants of s and l, 
it is necessary that the angular momenta of orbital motion and of spin 
should be neither quite parallel nor quite anti-parallel to one another
the two per~itted values of the angle between them must differ from 
0° and 180°; and this also is admitted by quantum mechanics. The last 
two clauses of the foregoing paragraph remain, however, unchanged. 

Then why not say from the outset that the spin of the electron Iias 
the magnitude ..J1 /2 · 3/2(h/27r), and that all the other angular momenta 
occurring inside an atom have the magnitudes assigned to them by 
quantum mechanics? Inertia of habit, sanctified by years of earlier 
theories, is itself a mighty obstacle: after so long a time of saying that 
the electron-spin is 1/2, the world of physics could scarcely get ac
customed to saying that really it is ..J1/2 ·3/2 (in terms of hj 21r as unit). 
There is also a difficulty of printing to be considered: these numbers 
have often to be used as subscripts; it is bad enough to print 1/2 or 
3/2 as a subscript, without resorting to their quantum-mechanical 
substitutes. The most serious reason, however, is, that the origin~l 
1/2 and 3/2 (and, of course, their analogues in the many other kinds of 
atomic states) lend themselves uniquely weil to stating how many 
permitted orientations there are. Thus in the present example, I 
quoted 2 and 4 respectively as the nurober of permitted orientations 
in a magnetic field, of certain P states for which the angular momenta 
were designated asj(h/27r) andj had the values 1/2 and 3/2 respectively. 
I was reminded of those numbers by the rule that they are equal to 
(2} + 1). Had I kept in mind only the magnitudes ...J3[4 and..J15 /.f 
assigned by quantum mechanics to these angular momenta, the rule 
would not have been available. 

One should therefore keep in mind both the "marker" or "quantum
number" of an angular momentum, of which the foregoing 1/2 and 1 
and 3/2 are examples; and the numerical value assigned by quantum
mechanics to the magnitudeofthat angular momentum. Fortunately 
this is rendered easy by the fact that there is a general formula for the 
latter in terms of the former, with which we can now make acquaint
ance in the course of taking a deeper plunge into the lush notation of 
spectroscopy; as follows: 

The angular momentum of electron-spin has the quanttun-nurober 
s and the magnitude ..Js(s + 1), and s is always equal to 1/2. 

The angular momentum of the orbital motion of an electron has the 
quantum-number land the magnitude , IJ(l + 1) , and t may have the 
various values 0, 1, 2, 3 · · ·. 

The angular momt~ntum of the atom-as-a-whole has tlw quantum-
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nurober j and the magnitude .V j(j + 1); for the sodium atom j may 
have the various values 1/2, 3/2, 5/2 · · · . 

I next give the rule for compounding the last of these three angular 
momenta out of the first two, it being as I earlier said a "sort of re
sultant" thereof. 

Rule for compounding l and s into j. If l is greater than s, start 
with the numerical value of (l + s) and write down all the sequence of 
numbers spaced at unit intervals from (l + s) to (l - s) inclusive: 
to wit (l + s), (l + s - 1), (l + s - 2), · · · (l - s). These (2s + 1) 
numben:; are the permitted values of the quantum-number j. lf on 
the other hand s is greater than l, start with the numerical value of 
(s + l) and write down all the sequence of numbers spaced at unit 
intervals from (s + l) to (s - !) inclusive : to wit, (s + !) , (s + l - 1), 
(s + l - 2) · · · (s - l). These (2l - 1) numbers are the permitted 
values of the quantum-number j. 

(lt will be noticed that this rule is much more generally phrased 
than is required for the case of sodium, where s = 1/2, and it suffices 
to say thatj = 1/2 for l = 0 andj = l ± 1/2 for l > 0. If, however, 
we were dealing with an atom having more than one valence-electron, 
s might be replaced by a quantum-number different from 1/2-not 
because the individual electrons would have new values of spin, but 
because the spins of two or more of them would be compounded- and 
the generat phrasing of the rule would then be required). And now, 
to close (temporarily) the sequence of quantum-numbers and of rules: 

Suppose the atom immersed in a magnetic field of strength I-I, 
parallel to the z-direction. I t may then take any of several distinct 
permitted orientations, these being denoted by various values of a 
quantum-number m;. In any such orientation the projection of the 
angular momentum of the atom-as-a-whole upon the z-direction or 
field-direction is equal to m;(h /2-n-). To ascertain how many per
mitted orientations there are and what are the corresponding projec
tions, start with the numerical value of j and write down all the 
sequence of numbers spaced at unit intervals from + j to - j, inclu
sive: to wit,j,j- l,j- 2, · · · - j. These (2j + 1) numbers are the 
permitted values of the quantum-number m i· 

\Ve now start out upon a train of r~asoning which Ieads to the 
remarkable verifiable formula already once alluded to, the successful
ness of which speaks more powerfully than any other single test for the 
rightness of this elaborate hypothetical structure which has been 
devised for the atom. 

Note, in the first place, that the rule given above for the permitted 
orientations of the atom in the applied magnetic field is in accordance 
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with a major fact of experience: the energy-values of the atom in its 
various "magnetic Ievels," as I shall hereafter call them, are known 
from spectroscopy to follow upon one another in a uniform evenly
spaced sequence. This is just what the rule requires: for if J.lf denotes 
the magnetic moment of the atom and 01 the angle which it makes with 
the z-direction, the energy due to the lield is equal to Jl!!I cos ei, 
which is 1111-I(Hz;/~ j(j + 1), and this changes by uniform steps as m 
is changed from each of its permitted values to the next. 

Now recalling the importance of the ratio of magnetic moment to 
angular momentum, and noticing that 111/~ j(j + 1) is none other 
than this ratio, and introducing the g-factor of equation (7), and the 
precession w of equation (8), we may write for ~ U the energy-difference 
between one magnetic Ievel and the next: 

~ U = g(e/2mc)II = w, (9) 

so that a measurement of the energy-difference or separation of two 
magnetic Ievels of an atom gives immediately the value of g for that 
atom. One sees at once how to make a special test of the value 2 
assigned to the g-factor of the electron-spin; for when the sodium 
atom is in any state for which l = 0, it is the spinning valence-electron 
which contributes the whole of the magnetic moment and the angular 
momentum of the atom; and when from the spectrum of sodium vapor 
in the magnetic lield the value of ~ U is determined for these states, 
it is precise]y the va]ue 2(e/2mc)I-I which is found. 

To get a notion of what actually happens in the generat case, it is 
best to take a sheet of paper and make a graphic composition of the 
angular momenta. These three-s, l, and j, to denote them by their 
quantum-numbers-are to be laid down as a triangle having sides of 
the lengths ~s(s + 1), ~l(l + 1), and ~ j(j + 1); for convenience I 
drop out the common factor h/27r for the next few lines. The cosines 
of the three angles are obtained in terms of the sides by applying the 
well-known trigonometric formula and getting three equations of which 
here is one, 

s(s + 1) = l(l + 1) + j(j + 1)- 2~/(l + 1)~j(j + 1) cos 81, i· (10) 

The magnetic moment of the orbital electron-motion is a vector 
parallel to land of the length g(e /2mc)~l(l + 1), with unity put as the 
value of g. The magnetic moment of the electron-spin is a vector 
parallel tos and of the lcngth g(e/2mc).Ys(s + 1), with t·wo put as the 
value of g. Owing to the inequality of these g factors, the resultant 
of the magnetic momcnts is not parallel to j. \Vc could easily calcu
latc its magnitude and direction, but they are not relevant. I t is 
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to be presumed that s and l are constantly revolving or precessi ng 
around the direction of j,- the triangle aforesaid is constantly re
volving around its side j as a fixed axis, while retaining its size a nd 
shape unchanged. If we resolve the resultant angular momentum 
into a component parallel to j and another component perpendicular 
to j, the latter will be forever changing in direction and its average 
will vanish, leaving only the formeras a perpetual constant. Butthis 
former component we can evaluate by projecting separately upon the 
j-direction the magnetic moments associated with orbital motion and 
spin, and adding the two projections. Thus for the magnetic moment 
of the atom-as-a-whole we get an effective average which is a vector 
parallel to the angular momentum of the atom-as-a-whole, and it is of 
the magni tude: 

J1Ia = ["l(l+1) cos Oz, i + 2-vs(s + 1) cos Os , J 21~zc;~ (11) 

(where I have restored the factor h j21r-). If we work this out with the 
aid of (10) and the similar equation for cos Os, ;, and then divide it by 
the angular momentum (lz j21r-) .Vj(j + 1) and by e/2nzc, we get the 
g-factor jor the atom-as-a-whole-commonly denoted by g1-in terms of 
the quantum-numbers s, land j: 

= 1 +j(j + 1) + s(s + 1) - l(l + 1) 
gl 2j(j + 1) ' (12) 

and this is the celebrated g-formula, which is tested by applying 
magnetic fields H to atoms, splitting their stationary states into 
clusters of Ievels, measuring the separation between successive Ievels 
of a duster, equating it to w = g(e/2mc)I-I, evaluating g and compar
ing it with the value which the right-hand member of (12) assumes 
when in it s, land j are given the values appropriate to the state from 
which the cluster of Ievels was formed. So great is the variety of 
atomic states, so great the nurober of different triads of values of 
s, l, j represented among them, that the study of even a single element 
like sodium produces many different checks of the validity of (12); 
and since many different elements have been studied, the total of the 
available verifications of the g-formula, and therefore of the intricate 
network of its underlying ideas, is considerably impressive. 

The temptation of going onward and onward into the details of these 
properties of the extranuclear electrons and their orbits is difficult to 
resist, but it must be overcome, for the field is practically endless. 
I must add only, that when an atom possesses two or more valence-
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electrons, their orbital momenta lt, l2 • · · are likely 4 so to orient them
selves as to form a fixed resultant L, and their spin-momenta St, 

s2 · · • are likely to orient themselves so as to form a fixed resultant S; 
then L and · S are likely so to orient themselves as to form a tixed 
resultant J, following in so doing the rule of page 295. Considered as 
quantum-numbers, J and S may have half-integer values only (1 /2, 
3/2 · · ·) or full-integer values only (0, 1, 2 · · ·) according as the number 
of valence-electrons is odd or even, while L for any atom may have full
integer values only. The three resultants are vectors of magnitudes 
, rJ(J + 1), ~S(S + 1) and ~L(L + 1). The g-factor associated 
with L is unity and the g-factor associated with S is two, and the 
value of g for the atom-as-a-whole is given by (12) with capital letters 
replacing the small ones; so that the g-formula is verifiable with atoms 
of all kinds, as I intimated before. A final point: one might expect 
the conplexity to go on increasing tremendously from one end to the 
other of the Periodic Table, but there is a counteraction. In all 
atoms excepting the lightest, most of the electrons have oriented their 
orbits and their spins in such a way that they have interlocked them
selves into groups or "closed shells" for which L is zero and S is zero 
and J is zero and the magnetic moment is zero, as have the ten elec
trons of the "cage" of the sodium atom to which I alluded. The so
called valence-electrons are those few which have not been locked 
into any such a cage. It is this quality which makes the Periodic 
Table periodic; but this must be left for some other place. 

\Ve arrive atlastat the nuclear moment. 
Suppose that even with these spins and these orbital motions of all 

the extra-nuclear electrons, we have not yet exhausted the internal 
angular momenta of the atom, and that the nucleus itself possesses 
one. Suppose, to be specific, that the nucleus has an angular momen
tum with a quantum-number I and a magnitude ~I(I + 1)(h/27r), and 
a propensity for orienting itself in distinct permitted directions with 
respect to the othe'r angular momenta of the atom. How shall we 
detect this, and how shall we determine I? 

I t is practically necessary to be yet more specitic. One could 
probably not teil a priori whether the nuclear angular momentum 
would tend to orient itself with special respect to individual electron
momenta, or with special respect to some resultant or in particular to 
that grand resultant of all electron-momenta which we have denotecl 
by J. However, in the cases which have been successfully analyzed, it 

4 This is the description of what is known as "Russeii-Saunders coupling" or 
"LS coupling"; in certain statcs of ccrtain atoms, thc mutual orientations of thc 
\·ectors conform to different schcmcs. 
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turns out that the last condition is the one which prevails. Suppose 
then that I compounds itself with J according to the following rule. 
repeated word-for-word with appropriate changes of symbol from the 
rule for compounding s and t into j: 

Rule for compounding I and J into F. If I is greater than J , start 
with the numerical value of (I + J) and write down the sequence of 
numbers spaced at unit intervals from (I + J ) to (I - J ) inclusive: 
to wit, (I+ J), (I+ J- 1), (I+ J- 2), · · · (I- J). These 
(2J + 1) numbers are the permitted values of the quantum-number 
F. lf J is greater than I, start with the numerical value of (J + I ) 
and write down the sequence of numbers spaced at unit intervals from 
(J + I) to (J - I) inclusive. These (2I + 1) numbers are the per
mitted values of the quantum-number F. 

The quantum-number F refers to a vector of magnitude ..J F(F + 1) 
(h/2Tr), which has taken over from J the role of the angular momentum 
of the atom-as-a-whole, being the resultant of J and of the nudear 
angular momentum I. 

Now if all these suppositions are correct, we may expect to find not 
individual states, but whole serried dusters of states, corresponding to 
individual values of J. If out of the manifold term-system of an 
atom we select a state for which J = 1/2, one for which J = 3/2, one 
for which J = 5/2 and so on as far upward as our knowledge extends, 
we may expect on dose scrutiny to find that these apparent states are 
actually dusters, each duster comprising a number of states which for 
one or two or more of the lowest values of J may be equal to (2J + 1), 
but for higher values reaches and remains at a Iimit which we identify 
as (2I + 1). 

\Vhat is observed with the spectroscope, though, is not the indi
vidual state, but the line which reveals a transition between two 
different states. \Vhat in a feeble spectroscope appears as a single 
line, and is attributed to a transition between two states with resultant 
electronic angular momenta (I fear no shorter term will serve hence
forth) j' andj", should in an excellent spectroscope appear as a duster 
of lines due to transitions between the several members of two dusters 
of states. 

This again is exemplified by the principal series of sodium. As I 
said earlier, this appears in a feeble spectroscope as a series of single 
lines, each of which is resolved by a good spectroscope into a doublet. 
This structure, by the way, is called the "fine structure" of the lines; 
and this it is which indicates that the P-states of sodium are dose 
pairs, and which thus invites and requires the introduction of the 
quantum-numbers j and s and the spin-momentum of the electron. 
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\Vith a very good spectroscope indeed, each member of each principal
series cloubiet is in its turn resolved into a pair. This structure is 
called the 11 hyperfine structure" of the lines; and this i t is which indi
cates that a still further subdivision of the states is necessary, and 
invites and requires the introduction of the quantum-numbers Fand 
I and the angular momentum of the nucleus. lndeed, the concept of 
the nucleus as a quantized vector was invented or discovered (which
ever word the reader may prefer) during the interpretation of hyper
fine structure of spectrum lines. 

Hyperfine structure of lines or states (for the name is applied 
to both) is usually more crowded and compact than fine structure, 
and yet there are exceptions: the fine structure of hydrogen is much 
harder to resolve than the hyperfine of (say) the familiar mercury 
lines 2537 and 5461, which itself was called fine before the theory was 
developed. These structures, however, are generally near and often, 
it is tobe suspected, beyond the utmost capacities of the most refined 
of optical instruments; whence, in many cases, extraordinary diffi
culties in measuring or even estimating the separations, the relative 
intensities, actually the mere number of the distinct lines forming a 
hyperfine pattern; observers of great skill will often disagree with one 
another, and judgment will often depend on a photograph taken with a 
spectroscopic instrumentsuch as an echelon or an etalon, which Iooks 
totally different from the pictures obtained with gratings or prisms. 
Perhaps this last is an advantage after all, as it discourages attempts 
by the inexpert to interpret published photographs. Often several 
different isotopes of an element produce different patterns which 
signify different values of I, and are so nearly superposed on one another 
as to make analysis superlatively hard. Hyperfine structure is for 
the present, and quite probably will be forever, the 11 last frontier" 
of spectro.scopy. 

The task of deriving, from the hyperfine line-pattern connecting 
two states or (better) state-clusters, the hyperfine subdivision of the 
state-clusters or "hyperfine multiplets" themselves, is again an ex
ample of the classical function of spectroscopy, which we shall take as 
having been achieved. Actually it involves, of course, the use of 
selection-principles, themselves connected with the atom-model, but 
ornitted frorn this article in order not to complicate it still more. 
Some confusion rnay be prevented if I state that in our favorite case of 
sodium, where the fine-structure splitting of the principal-series lines 
implies a splitting of the P-states only, the hyperfine splitting implies 
something more complex: it is due jointly to hyperfine structures of 
hoth the P-states and the normal 5-state, the latter being predominant. 
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We now consider briefly the methods of determining the quantum
numbe~ I of the nudear angular momentum. 

(a) The ideal tnethod is the one already described: investigate line
dusters connecting state-dusters of as many different values of J 
as there are; ascertain thus the nurober N of states per duster; verify 
that N is equal to (2J + 1) whenever J is less than or equal to some 
particular value Jm (say), and that it is equal to (2Jm + 1) whenever 
J is equal to or greater than J m· All this being verified, the value of I 
must be Jm. 

One seldom if ever finds such a programme as this worked out very 
fully. The difficulties seem to be that, at best, it is a Iot of work to 
analyze the hyperfine-structure of even one line, Iet alone a great 
number; while at worst, lines connected with states of certain J-values, 
high ones especially, may be quite unobservable; also there is the 
striking fact that in a given spectrum a very few Iines or even one 
alone may have their hyperfine-structures spread out so much more 
broadly than all the rest, that research is practically concentrated on 
them alone. (One hears so much about 4722 of bismuth as almost to 
have it blotted from mind that bismuth has other lines!) But of 
course if one is willing to accept without test the rule for compounding 
the vectors I and J, then it suffices to discover and analyze a state
duster for which N is less than (2J + 1). 

(b) The intervals between the members oj a state-cluster may give a due 
to the value of I. These intervals are of course energy-differences, and 
the fact that they exist shows that there are forces between the spin
ning nudeus and the system of revolving and spinning electrons which 
surrounds it. If these forces are magnetic, then they may reasonably 
be expected to vary as the sine of the angle 0 r. J between the angular 
momenta of nudeus and extranudear electron system; for either the 
magnetic moments of these two will be parallel to the respective angu
lar momenta, or else (by the reasoning of page 297) their non-parallel 
components will presumably change so rapidly as to be ineffective, 
leaving only the parallel components to be detectable. Comparing 
the different orientations of I and J which correspond to the several 
values of Fand thus to the states of the duster, one sees that their 
energies-or rather, the parts W F thereof which are due to the inter
action-should then vary as cos Or. J: putting for which the formula 
based on (10) 

F(F + 1) - I(I + 1) - J(J + 1) . 
WF = const. 2 ~I(I + 1).V J(J + 1) (13) 
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Insert in (13) the permitted values of F, which are (2I + 1) or (2J + 1) 
in nurober according as J is or is not greater than I, and are spaced at 
unit intervals from (I + J) downwards (page 299); call them, in order 
of descending magnitude, Fm, Fm-h Fm-2 · · ·. Form the 2I or 2J con
secutive first differences between the so-computed permitted values of 
JV F; call them ß Wm, ß Wm-1, ß Wm-2, · · · Then as is readily worked 
out, 

~Wm: ßlVm-1: ßWm-2 • • • ::Fm: Fm-1: Fm-2 • • • 
: :(I+ J) :(I+ J- 1) : (I +J- 2) 

The successive energy-differences or intermls should stand to one 
another as the successive members of the chain of integers (or half
integers, as the case may be) stepped off at unit intervals and Stretch
ing from (I + J) downwards.5 

This is an inter·val-rule based on a specific notion of the intra-atomic 
forces (the sine-law aforesaid), and having analogues in the parts of 
atomic theory having to do with the interactions between electrons 
the extra-nuclear electrons only. If verified, it enables one to deter
mine (I + J) and therefore I from the analysis of a single duster of 
states with a single value of J, even when J is smaller than I and the 
preceding method wou ld fail. l\1 uch use has been made of this 
method, and there are a few cases in which a fairly accurate measure· 
ment of a chain of intervals has shown that it closely agrees with a 
chain of consecutive integers or half-integers, though more usually the 
intervals are small and the measurements rough and it is merely as
sumed that there is perfect agreement with that particular succession 
of half-integers or integers with which there is the nearest apparent 
agreement. 

(c) The relati21e intensities of the members of a line-cluster are capable 
of giving information about the quantum-numbers of the states which 
they connect, provided one adapts quantum-mechanical formulae 
developed for transitions into which the nuclear angular momentum 
does not enter. The formulae are of appalling complexity, while 
intensity-measurements, especially when one is working so near the 
Iimits of the possible as when hyperfine-structure is being measured, 
are notoriously liable to error. This method is probably to be classi
ned as by far the least reliable, for the present at any rate. 

o The biggest interval may be that between the highest and the next-to-highest 
energy-value, or that between the lowest and the ncxt-to-lowest; whichever case is 
realized gives a clue to the "sign" (page 318) of the magnetic moment; usually the 
former corresponds to a positive, the latter to a negative momcnt, but features of 
the extra-nuclear electron-system may cause this statement to be reversed. lnci
dentally, relative intensities of lines also have a bearing on the sign of the mument. 
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(d) The pizenamenon of alternating intensities in band-spectm serves 
to reveal the spins of a few kinds of nuclei, andin a very interesting ancl 
reliable way, but must be left foranother occasion. 

There remain the methods which involve the use of a magnetic 
field in one way or another, and some of which incidenta lly teil most of 
what we know about the magnetic moments of nuclei, though nowhere 
near so amply or so exactly as we should like. 

First it must be said that the analogy between the vectors I a nd J 
on the one hand, LandS on the other, which thus far has been so full 
and helpful, breaks down completely when the atom is exposed to a 
magnetic field of ordinary strength. \Vere the analogy perfect, an 
atom in a state distinguished by the quantum-number F for its total 
angular momentum would act as a rigid spinning body and would be 
able to assume (2F + 1) discrete orientations in the magnetic field , 
corresponding to (2F + 1) magnetic Ievels. This would be true of each 
of the (2I + 1) or (2J + 1) states comprised in what I have been 
calling a "cluster" with a common value of J , though the value of 
F and hence of (2F + 1) would differ from one state to the next . 
The magnetic levels would be distributed in groups, each corresponding 
to a different value of F. The numbers in the different groups would 
be unequal. The total nurober for all the groups or states of the cluster 
would amount, as the reader can figure out, to the product (2! + 1) 
X (2J + 1). 

I t is altogether probable that this is precisely what does happen in 
magnetic fields so weak as not to separate the magnetic · Ievels per
ceptibly (their separation being then, it will be recalled, proportional 
to the field-strength). Yet in fields strong enough to produce a 
measurable effect, the disposition of the magnetic Ievels has only one 
thing in common with this hypothetical distribution. Their total 
number is precisely (21 + 1) (2J + 1). They are, however, distrib
uted in (2J + 1) groups, each consisting of (2! + 1) Ievels; as though 
first of all the atoms were to forget their nuclear angular momentum 
and remember only their electronic angular momentum, and were to 
orient themselves in the field in the (2J + 1) different ways which were 
prescribed for them (page 295) while the nucleus was still being neg- · 
Ieeted; and as though then they were to remernher the nuclear a ngular 
momentum, and were to allow for it by adopting, in place of each 
separate one of the (2J + 1) very different orienta tions, a group of 
(2I + 1) orientations differing only a little from it a nd from each 
other. 

This rather animistic idea is not very far from the model commonly 
conceived . I t is supposed that in the strong magnetic fi eld t he nucleus 
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is somehow broken away from its interlocking with the system of 
extra-nuclear electrons; not in the sense that it is torn out of the 
system or that its electrostatic attraction for the electrons is sus
pended, but in the sense that somehow or other the rule for the com
pounding of I and J into various values of a resultant vector Fis done 
away with. The system of electrons with its angular momentum J 
chooses among (2J + 1) orientations with respect to the field, just as 
if the nucleus were not there; and the nucleus chooses among (21 + 1) 
orientations with respect to the field, just as if the electronic system 
were not there. N ucleus and electrons, I and J, are said to be "de
coupled" from each other; it is supposed that their angular momenta 
precess each at its own rate separately around the direction of the 
field. 6 

This account suggests that the energy-values of the magnetic Ievels 
would be given by the various values of the expression 

JlfJI cos eJ, H + AfnH cos er. H, (14) 

where 0 J, H and 0 J, H Stand for the inclinations Of the angular ffiO
menta J and I with respect to the field-direction, while Jlfe and Jlf n 
signify the magnetic moments of the extra-nuclear electron-system 
and of the nucleus, or, if these magnetic moments be not parallel to 
J and I respectively, then their projections upon the directions of 1 
and I. The different groups of Ievels would then correspond to 
different permitted values of cos eJ, H, the different Ievels of any one 
group to different permitted values of cos e I, H· The first term, one 
might say, would determine the (2J + 1) separate energy-values which 
would occur if there were no angular momentum of the nucleus, while 
the second term would subdivide each of these into a group of (2I + 1) 
Ievels. 

I t is found, however (as we shall later see) that the magnetic mo
ments Af n of nuclei are always so very small by comparison with those 
of extranuclear electron-systems, that the second term of (14) is 
quite negligible. We have therefore to Iook for some other cause for 
the observable subdivision. This cause is thought to be the force 
between the moments of the nucleus and the electron-system. \\'e 
assumed it tobe overborne by the strong field in sofaras its ability to 
control the quantized directions of the angular momenta is concerned, 

6 The analogy of I and J with Land S is restored when the impressed field is very 
strong, for then Land S arc similarly decoupled from one another-" Paschen-Back 
effect" as distinguished from the "Zeeman effect" which we have hitherto been con
sidering. Thus it is roughly correct to say that hyperfinc structure reacts to a weak 
magnetic field as fine structurc docs to a strong onc, though this statement should 
be carefully qualified if use were to be made of it. 
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but now must suppose it still tobe potent enough to affect the energy 
of the atom. I t adds a third term to (14) which is supposed to be of 
the form const. Meilf n cos fh, H cos fiJ, H, but in any event will have 
(2I + 1) distinct values for every value of J, and is not necessarily 
(or anyhow is not known tobe) too small to account for the observed 
separations between the members of each group. I t therefore allows 
us to estimate I by counting the members of such groups and equating 
their number to (2I + 1), and this (when available) is one of the most 
acceptable ways of determining the angular momentum of the nucleus. 

With a spectroscope one counts, as always, not the number of 
Ievels but the number of Iines connecting them with some other 
family of Ievels, and expects that the two numbers will not be the same. 
By a rare if not unique coincidence, however, they are the same: the 
selection-principle which is involved is such, that each group of 
Ievels produces a group of an equal number of Iines, or (in other words) 
if the influence of the nucleus resolves every state of the atom in a 
magnetic field into a group of (2I + 1) different Ievels, then it also 
resolves every Iine connecting two such states into a group of (2I + 1) 
different lines. There are in the Iiterature magnificent photographs 
of the spectrum Iines of bismuth exposed to a magnetic field, each Iine 
under high resolution exhibiting ten components and proving the value 
9/2 for I. 

It is, however, sometimes possible to count the Ievels directly, by 
sending a beam of fast-moving atoms through an inhomogeneaus 
magnetic field which spreads it out into a diverging fan of smaller beams 
or pencils, each consisting exclusively of atoms having a certain 
distinctive value for the projection of the magnetic moment upon the 
field-direction. This requires a great refinement of the celebrated 
method of Gerlach and Stern, a refinement which has been achieved 
by Rabi and his school. 

\Ve take, as usual, sodium for our example. Consider a narrow 
beam of sodium atoms, moving with uniform speed along the x-direc
tion into a region pervaded by a magnetic field which is parallel to the 
z-axis, and of which the magnitude li varies as rapidly as possible with 
z. \l\Tere it not for this variation of H with z, nothing would happen to 
the beam, for (to make the crudest possible picture) each atomic 
magnet would have both its north and its south pole exposed to the 
same field-strength, and one would be pushedas hard as the other was 
pulled, resulting in no net force upon the magnet and no deflection. 
But when the field varies with z and the atomic magnet is oriented 
otherwise than at right angles to the z-axis, the north and the south 
pole will be exposed to different field strengths, there will be a resulting 
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force and a resulting deflection of the flying atom. Force and deflec
tion will increase with the z-component of the ni.agnetic moment of the 
atom, and atoms with different values of this component will go in 
different directions. 

First we disregard the influence of the sodium nucleus. The sodium 
atoms in experiments of this type are always in their normal state, 
for which I recall that l = 0 andj = s: the angular momentum and the 
magnetic moment are exclusively those of the spin of the valence
electron, the former having quantum-number 112 and magnitude 
~!(! + 1) (hl27r), the Iatter being parallel to the former and having 
magnitude g(el2mc) times the magnitude of the angular momentum, 
with 2 for the value of g. Having this value, the angular momentum 
of the atom may orient itself in either of the two ways which are crudely 
(page 292) called "parallel" and "antiparallel" to the field, though 
it is better (page 293) tothink of the two permitted inclinations to the 
field -direction as being arc cos! I , 1 !(! + 1) and arc cos (- ! I"!(! + 1)). 
Half of the atoms are so oriented that the ~ . ')nent of their mag-
netic moment is !g(el2nzc)(hl27r), the othe o;3o that the z-com-
ponent has the negative of this value: th _. ;{ 1 is split into two, 
diverging oppositely and symmetrically f ~<3 1 he axis of x. The 
detection of this splitting is the Gerlach-StE 7'r.periment. 

Now we suppose that the sodium nucleus n angular momentum 
of quantum-number I, as a result of which t vo orientations afore-
said are not really two, but actually are tw• ' PS of (2! + 1) not-
very-different orientations apiece. The p1 1 ·~ m is, to refine the 
method sufficiently tobring out the fact (if it 1s' :act) that each of the 
two apparent beams aforesaid is actually a c r>se group of several, 
and to count the several. 

I t is necessary to lengthen out the path of the atoms in the inhomo
geneaus magnetic field, since the Ionger their exposure to the deflecting 
agent lasts, the farther the separate beams are drawn apart; this 
means magnifying the scale of the apparatus and the volume which has 
tobe kept evacuated, and carrying to a very high pitch the geometrical 
accuracy of its design, since the initial not-yet-separated beam must be 
exceedingly narrow and must be shot forth in a very-exactly-adjusted 
direction from its source into the field. I t is essential also to reduce 
the broad distribution-in-velocity which the atoms mve to the fact that 
they come out of a furnace (in which sodium is being vaporized) with 
t he random velocities ofthermal agitation appropriate to the tempera
ture of the furnace, and wh h would more than suffice to mcrge the 
beams which it is now clesir to separate. One gathers that cven at 
prcsent it would not be po. 1ble to make the wishccl -for separa t ion, 
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were it not for one more feature of the laws of the behavior of atoms 
and their internal angular rnornenta in the rnagnetic field. 

I have described at length how, in magnetic fields of the field
strengths custornary in spectroscopy, where the angular rnornenta I 
and J of nucleus and electron-system are 11 decoupled" and orient 
themselves independently in the field, each state with a given value of 
J is converted into (2J + 1) groups of (2I + 1) Ievels apiece. But in 
no field at all, I and J are "coupled" into a resultant F, or rather into 
one or another of several such resultants; and I mentioned that there is 
reason to suppose that, in fields very much weaker than the custornary 
ones, this coupling subsists and the atom orients itself as a single 
entity in the field. I emphasized then (page 303) that different as are 
these two extremes, they have one feature in cornrnon: the total 
nurober of the Ievels corresponding to a single value of J, which at 
both extremes is (2I + 1) (2J + 1). The practical usefulness of this 
theorem is diminished by the fact that some of these levels may have 
identical values of er >rm • but in the atom-model they are nevertheless 
distinct. ~· ... 

One naturally g\t. ·:hat as the field-strength is increased from 
11 very weak" to "<., 'ary," each Ievel of the one extreme passes 
over into a Ievel of . l~her extreme, so that for any field-strength 
low, intermediate or . there are always just (2I + 1) (2J + 1) of 
them. There arise t: .,' ~he lesser problern of ascertaining the 4 4 cor-" . relation," i.e. which }P ,, ,,Jf the one extreme goes over into which of the 
other; and the grea \~roblem of ascertaining just how, for each of 
these continuously-d 1.ce Ievels, the energy-value and the cornponent 
of the magnetic mo .. ent along the field-direction-which Iatter de
termines the deflection, and which Iet us call Mz-vary with the field
strength H. Formidable theoretical articles have been written on 
both of these problems, culminating in rules for the former and formulae 
for the latter. They were worked out originally for the behavior of the 
vectors L and S in applied magnetic fields, but are translated into 
rules and formulae available for our present interests by simply re
placing these vectors with I and J and making corresponding changes 
in the g-factors.7 For such an atom as hydrogen or sodium in its 
normal state, for which J = t. I will quote the formula from Breit 
and Rabi. 

7 Strictly one should take into account the influence of the magnetic field on the 
interrelations between Land S and on those between I and J simultaneously, but it 
usually happens that when H is increased to a rnagnitude which already suffices to 
decouple I and J pretty thoroughly, it is not Yf I great enought to do much to the 
coupling between L and S. I have spoken of lis range of magnitudes as "cus
tomary," on the ground that it is usual in ex1 ·•ments on the Zeeman effect; but 
there is no good single word for qualifying it, inl, n uch as it is simultaneously weak 
with respect to the (L, S) coupling and strong w h respect to the (1, J) coupling. 
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Wehaveseen that in the absence of magnetic field, the normal state 
is subdivided into two by the influence of the nuclear angular mo
mentum I and its coupling with J. In one of these-call it N'-the 
vectors I a_nd J are nearly parallel, and their resultant, the angular 
momentum F of the atom-as-a-whole, has the quantum number (I + J) 
which is (I + !) ; in the weak field where the coupling is not broken, 
and the state N' maintains its identity, the number of permitted 
orientations is (2F + 1) which is (2I + 2). In the other- call it 
N"-the vectors I and J are nearly anti-parallel, and F has the quan
tum number (I - !) ; in the weak field the number of permitted 
orientations is (2F + 1) which is 2I. Adding, we get for the total 
number of magnetic levels the value (4I + 2), which is equal to 
(2I + 1) (2J + 1) as I stated. In the weak field, the different 
Ievels are distinguished by their values of the magnetic quantum
number rn, which is defined by saying that the projection Fz of the 
angular momentum (of the atom-as-a-whole) on the field-direction is 
equal to m(h/27r). The permitted values of 1n are (I+ !), (I - !), 
(I - -fr) • • ·, - (I - !), - (I+ !). The first and the last of these 
values are attached each to a single Ievel, belonging (in the weak 
field) to the state N'; each of the others is attached to a pair of Ievels, 
one belonging to the state N' and the other to the state 1.V". 

We know that each of these Ievels maintains its identity as the 
field-strength is increased, even when the coupling of I and J into F 
is broken down and theseparate states N' and N" lose their identities. 
We wish to know how the value of lvfz for each Ievel is varying as the 
field increases. Let a stand for 2m/(2I + 1); Iet b stand for the energy
difference between N' and N"; Iet g stand for the g-factor associated 
with the extra-nuclearelectron-system and with the angular momentum 
J; Jet x stand for (gjb )(elf j2mc) (hj21r). The formulae of Breit 
and Rabi are as follows 8 : 

a+x 
Mz = ± "2( 1 + 2ax + x2) 112 g(e/2nzc)(h/27r) (16) 

For the Ievels characterized by the extreme values of m('l:iz., ± (I+ !)) 
and initially belonging exclusively to N', the first factor is equal to one 
half and the two levels are distinguished by the two choices of sign, 
and J.fz is independent of field-strength. \Vith respcct to the other 
values of m, the situation is more complex and curious. A single value 
of m., say (I- ! ), corrcsponds to two different values of J.lfz which are 
equal in magnitude and opposite in sign; the opposite value of m, 

8 Perhaps it is not superfluous toremarkthat in the factor (e/2 mc), the symbol m 
a lways stands for electron-mass, never for magnetic quantum-number. 
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in this case - (I - !), also corresponds to two different values of Mz 
which are equal and opposite, and each of which at zero field-strength 
(but not for H = 0) coincides with one of the previous two. Now 
consider any two of these values of llfz which correspond to equal and 
opposite values of m and coincide with one another at /I= 0. As 11 is 
increased from zero, these two are altered in opposite senses, and one 
of them actually passes through zero and then reverses at its sign at a 
certain value of field-strength (m and hence a are negative, and 111z 
vanishes when x = a) while the other is shifted in the opposite sense 
and never vanishes (m and a are positive). 9 We shall presently see 
(page 310) that this behavior is the basis of one of the methods of 
evaluating I. One more peculiarity of these equations must be 
stressed: the magnetic momen t of the nucleus nowhere appears in 
them! This becomes evident when the field-strength is put equal to 
zero and x vanishes, for then the several values of the right-hand 
member of (16) become simply the projections, upon the field-direction, 
of the magnetic moment of the extra-nuclear electron-system. Thus 
we have the paradox that in these experiments the magnetic field gives 
us information about the nucleus by virtue of the force which it exerts 
upon the atom, and yet this force is exerted practically upon the 
electrons alone, and not to any perceptible extent upon the nucleus. 

The laws expressed in equation (16) have thus far assisted in 
three ways in the study of the nucleus: 

First, in respect to the experiment which I was describing (page 306) 
when I began on this detour: as II is decreased from what I called the 
"customary" magnitude, the (21 + 1) Ievels constituting each of the 
there-mentioned groups draw gradually apart-i.e. they differ more 
and more in respect of the value of the component of the magnetic 
moment along the field-direction, which is what controls the deflec
tion. The experiment must therefore be performed with field
strengths 11 which are sufficiently low, much lower than those cus
tomarily employed in the Gerlach-Stern experiment or in spectroscopy; 
and this is one of the distinctive features of the technique of Rabi and 
his school. Narrowness of the beam is all the more required, since 
dli /dz must be ]arge enough to produce considerable deflection, and 
if both its value and the breadth of the beam in the z-direction were 
large, II could not be small in every part of the beam. The beam 
must also be made nearly homogeneaus in speed, and this is done. by a 

9 Exception must be made for pairs of values of Mz, both members of which corre
spond to m = 0 and vanish at H = 0; each member of such a pair departs farther 
and farther from zero, to equal extents in opposite senses, as H is increased from 
zero. 
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clever utilization of the law embodied in (16), for which I must refer to 
the original papers.-\Vhen the experimentwas performed on sodium, 
it was found that the beam is split into eight components instead of 
merely two,. proving the value 4 for the factor (21 + 1) and the 
value 3/2 for the quantum-number of the nuclear angular momentum. 

Second, suppose an experiment clone by measuring the number of 
atoms which go through the deflecting field entirely undeflected. 
These are the atoms for which NI~ = 0, and in ideal conditions there 
would never be any such a toms, excepting a t one of the particular 
values of field-strength for which the M~ of one (or rather, two at a 
time) of the Ievels mentioned on page 309 is passing through zero; in 
actual conditions one would expect the curve of the number-of
undeflected-atoms versus the field-strength to exhibit peaks. On 
examining equation (16) one may see that there would be one peak 
for I = 1 or 3/2, two for I = 2 or 5/2, three for I = 3 or 7/2, and 
so on.10 The number of peaks by itself thus gives a partly ambiguous 
indication, but the ambiguity can be resolved by another theorem 
deducible from (16): if we denote by H1, H2, · · · the absciss~ of the 
consecutive peaks, then all the intervals (H i - H i-I) are equal in 
any case, but the value of H1 is equal to the half or to the whole of their 
common value, according as I is a full integer or a half-integer.-The 
curve for caesium was found to display three peaks, and the second 
criterion showed that the value of I is a half-integer, therefore 7/2. 

Third, when Mz is found by measuring the deflected beams in an 
apparatus where field and field-gradient are accurately known (not a 
stringent requirement in either of the two previous cases), one may 
use equation (16) to compute b: thus determining the "hyperfine
structure" separation between two states without an optical measure
ment! This has been clone with both varieties of hydrogen, the heavy 
isotope and the light, because for these very important atoms the 
separation in question is far too small to be detected by any optical 
device: the method of magnetic deflection has proved itself the superior 
of the long-established arts of spectroscopy, hitherto regarded as the 
ne plus ultra of subtlety and refinement.ll The results of these experi
ments are mostly quoted for their bearing on the magnetic moment 

lo Not counting the peak at H = 0 which (it is obvious) must always appear but 
has no bearing on the value of I. 

11 I should, however, perhaps make exception for the most delicate of thesc, which 
is the derivation of hyperfine structure from observations on the resonance radiation 
produced by polarized light acting on atoms of gases in magnetic ficlds, and is 
practiced by Ellett and his school at the University of Iowa. The complcxity of 
the theory forbids a description of the method in this place, but several values of I 
have been obtained by it. 
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of the nucleus, that vector quality of which till now next t o nothing 
has been said. Little indeed can be said about it with assurance, 
but we must consider at least that Iittle. 

I recall that the magnetic moment of the extra-nuclea r electron
system is very simply ascertained by measuring the magnetic split
ting-up of the stationary states, i.e. the energy-differences between the 
different orientations of an atom in an applied magnetic field , because 
it enters directly into the formula for those energy-differences ; but 
although the nucleus itself produces a further splitting-up which in its 
turn is measured, the situation is so much more complicated that these 
measurements have no interpretable bearing on the value of the 
nuclear magnetic moment. For protium and for deuterium, the two 
isotopes of hydrogen, the magnetic moment of the nucleus has been 
directly measured by a magnetic-deflection method. For all the 
other kinds of atoms we are obliged to infer it by theory from the 
measured values of the energy-differences between the states of what 
I called a ci uster, which are alike in respect of I and J and differ in 
respect of the mutual inclination of these vectors. 

The theory can at least be illustrated by a quasi-classical derivation, 
though the differences between this and the quantum-mechanical 
metbad are not slight. One first visualizes the valence-electron as a 
charged particle running araund and araund its orbit, equivalent 
therefore to a steady current running araund the orbit and producing a 
magnetic field at all points within the orbit and in particular at the 
point occupied by the nucleus; the nuclear magnetic moment is sub
jected to this field, and when it is shifted from one to ' another of its 
permitted orientations a certain amount of work must be clone (or 
received) and constitutes the energy-difference in question. Supposing 
a circular orbit with radius r and angular momentum p, the argument 
commences like that of page 290; we have pej21rmr2c for the strength of 
the equivalent current, pefmr3c for the field-strength which it pro
duces at the centre of the circle where the nucleus is; we conceive the 
nucleus as having a magnetic moment M parallel to its angular mo
mentum; we assign the quantum-number I tothisangular momentum 
and the quantum-number t tothat of the orbital motion of the electron, 
thus conceiving these as vectors having the magnitudes ~ I (I + 1) 
(hj21r) and ~l(l + 1) (hj21r), which last is what I have been calling p. 
If we could ignore the spin of the electron, t could be replaced by 
J, and the torque exerted by the field upon the nucleus would be 
A1(pejmr3c) sin er, J· There would be two or more permitted values 
of Or, J corresponding to the various states of the cluster, a nd we 
should get the corresponding energy-values U by writing : 
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u = :AJ(pefmr3c) cos e [. J 

= :AI(efmc)(r-3)~J(J + l )lz j21r cos Or, J, 
(17) 

and using expressions based on equation (13) for the cosine. Finally 
we should form the differences between the right-hand members of these 
equations, and equate them to the observed energy-differences between 
the states of the duster, and solve for :Af. 

Even this formula, when applied to the data, gives values of :Af of the 
same order of magnitude as do the more el;_borate ones; otherwise 
there would be no point in quoting it. There is, however, very much 
tobe done to improve it. There is the magnetic field produced at the 
nucleus by the spin of the electron. There is the alteration required 
by relativity. There is the task of applying quantum-mechanical 
rather than quasi-classical reasoning to the postulates. The pro
cedure is strongly supported by the fact that it is copied from the 
argument which, in the theory of the interaction between the spin and 
the orbital angular momentum of the valence-electron, Ieads to a 
wonderful expl_anation of the fine-structure of the hydrogen spectrum. 
It is, however, certainly not perfect, since when applied to different 
states of a particular kind of atom it is Iikely to Iead to different 
values of the nuclear magnetic moment, a result which either shows 
some of the mathematical methods of approximation to be faulty or 
eise is a reductio ad absurdum of one or more of the postulates. The 
problern is in fact one of the great unmastered problems of atomic 
physics, and some believe that it is wrong to postulate that the nucleus 
can be regarded, in its interactions with the extra-nuclear electrons, 
as nothing but a simple magnet attached to a body having mass and 
charge. I shall therefore say nothing further about it, except for 
quoting the formula oftenest used in cases such as those of sodium and 
hydrogen, where the energy-difference b in question (to follow the 
notation of page 308) is that between the two members of a pair of 
states for both of which L = 0 and J = S = 1/2, while for one of 
them F = I - J and for the other .F = I + J: 

( 
2I + 1) b = (87r/3) -I- Al(eh/47r111C)'1'2(0), (18) 

the last symbol standing for the square of the value which the Schrocd
inger wave-function has at the nucleus, which is known exactly for 
hydrogen and approximately for other one-valencc-electron atoms; 
the formula is due to Fermi. Applying this formula to the values of b 
for light and heavy hydrogen which they had ascertained by the 
magnctic-deflection mcthod (page 310), Rabi Kcllogg and Zacharias 
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got values for the magnetic moments of proton and deuteron 12 which 
are of the order of one one-thousandth of those associated with elec
trons. These values are stated (for a reason which may be obvious 
but will be set forth presently) as 3.25 and as 0. 7 5 times the quantity 
(eh/47rmpc), where mp stands for the mass of the proton ; the uncer
tainty is given as 10 percent for the former, about 25 percent for the 
latter. 

There remain the experiments whereby J.,f was directly determined, 
for protons and for deuterons, from the force exerted by an inhomo
geneaus magnetic field on the nuclear moment itself. One cannot use 
the bare proton for such an experiment, since owing to its charge it 
would suffer, as it flies through the magnetic field, an electrodynamic 
force and a deflection by comparison with which the others would be 
trivial. One cannot use the isolated hydrogen atom, since just as in 
the case of sodium which we considered at such length, the force ex
erted by the field upon the 'magnetic moment of its electron would 
far outweigh that exerted on the nucleus. There remains the hydrogen 
molecule, which in its normal state has the convenient feature that the 
spins of its two electrons are oriented anti-parallel (in the loose sense 
of the term) and cancel one another out, while the angular momenta 
and the magnetic moments of their orbital motions likewise vanish. 
This seems to remove all the possible competitors to the nuclear 
moments, but there arises another which does not occur in individual 
atoms: the rotation of the molecule-as-a-whole, which has an angular 
momentum and a magnetic moment. This magnetic moment, 
however, is o(the same order as those of the nuclei, and its contribu
tion to the net magnetic moment of the nuclei can be estimated and 
subtracted from theirs. As for the nuclei, they may set themselves 
with their spinseither parallel or antiparallel; 13 in the latter case their 
magnetic moments cancel one another, and observations on such 
molecules teach us only about the rotation, knowledge which is useful; 
in the other case their magnetic moments add, and the data of the 
experiment yield a value which is double the moment of the individual 
proton-or of the individual deuteron, according as the molecule is 
formed of two light atoms or two heavy atoms of hydrogen. 

12 This substitute for the names deuton and diplon, by which the nucleus of the 
H2 atom (deuterium or "heavy hydrogen") has usually been known in America and 
England respectively, was recommended at a recent meeting of the American Physical 
Society by Dr. Urey, the discoverer of deuterium. 

13 This implies that nuclei conform to rules of quantization in direction relative to 
one another similar to those for electrons. This is true, and is superbly demonstrated 
by observations on band-spectra and by the chemical separation of the two kinds of 
hydrogen molecules (" ortho-hydrogen" and ''para-hydrogen") here mentioned; 
but the story is much too lang for this place. 
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The experiments were performed by Stern and his school. They 
are extremely delicate, owing to the excessively small value of the 
magnetic moment and hence of the deftection. lndeed, they might 
have been beyond instead of within the Iimits of the possible, \vere it 
not for two distinctive features of hydrogen: the just-mentioned doub
ling of the moment due to the parallelism of the spins of two nuclei, 
and the fact that a beam of slow-moving molecules can be utilized, 
because hydrogen does not have tobe heated in a furnace in ordertobe 
vaporized, but will emerge as a molecular beam through a hole in the 
wall of a chamber no warmer, indeed very much colder, than the 
temperature of the room itself! For the magnetic moment of the 
proton, Frisch and Stern give 2.5 (eh/47rmpc) with an uncertainty of 
"at most 10 per cent"; forthat of the deuteron, Estermann and Stern 
say that the value is between 0.5 and 1.0 times (eh/47rmpc). 

\Ve now turn to the ensemble of the estimates of nuclear angular 
momenta and öf magnetic moments, and the la\\'S and rules which 
they seem to obey. 

Estimates of I have by now been made for some fifty-five elements; 
but this is not an adequate statement to make, for the nuclear angular 
momentum is one of those qualities-as I shall presently stress
which may vary from one isotope to another of a single element, and 
there are already several cases in which values of I have been reliably 
assigned to two or more different isotopes. The great majority are 
derived from optical analysis of hyperfine-structure; four or five 
from magnetic-deftection experiments; about ten from alternating 
intensities in band-spectra, most of these last being checked from the 
hyperfine structure of line-spectra. 

The values are of very unequal merit, some being derived inde
pendently and concordantly from several different properties of 
hyperfine structure (pages 301-302), some being further sustained by 
deductions from band-spectra, while others are guesses based on a few 
rough observations of intensities or intervals. The unreliability of 
these last is of a type not to be described by giving a most-probable
value coupled with a probable error. A critical and analytical review 
of the Iot by a neutral expert is badly needed. 

The first thing which strikes the eye on viewing a tabulation is the 
immense preponderance of half-integer values of spin; but this is only 
one sign of the most important of the rules of nuclear momenta, which 
is one of the most important of the rules of nature. I recall that 
the "mass-number" A of an atom is the integer nearest to the value 
of its mass expressed in terms of one sixteenth the mass of the common
est oxygen atom as unit. The rule, then, is: 
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Atoms oj odd mass-number lzave half-integer or "odd" spins; while 
among the atoms oj even mass-number, two oj the lightest have the jull
integer or "even" spin oj unity, while all the rest display no hyper
fine-structure at alt and tlms probably have the "even" spin-value zero 
(though we must never forget the possibility that the Iack of Ob
servable hyperfine-structure means that the magnetic moment is very 
small, the clusters of states therefore so compact that the spectroscope 
cannot resolve the hyperfine pattern, and the value of I therefore un
ascertainable). 

Although not every kind of atom has yet been studied, the number 
of cases on which this rule is based is already so considerable that the 
discovery of an exception would be a sensation of the first order. 
Among the most striking exemplifications of the rule are those afforded 
by elements of many isotopes. l\1ercury, the outstanding example, 
displays a hyperfine-structure of wondrous complexity, which has been 
very successfully interpreted by assigning the value 3/2 of I to its 
odd isotope of mass-number 201 (Hg201), the value 1/2 to its odd isotope 
Hg199, and the value zero to its four principal even isotopes Hg 198, 
Hg200, Hg2°2 and Hg204 ; the lines attributed to these isotopes stand to 
one another in the intensity-ratios deduced from the relative abund
ances of the isotopes as measured by Aston. Cadmium has two odd 
isotopes for both of which I = 1/2, and several even ones exhibiting 
no hyperfine structure at all. Several elements have two isotopes, 
both of odd mass-number; in some of these cases both have the same 
value of I(e.g. gallium 3/2, rhenium 5/2), in other cases they differ 
(e.g. rubidium 3/2 and 5/2). The outstanding and very-certainly
known case of hydrogen is distinguished by the values 1/2 for the 
light and 1 for the heavy isotope. 

(It may occur to the reader that if, say, four isotopes of mercury 
display no hyperfine-structure, then everything that I have heretofore 
said implies that their spectrum-lines and Ievels ought to coincide 
absolutely and be indistinguishable. These are, however, slightly 
separated, owing, it is presumed, to very slight differences in the fields 
surrounding nuclei of different isotopes even when they all belong to 
the same element and have the same nuclear charge and indistinguish
able moments. The phenomenon, which is known as "isotope shift," 
is likely to be much studied in the theoretical physics of the near 
future). 

As we go along the Iist of the atoms of odd mass-number from the 
lightest to the heaviest, the value 1/2 for I appears at the start; the 
value 3/2 at mass-number 6; 5/2 at A = 35; 7/2 at A = 83; 9/2 (the 
highest yet inferred) at A = 93. Further observations may change 
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these numbers somewhat, but it seems fairly assured that the higher 
values first appear later than the lower. Yet the 10\ver and even the 
lowest appear repeatedly a11 through the Iist; for the five mostmassive 
atoms for which I is known, its values are 1/2 for Tl 203 , Tl 205 , and Pb2o7, 
9/2 for Bi209 and 3/2 for Pa231 • There is no sign of a periodic variation; 
the random fashion in which the display or the Iack of detectable 
hyperfine structure are sprinkled among the elements would be 
sufficient proof that it is of nuclear origin, even were there no theory. 

\Ve recognize thus that I is a quality of nuclei which depends upon 
nuclear mass (not charge !) lVIoreover, everything connected with 
the concept of nuclear angular momentum-the behavior of the 
extranuclear momenta L and S and J of which it is an analogue, the 
nature of the phenomena which it is contrived to explain, the values of 
I deduced from these phenomena-all these things imply that I is a 
quantum-vector compounded out of the individual angular momenta 
of individual particles composing the nucleus, the quantum-numbers 
of theseindividual momenta being, like that of their resultant, integer 
multiples of 1/2. The very simplest model would consist, of course, 
of particles all having identical angular momenta of quantum-number 
1/2. 

Now there are two leading schemes for imagining a nucleus-let 
us say, of atomic nurober Z and mass-number A-as systems of 
minuter particles. According to the one, it consists of A protons and 
(A - Z) negative electrons; according to the other, of Z protons and 
(A - Z) neutrons.l 1 It would be correct to say that the former was 
the leading scheme until about two years ago, the latter now; but as the 

, facts about nuclear momenta and nuclear magnetic moments have had 
much to do with bringing on this change of favor, I will not take it for 
granted in advance. 

If we take the nucleus to be a congeries of protons and negative 
electrons, then we are postulating a system of which a11 the particles 
are known to have spins of quantum-number 1 /2-the simplest 
conceivable system, as I said; and \Ve should sti11 have in reserve the 
possibility of assigning orbital motions with orbital angular momenta 
to some or all of the particles, should it ever seem desirable. But if 
we take the nucleus to be a congeries of protons and neutrons, we are 
introducing particles of a kind for which the spin is unknown, and 
must be fixed by assumption. Since we can put 1/2 for the spin of the 
neutron, this affords little basis for choice. 

14 The fact that alpha-particles are often mentioned as constituents of nuclei is not 
in contradiction with this statement, since a n alpha-particle is interpreted as 4 
protons and 2 electrons by the one scheme, 2 protons and 2 ncutrons by the other. 
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It is, however, an important point-a very important point- that 
the different schemes imply different numbers of particles for a given 
nucleus: (2A - Z) by the former, and simply A by the latter. I have 
spoken of a notable rule contrasting the values of I for even mass
number with those for odd mass-number. Notice now that if we 
adopt the latter or proton-neutron scheme, the rule becomes: Tlze 
quantum-mt1nber of tlze nuclear angular momentum is a half-integer ij tlze 
number of particles in tlze nucleus is odd, and a full-integer (ij ascertain
able at all) ij that number is even. \Vith the proton-electron scheme, 
this could not be said. 

This difference would give an advantage to the latter scheme, even 
if the model were no more specific. However, the rules for quantizing 
orientations of vectors of quantum-number 1/2 require that these 
shall set themselves either parallel or anti-parallel (in the Ioose sense) 
to one another. If I be built up out of such vectors, then necessarily 
an even number thereof implies a full-integer value and an odd number 
a half-integer value, and vice versa. 

This argument for the proton-neutron scheme is therefore strong, 
though perhaps not so strong as it would be, were not the basis for the 
test nari-owed down by one of the curious empirical rules of the world 
of atoms: it is found that mostly (2A - Z) is even when A is even, 
and odd when A is odd. Fortunately there are some exceptions; 
the famous one is N 14 , the chief isotope of nitrogen, for which it is 
certain (from alternating intensities in the band-spectrum) that I is 
full-integer (unity), whereas (2A - Z) is odd but A is even. This 
is the only case of its kind, but there are something Iike ten in which 
(2A - Z) is even but A is odd, and there is a hyperfine-structure 
believed to correspond to a half-integer value of I; this seems especially 
weil established for two isotopes of tin and two of mercury. Another 
and very powerful argument from alternating intensities in band
spectra, unfortunately too long to be expounded here, supports the 
belief that the nucleus of N 14 has an even and not an odd number of 
constituent particles. On the whole it is pretty likely that any 
nucleus-model providing an even number of particles for an even mass
number and an odd for an odd will always be preferred to any model 
not having this feature. 

The field is now open for interpreting the observed values of I 
by compounding proton-spins and neutron-spins ( or proton-spins and 
electron-spins), and trying to find reasons for the resultants which are 
observed. It seems natural enough to have unity for the deuteron 
(proton and neutron spins parallel), zero for He4 and C 12 and 0 16 

(spins cancelling each other two by two); but farther along the Iist 
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of atoms there are curiosities enough to keep theorists busy, one guesses. 
for years. I leave this for the future, and close by speaking briefly of 
the magnetic moments, which by themselves suffice to show that the 
task will not. be easy. 

For the magnetic moments attributable to extra-nuclear electrons 
( or rather to their projections upon the direction of the angular mo
mentum corresponding), we found by theory and by experiment values 
which we wrote as g(e/2mc) .Vn(n + 1) hj21r; here m stands for the 
mass of the electron; g is 1 for the orbital motion of a single electron, 
is 2 for the spin of a single electron, and has calculable values not 
greater than a very few units for the extra-nuclear electron-system as a 
whole; n is the quantum-number of the associated angular momentum, 
and is 1/2 for the spin of a single electron and has various values for 
the other cases. 

If now a proton be a simple particle with a spin 1/2, one would 
expect for its magnetic moment a value differing from that of the 
electron-spin only by the substitution of mp the proton-mass for m, 
therefore about 1840 times smaller. The actual value (page 313) 
is about three times as great as the expected one, so that the analogy 
with the electron is good enough to predict the order of magnitude, 
but is not perfect. This is as surprising a discovery as any that has 
cropped up in the last several years in the field of atomic physics, and 
shows that even the supposedly elementary particles still have mys
teries for us. The value for the deuteron is a good deal smaller, which 
with the proton-neutron scheme implies that the neutron has a mag
netic moment pointing in the opposite direction tothat of the proton. 
The spins of proton and neutron must, however, be parallel, eise 
their resultant could not be unity, which is the value of I for the 
deuteron. This brings up a new point: I have not yet said whether 
magnetic moment and angular momentum should be visualized as 
parallel or anti-parallel, or better, whether the component of the 
former along the direction of the latter should be taken as positiYe or 
negative. The qualities of the deuteron indicate that whichever is the 
case with the proton, the opposite is the case with the neutron. Ac
tually it is often possible to tell, from features of hyperfine-structure 
of which I have said little (cf. footnote 5, p. 302), which of the cases is 
realized for the nucleus as a whole. For the proton and the deuteron 
these features are unhappily either absent or inaccessible, and the 
question remains open. For most of the others which have been 
analyzed, the magnetic moment is said to be positive, meaning that 
it is of the sign which one expects, considering the nucleus as a whirling 
positive charge. For a fcw nuclei, however, it appears to be negative 
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TABLE OF NucLEAR SPINS 

This tabulation is presented sous foules reserves. The values are of very different 
degrees of reliability, but it would be foolhardy for a non-specialist to grade them. 
They are collected from many sources, including tables by H. E. White (lntroduction 
to Atomic Spectra, McGraw-Hill, 1934), by H. Schüler (ZS. f. Physik, 88, 323-335, 
1934), by G. Beck (unpublished) and by R. F. Bacher (unpublished), and a number of 
papers which have appeared in the last fourteen months in Die Naturwissenschaften, 
the Physical Review, and other journals. 

Values obtained by magnetic-deflection methods are marked R; those deduced 
from alternating intensities in band-spectra are Iabelied B; those marked H or not 
marked at all are inferred from optical observations on hyperfine-structure. Two 
values for a single mass-number signify either data compatible with both, or dis
cordance between two authorities. X signifies that hyperfine-structure has been 
sought but not found, which may mean that the spin is zero, but on the other band 
may mean that the magnetic moment is too small to produce an observable spread of 
the hyperfine pattern. When a value of zero for spin is deduced from band-spectra, 
it is not subject tothat doubt. 

A z Ele-ment I A z Element I 
-- --

1 1 H 1/2 B 119 50 Sn 1/2 
2 1 H 1 B 121 51 Sb 5/2 
4 2 He 0 B 123 51 Sb 5/2, 7/2 
6 3 Li X 127 53 I 5/2, 9/2 
7 3 Li 3/2 B, H,R 129 54 Xe 1/2 
9 4 Be X 131 54 Xe 3/2 

12 6 c 0 B 133 55 Cs 7/2 R, 1-1 
14 7 N 1 B 136 56 Ba X 
16 8 0 0 B 137 56 Ba 5/2 
19 9 F 1/2 138 56 Ba X 
20 10 Ne X 139 57 La 5/2, 7/2 
22 10 Ne X 141 59 Pr 5/2 
23 11 Na 3/2 R, H 144 62 Sa X 
27 13 Al 1/2 147 62 Sa ~ 0 
31 15 p 1/2 B 148 62 Sa X 
32 16 s X 149 62 Sa ~ 0 
35 17 Cl 5/2 B 150 62 Sa X 
39 19 K 3/2 B, R 151 63 Eu ~ 0 
41 19 K > 1/2 R 152 62 Sa ~ 0 
40 20 Ca X 153 63 Eu ~ 0 
45 21 Sc 7/2 159 65 Tb 3/2, 2: 5/2 
51 23 V > 5/2 165 67 Ho 7/2, 2: 5/2 
55 25 Mn 5/2 169 69 Tu 1/2 
59 27 Co 7/2 175 71 Lu 5/2, 2: 3/2 
63 29 Cu 3/2 177 72 Hf 1/2, 3/2 
65 29 Cu 3/2 178 72 Hf X 
67 30 Zn 3/2 179 72 Hf 1/2, 3/2 
69 31 Ga 3/2 180 72 Hf X 
71 31 Ga 3/2 181 73 Ta 7/2 
75 33 As 3/2 185 75 Re 5/2 
79 35 Br 3/2, 5/2 B 187 75 Re 5/2 
81 35 Br 3/2, 5/2 B 197 79 Au 3/2 
83 36 Kr 7/2, 9/2 198 80 Hg X 
85 37 Rb 5/2 199 80 Hg 1/2 
87 37 Rb 3/2 200 80 Hg X 
87 38 Sr 3/2? 201 80 Hg 3/2 
89 39 y 1/2 202 80 Hg X 
93 41 Cb 9/2 203 81 Tl 1/2 

103 45 Rh X 204 80 Hg X 
110 47 Cd X 204 82 Pb X 
111 47 Cd 1/2 205 81 Tl 1/2 
112 47 Cd X 206 82 Pb X 
113 47 Cd 1/2 207 82 Pb 1/2 
114 47 Cd X 208 82 Pb X 
116 47 Cd X 209 83 Bi 9/2 
115 49 In 9/2 231 91 Pa 3/2 
117 50 Sn 1/2 
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TABLE oF NucLEAR 1\IAGNETIC Mo:-.rENTS 

The values are expressed in terms of the unit (eh/47rm 11c) customary in such tables 
(though for no very good reason) and sometimes called the "nuclear magneton." 
They are collected from the same sources as those in the Ta ble of N uclear Spins, and 
reduced to at 11_1ost two significant figures; in cases of discrepancy, Schüler's value is 
the one usually taken. Those marked S are the ones obtained by Stern and his 
school; those marked Rare obtained by Rabi and his school; those marked H or not 
at all are deduced from optical observations on hyperfine structure. I have heard 
the uncertainty of these last put at twenty per cent by one expert in the field, but 
some authorities would set it even higher. For the isotopes of hydrogen, the sign is 
unknown. 

A z Element A z Element 
--

1 1 H 2.5 s 93 41 Cb 3.5 
3.2 R 111 48 Cd -0.5 

2 1 H O.S-1.0 S 113 48 Cd -0.5 
0.77 R 115 49 In 5.3 

7 3 Li 3.3 H, R 117 so Sn -0.9 
19 9 F 2.4 119 50 Sn -0.9 
23 11 Na 2.1 121 51 Sb 2.7 
27 13 Al 1.9 123 51 Sb 2.1 
39 19 K 0.4 H, R 129 54 Xe - 1 
45 21 Sc 3.5 133 55 Cs 2.5 
59 27 Co 2.8 137 56 Ba 1.0 
63 29 Cu 2.7 197 79 Au 0.2 
65 29 Cu 2.7 199 80 Hg 0.5 
69 31 Ga 2.1 201 80 Hg -0.6 
71 31 Ga 2.7 203 81 Tl 1.5 
75 33 As 0.9 205 81 Tl 1.5 
83 36 Kr - 1.0 207 82 Pb 0.5 
85 37 Rb 1.5 209 83 Bi 3.6 
87 37 Rb 3.1 

The ratio" of the magnetic moments of two isotopes of a single element may some
times be calculated from hyperfine-structure with less uncertainty of theory than the 
value of either moment separately. For such ratios the following values are available: 

Cu63/Cu 65 = 1.00; Ga69/Ga71 = 1.27; Rb85/RbB7 = 2.04; Cdlll/Cd113 = 1; 
Sn117fSnn9 = 1; Sbi21/Sbl2a = 1.36; Hgi99jHg2ol = _ 1.11; T12oa;T12os = 1.02. 

The experiments of Rabi's school and those of Stern's indicate a value of about Jour 
for the ratio of the moments of proton and deuteron; this is substantiated by L. and 
A. Farkas (Nature, 135, 372; 9 March, 1935) who measure the rates of the reactions 
whereby ortho-hydrogen and ortho-deuterium transform themselves into the para
forms (and reversely) in the presence of oxygen; from measurements made at three 
different temperatures they get for the ratio the three values 3.85, 4.03, 4.07, which 
agree (they say) "within the Iimits of the experimental error, which is less than 
five per cent." 
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(it is perhaps significant that all of these have even atomic numbers 
and odd mass-numbers).1 5 As for its numerical magnitude, I recall 
that the insufficiencies of the theory render the recorded values- of 
which there are some twenty-five-subject to much doubt . Such as 
they are, it is a striking fact that none of them is more than a couple of 
times as great asthat of the proton, and some are a good deal smaller. 
This injures still more the scheme of constructing nucleus-models out of 
electrons and protons, for the magnetic moment of a single electron 
not compensated by some other should of itself make the nuclear 
moment enormously larger. Yet if we adopt the proton and the 
neutron as the sole constituents of nuclei for the sake of banishing 
this difficulty, it will return to haunt us so soon as we attempt to 
reduce the number of elementary particles by conceiving either the 
neutron as a proton united with a negative electron, or the proton as a 
neutron with which a positive electron is combined. 
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Ferroniagnetic Distortion of a Two-Frequency Wave 

By ROBERT M. KALB and WILLIAM R. BENNETT 

Frequency components are found for the ferromagnetic induction 
produced by a small magnetizing force of two incommensurable frequencies. 
Because of hysteresis the results depend intimately upon the ratios of these 
frequencies and of their amplitudes. \Vith these ratios as criteria, two solu
tions are provided, adequate for most modulation problems of this character 
occurring in the field of communications. 

The development is based on Madelung's empirical propositions. From 
these are deduced the forms of complex hysteresis loops occasioned by two
frequency magnetomotive forces, and from the loops sinusoidal components 
of the flux wave are derived by means of Fourier's series. The various 
voltages generated in a coil by such a flux are then calculated and next 
correlated with analyses for a single applied frequency. The resulting 
changes in the impedances to the two fundamental frequencies are also 
evaluated. The most important results are given in graphs and tables. 

Experimental data on a number of specimens show close agreement with 
curves computed by the theory. 

The analysis discloses several interesting features. It is shown that 
Madelung's conclusions imply Rayleigh's law of loop similarity; as a 
consequence the parameters of a Rayleigh loop suffice to describe a complex 
loop to the extent that it conforms to Madelung's results. Hysteresis 
suppression is found not to occur at low fields, although harmonic sup
pression may. The generated side frequencies of the flux appear in unequal 
pairs, the lower one being the stronger in each instance. Such inequality is a 
general property ascribable to the multivaluedness of the loop. 

FOR precisely evaluating the performance of communication 
circuits containing ferromagnetic materials, methods for taking 

into account the non-linear effects of these materials are needed. To 
this end there have been devoted certain investigations of the behavior 
of such materials at the low flux densities usual in communication. 
These early disclosed that hysteresis is a governing factor for weak 
fields and led to attempts to solve the problern of its bearing on speech. 

The complexity of speech and of hysteretic phenomena has made 
desirable the use of simple testing methods, which in turn require for 
their interpretation a quantitative theory. Since tests of this sort 
are usually made with one or more sinusoidal test waves, a theory of 
single-frequency magnetic performance has already been evolved as a 
first step toward fulfilling this need. For many purposes single
frequency tests are inadequate, and two-frequency waves are often 
used to obtain better information bearing on the design or performance 
of communication systems. It is the purpose of the present paper to 
take a further step by furnishing the theory of magnetic behavior 
under a two-frequency force. 

322 
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The very simplicity which sometimes makes sinusoidal waves valu
able for analyzing or testing the non-linear properties of channels of 
communication makes such waves worthless when applied in other 
instances, and more complex test waves must then be employed. The 
harmonics produced by a sine wave furnish an index of the distorting 
properties of a system, but the side frequencies produced by two such 
waves are needed to indicate its modulating properties or to give a 
measure of the interference between carrier channels. When two 
waves are used, one may be thought of as the carrier, modulated by 
the other, whose amplitude is chosen proportionate to the square root 
of the energy in the more complex modulating wave it represents, or 
both may be thought of as component waves in the same channel, or 
as carriersindifferent channels, producing interference in certain other 
channels. The amplitudes of the several product frequencies then 
give a measure of the energy falling in their respective regions of the 
spectrum under actual Operation. The effect of the presence of one 
fundamental upon the transmission of the other can also be ascertained. 
Increasing the complexity of the test wave by the superposition of 
additional frequencies can be seen to afford little added advantage at 
the cost of much complication, unless the character of the waves 
actually transmitted is simulated, in which case statistical methods of 
study can perhaps be applied. 

From the foregoing circumstances the utility of information per
taining to the application of two-frequency inputs as weil as single
frequency inputs to non-linear circuit elements is apparent; many 
investigations have been conducted in this field to provide such 
information. When the current-voltage relation is not single-valued 
a more intricate treatment is necessary in carrying out the analysis. 
A general method of attack for double-valued characteristics has been 
provided and applied to hysteresis loops by E. Peterson 1 to determine 
the flux in ferromagnetic materials under single-frequency magnet
izing forces. The fundamental dependence of loop form upon wave 
shape precludes immediate extension of Peterson's results to the case 
of a multi-frequency force except for certain harmonic combinations, 
one of which he considers.2 A study of Butter effect has been published 
by Walter Deutschmann, 3 who analyzed a complex loop made up of 
straight lines. Both instances serve to emphasize the desirability of 
a broader investigation of the theoretical aspects of two-frequency 
magnetization including hysteresis. While no general and rigorous 

1 B. S. T. J., Vol. 7, pp. 762-796, Oct. 1928. 
2 Ibid., p. 773. 
3 Wiss. Ver. a.d. Siemens-Konzern, Vol. 8, No. 2, pp. 22-44, 1929; E. N. T., Vol. 6, 

pp. 80-86, Feb. 1929. 
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method has yet been developed for handling this problern in a manner 
analogaus to that applicable for a single frequency, practically im
portant cases are solved here by means extensible to more complicated 
ones. 

CONSIDERATIONS OF \VAVE SHAPE AND LOOP FORMS 

Scope of tlze T'lvo-Frequency Analysis 

The envelope of a wave affords a means for classification. \Vaves 
whose envelopes change gradually during any oscillation form a class 
apart from those waves which have envelopes subject to abrupt 
changes. l\1embers of each class can be segregated into those with 
envelopes nearly symmetrical with respect to the average magnetizing 
force, those with envelopes of almost uniform width, and so on. One 
of the two last-mentioned properties in a wave with a gradually 
changing envelope is essential to successful analysis by the methods 
about to be detailed. 

The cases of magnetization analyzed, which include all the two
frequency wave shapes that can qualify under the foregoing criterion 
of tractability to analysis, are the following: 

Case 1. The ratio between the geometric and arithmetic means of the 
amplitudes much smaller than the ratio between the sum and 
difference of the frequencies. 

Case 2. One fundamental frequency high relative to the other; the pro
duct of the higher frequency with its amplitude !arge relative to 
the product of the lower frequency with its amplitude. 

Between the two cases there exist intermediate ratios of frequencies 
and amplitudes over which the theory does not extend; however, the 
most frequent problems are usuaJly entirely within the domain of a 
single ca'se. The inequalities involved in the foregoing case definitions 
are not susceptible to simple explicit statement as limiting numerical 
ratios, in advance of the development of the theory. l\1 uch depends 
upon the accuracy required in ptedicting performance. From data 
supplied in the paper, following the theory, it is possible to determine 
the practical limitations of the mathematical treatment. 

Formation of Camplex Loops 

Considering the complex hysteresis loops arising from multi-fre
quency magnetizing forces to be many-valued characteristics for 
determining the flux density, it is pertinent to study their formation 
and to correlate their parameters in so far as may be possiblc with 
those of single-frequency loops. Thc latter at low fields are known 
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to consist approximately of two parabolic branches, the exact shape 
of each dependent upon its point of origin. For fields confined 
somewhat below maximum permeability, the situation customarily 
obtaining in communication circuits, this representation has proved 
to be sufficiently exact to warrant the neglect of higher order terms in 
analyses. In conformity, terms of higher than second order will not 
be retained in equations used here; the development so presented can 
be extended to include them without other change in procedure. The 
induction at any point on a simple loop centered on the origin is 
expressed as a function of the instantaneous magnetizing force h by 
means of a formula developed by Peterson, 

(1 ) 

The upper sign of the double sign is used for the descending (upper) 
branch of the loop, and the lower sign for the ascending (Iower) branch. 
11 is the maximum magnetizing force and the coefficients are constants 
of the ferromagnetic material, determinable by single-frequency meas
urements. They have the following significance: a10 is the initial 
permeability, au the rate of change of permeability with magnetizing 
force, and ao2 a factor of proportionality between the hysteresis loss 
and the cube of the maximum magnetizing force. The concepts in 
terms of which these parameters are defined acquire extended meanings 
for complex loops. 

In the absence of an adequate theory of ferromagnetism the question 
of whether branches of complex loops and of simple loops have similar 
forms must be answered by experiment. The steady state of retracing 
alternately the two branches of a simple loop may eventuate in a dif
ferent relation of B versus h than results from the first cycle; such a 
condition would mean that transient branches compose the complex 
loop, inasmuch as it is not retraced. I t is also possible that the biasing 
effect of one sinusoidal component of the magnetizing force upon the 
other might cause the branches of the tvvo types of loops to be dis
similar. The coefficients which specify the branches of the simple 
loop are evaluated with it centered at the origin of the B-h plane, using 
single-frequency methods, and cannot be assumed a priori to apply to 
to other situations, or to an unrepeated branch. 

According to experiments by R. Goldschmidt 4 the superposed field 
necessary to cause much change of either the shapes or axial slopes of 
loops exceeds the weak fields to which this development is limited. 
Likewise, Lord Rayleigh 5 in hisoriginal investigation found small super-

4 Zeits.f. Techn. Physik, Vol. 11, pp. 8-12, 1930. 
5 Phi/ . .Mag., Vol. 23, 1887. 
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posed fields to have no measurable effect upon the form of the loops for 
the specimens he investigated. Based upon these results, the branches 
of simple loops can be taken tobe independent of their location in the 
B-h plane, andin sofaras the complex magnetizing force gives rise to 
branches of simple loops, they have the same shape they would have 
in such a loop centered at the origin. 

The formation of complex loops has been determined experimentally 
by E. Madelung.6 He found that after reversing the magnetizing 
force at any point along the branch of a hysteresis loop a new curve 
is traced which, if continued, passes through the tip of the loop. A 
second reversal before the tip is reached causes another new curve to 
be traced back to the point of reversal on the original branch, which 
is followed thenceforth as if the two reversals have not occurred. The 
return to a reversal point makes all subsequent traces of the loop the 
same as if no changes of magnetizing force intervened between the 
two transits through that point. Any branch of the complex loop is 
then, in accordance with Madelung's determinations, completely 
specified by two points of reversal-the one from which it starts and 
the one through which it must pass if continued far enough; after 
passing the latter point it becomes the continuation of another branch 
similarly specified by different points of reversal. 

The foregoing principles furnish sufficient information for deducing 
the form of the branches of complex loops. lf such a branch be 
extended to one of the reversal points defining it and a trace then be 
carried back to the other, the loop so formed will be retraced by 
repeating the cycle. As these repetitions can be carried on indefinitely, 
the path must comprise a simple loop, the branch of the complex loop 
forming a portion of it. Every complex loop can therefore be con
sidered as composed of adjoined sections of simple loops. Each 
branch of the complex loop is representable on suitably transformed 
axes by formula (1) with II taken as half the change in magnetizing 
force between the reversal points which specify the branch. In 
general, a different pair of axes will be required for each branch; they 
can subsequently be referred to a common origin. 

Thc application of this analysis to the complex loop cliscloses the 
requirement that the relation au = 2ao2 must be truc if l\ladelung's 
propositions are to hold, because the values of II differ for the two 
branches of a subsidiary loop. If this equality is not satisfied, the 
return to the original branch does not takc placc at thc point of 
departurc. l\iadelung's observations do not include this possibility, 

6 Annalen der Physik, Vol. 17, pp. 861- 890, 1905. See also llcwdbuch der Physik, 
Vol. 15, pp. 106-107, Berlin, 1927. 
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and sufficient evidence of behavior for extending them in such Clrcum
stances is not available at present. Some experiments by Lehde 7 

and others indicate that subsidiary loops do not quite close at their 
junctions with the major loop and often show departures both ways 
on different parts of the same complex loop. This sort of behavior is 
not explainable by inequality between au and 2aoz for the subsidiary 
loops, as it would cause the departure of one specimen tobe always the 
same way depending upon which quantity was the !arger. In all 
cases, even near saturation, Lehde's results show this departure to be 
small and the connecting branches between successive subsidiary 
loops to form approximately a simple loop. On this basis Madelung's 
results can be considered confirmed to a sufficient degree of approx
imation. 

The ratio au/ao2, which has been taken as a measure of the validity 
of Rayleigh's relation in single-frequency theory, becomes a criterion 
of the usefulness of l\1adelung's propositions concerning loop form in 
multi-frequency theory. Those substances which most closely accord 
with Rayleigh's analysis can also be expected to be in best agreement 
with l\1adelung's results. The relation between coefficients required 
on the basis of Madelung's and Rayleigh's experiments will be used 
hereafter to simplify the analysis. The simplification will be evidenced 
by the customary nomenclature, in which 

Any attempt to distinguish here between the two latter constants 
would be meaningless because beyond the scope of Madelung's em
pirical rules. Fortunately the constants of most commercial materials 
conform closely to the above equality. 

Types of Two-Frequency Loops 

The aspect of a hysteresis loop formed by a two-frequency wave 
changes greatly with the frequencies and their amplitudes. Different 
pairs of frequencies having equal ratios give rise to families of loops 
which are identical except as affected by eddy currents. These, for 
the purpose of this study, are supposed to be so small that the flux is 
substantially uniform over a cross-section of the magnetic circuit. If 
the two frequencies have a common source or are synchronized, the 
hysteretic phenomena are singly periodic and subject to simpler 
treatment than developed here for independent sources. 

For detailed analysis of the effects of hysteresis with two applied 
frequencies from independent sources, the phase angles of both may 

7 Rev. of Sei. Instr., Val. 2, pp. 16-43, Jan. 1931. 
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be taken as zero, equivalent to measuring the time from a point where 
the two components of the magnetizing force become maximum simul
taneously. Then 

Ir = p cos pt + Q cos qt (2) 

is the instan taneous magnetizing force. Phase angles can be madc 
arbitrary by replacing pt and qt by pt + ep and qt + eq, respectively, 
in this equation and the ~ubsequent results. 

The configurations of complex loops can be followed by altering 
single-frequency loops to accord with the results of investigations of 
loop formation. If to a single-frequency magnetizing force a relatively 
small one of slightly lower frequency is added, the resultant is an 
oscillatory force IYhose peaks undulate around the value reached by 
those of the original wave. Their maximum will be the sum of the 
amplitudes of the two components and their minimum the difference. 
On a hysteresis Joop (Fig. 1a) this means that portians between suc
cessive reversal points ·will differ slightly from one another, being 
formed approximately as if belanging to successively smaller loops 
until a minimum peak is passed, thenceforth as if belanging to suc
cessively !arger loops, and so on cyclically. Such behavior is sketched 
in the figure. 

As the amplitude of the lower frequency component of the mag
netizing force is increased the undulations become more pronounced 
and the preceding picture more inexact. \Vhen both amplitudes are 
equal the envelope of the resultant magnetizing force vanishes period
ically and the portion of the hysteresis loop formed IYhiJe this envelope 
goes from its maximum to zero is in the nature of a spiral (Fig. 1b), a 
similar curve being developed outwardly as the envelope increases 
again to its maximum. Provided only that successive peaks of the 
magnetizing force do not differ greatly in magnitude, each portion of 
such a loop between adjacent reversal points may be assumed to 
have the form of a branch of a single-frequency hysteresis loop having 
its point of origin coincident with that of the portion of the complex 
loop. Then the induction may be derived from the magnetizing force 
by the use of single-frequency data in accordance with the known 
manner of formation of complex loops. 

If now the amplitude of the high er frequency component be decreascd 
to a relativcly small value, the undulations in thc envelope subsidc, 
and a condition similar to the original one is seen to obtain. This 
time, however, the ampli tude of the lower frequency will be found to 
be thc one about which thcse undulations occur, ancl thc characteristic 
1vill again Iook like that in Fig. la. 
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As long as one frequency is less than twice the other the undulations 
in the peaks of the magnetizing force will be regular and gradual. If 
the higher frequency be raised to more than twice the lower, the 
undulations become more abrupt and complex, and increasingly so 

(a) (b) (c) 

(e) 

Fig. 1-Types of hysteresis loops characteristic of a two-frequency magnetizing force. 

as it is raised still more. The complexity attendant upon the forma
tion of the hysteresis loops becomes greater and the simplifying artifices 
heretofore suggested no Ionger apply. 

\Yhen one frequency has become several times thc other, thc highcr 
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frequency component must have one of its maxima very near each 
maximum of the lower one so that a maximum value practically equal 
to the sum of the amplitudes of the t\\·o components is reached every 
cycle of the IO\Yer one; likewise for the minima. Between these two 
extremes other reversals in the magnetizing force \\·ould be expected 
to cause the hysteresis loop to comprise additional small loops not 
necessarily closed. Experiments confirm this conjecture and indicate 
that not only for weak fields but even for fields near saturation the 
small loops nearly close and the paths between them are traced nearly 
the same as portions of a large loop. 

If the amplitude of the higher frequency component is considerably 
the larger, all the loops composing the characteristic are virtually the 
same size and shifted slightly with respect to each other on account 
of the lower frequency component. The characteristic will be that 
depicted in Fig. lc. 

\~Vhen the amplitudes of the two components arenot grossly unequal, 
the hysteresis loop is of the type represented by Fig. ld. Small loops 
formed when the magnetizing force is near an extreme value are 
Ionger than those formed when it is near zero, aside from any effects 
of superposition, because of its different rates of change in the two 
posttwns. In general these loops will not occur in the same place for 
different cycles and the distances between them will be lessened by 
increasing the higher frequency. By considering the complex loop 
to consist of a major loop, such as a single frequency would generate, 
encompassing a number of minor loops, the induction may be derived 
from the magnetizing force since the form of the minor loops is known. 
\Vhen these are not too widely spaced, each may be assigned a mean 
position in a loop fixed for all time and the induction calculated there
from. It is evident that such an undertaking is vastly more com
plicated than the ones suggested heretofore and that unlike them it 
requires information in addition tothat obtained from single-frequency 
measurements performed with no superposed field. 

By decreasing the amplitude of the higher frequency component of 
the magnetizing force, the amplitudes of the minor loops may be 
reduced until those in the neighborhood of zero magnetizing force 
vanish entirely. Further decrease of the samc component causes more 
and more of the minor Ioops to disappear, so that finally only a few 
small ones remain at each end of the major loop. This condition is 
shown in Fig. le. As the wave form of the induction is only slightly 
affected by the presence of these loops, they may safely be omitted 
and the characteristic simply taken as the major loop, determined from 
single-frequency results alone. 
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The point where the minor loops first vanish and the requirement 
that they vanish at all may be readily determined. Two adjacent 
extremes of the magnetizing force approach a common value as the 
amplitude of the higher frequency component is decreased. \Vhen 
they attain this value, the slope is no Ionger reversed between them 
and consequently no minor loop is formed. The instantaneous mag
netizing force is expressed by equation (2), andin this instance p >> q. 

7r 
The minor loops first appea_r where dh/ dt = 0 when pt =;= - 2 · 

Solved simultaneously, these equations yield 

qt = sin-1 Pp 
Qq' 

(3) 

where the minor loops vanish. They reappear at an equal negative 
value of sin qt, and other intervals during which they vanish are 
apparent from symmetry. lf (Pp/Qq) > 1, no real solution of 
equation (3) exists, so the minor Ioops do not vanish anywhere. The 
appearance and non-appearance of minor Ioops is seen to be governed 
by the ratio of amplitudes in the same way as by the ratio of frequen
cies as long as the restriction on the 1atter is observed, and the product 
of these ratios 

determines the type of hysteresis loop (ld or le, or an intermediate 
form) obtained. 

lNDUCTION WITH A Two-FREQUENCY l\!IAGNETIZING FoRCE 

General Expression for the I nduction 

As a function of time, the induction for any type of loop described 
will consist of intermodulation products of the two fundamental 
frequencies. Because of the kind of symmetry the characteristic has 
these products will include only the odd orders, but because it is a 
loop, quadrature terms must be expected. The induction then will 
ultimately be in the form 

00 00 

B = L L [cmn sin (mp + nq)t + dmn cos (mp + nq)t] (4) 
m=O n-oo 

with all even order coefficients zero. The odd order coefficients 
remain to be determined from the hysteresis Ioop. In doing this only 
third order products in addition to the fundamentals will be evaluated 
explicitly, as they are stronger than the higher orders and therefore 
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of most importance in measurements of distortion. Any higher order 
products would be less precisely evaluated, more numerous, and 
probably of less interest; their computation is clearly evident as an 
extension of the processes later carried out. 

The Afulti-Branched Hysteresis Loop 

Under certain circumsta"nces mentioned earlier, the portians of a 
complex loop between adjacent reversal points are representable by 

B = (J.Lo + 2vii)h ± v(/12 - Jz.2). (5) 

Referred to the origin of the B-h plane, the induction on such a portion 
originating at the jth reversal point from t = 0 is 

(6) 

Here 111 is the magnetizing force and Ci the induction at the jth 
reversal point. The latter quantity satisfies the difference equation 

arrived at by evaluating the induction on the (j - 1 )st branch at 
the jth reversal point. Subject to the initial condition 

Go = (J.Lo + 2vllo)Ilo, 

this can be solved by the method of successive substitutions; the 
solution is 

i 
G; = J.Lollo + 2vllo2 + f..Lo L (Ili - 1-li-t) 

i=l 

The foregoing expressions define the induction everywhere on the 
complex loop. Equations (7) and (6) combined to climinate Ci gi,·e 

The problern remaining is to develop this equation into the equivalent 
of equation ( 4). 

The instantaneous magnetizing force is 

h = p cos pt + Q cos qt. (2) 

By a trigonometric transformation this may l>e put in tllP form 
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h = ,j (P + Q) 2 - 4PQ sin 2 p ~ q t 

X cos [ p + q t + tan - 1 ( p - Q tan P - q t ) l ( 9) 
2 P+Q 2 ' 

which is sometimes more convenient. The envelope of the wave is 
represented by the two branches of the radical. If its magnitude does 
not change much between adjacen t maxima and minima of the wave, 
these extremes lie close to the points of tangency between the wave 
and its envelope; the latter condition is the one necessary in order that 
the envelope may be used to evaluate the extreme magnetizing force Ili. 

This force acquires its values at the reversal points, which are situ
ated at the zeros of dh/dt. Put into a form like equation (9) by the 
same transformations as were used above, this derivative is 

V(Pp + Qq) 2 - 4PpQq sin 2 st 

X sin [ rt + tan-1 
( ~~ ~ g~ tan st) J, (10) 

where 2r = p + q, 2s = p - q. Except when K = 1, this vanishes 
only at 

[ 
1 - K ] rt + tan-1 
1 + K tan st = jrr, (11) 

j integral or null. Substituting equation (11) into equation (9) yields 
the magnetizing force at the jth reversal from t = 0: 

Hi = ~(P + Q) 2 - 4PQ sin 2 st 

[
• (1-k ) (1-K )] X cos J7r + tan-1 

1 + k tan st - tan-1 

1 + "tan st , 

letting k = Q/ P. Upon combining the arc tangents this becomes 

Hi = P ~(1 + k) 2 - 4k sin 2 st 

[ 

• _ 1 2(k - K) tan st J 
X COSJ7r- tan (1 + k)(1 + K) + (1 - k)(1 - K) tan 2 st . (12) 

According to equation (12) the magnetizing force and its envelope 
aretangentat reversal points provided the arc tangent is always zero. 
This it is if k = K, a trivial solution. By certain choices of these two 
parameters, however, it is possible to keep the angle between any 
reversal point and the nearest extreme of the magnetizing force from 
exceeding any prescribed Iimit. The maximum value of the angle in 
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equation (12) is 
_ 1 ;u - k)C1 + K) 7r 2 tan \ ( 1 + k) ( 1 - K) - 2 ' 

which can be ·made small by making k and K each small compared to 
unity, or each !arge compared to unity, or both approximately equal. 
For the previously excluded instance K = 1, this angle can be limited 
and the last condition fulfilled by keeping k nearly equal to one, as is 
obvious from the equations. So for each of these three conditions on 
the parameters, to a definite degree of approximation the envelope at 
each point of tangency becomes the magnetizing force for the nearest 
reversal point, a feature useful for the transformation of equation (8) 
into a function of time. 

Calculation of tlze Induction-Case 1 

The three condi tions are confluen t and will be seen to set the 
limiting bounds for case 1. When the fundamental frequencies lie 
close together the ratio of their amplitudes is practically unrestricted; 
as more widely spaced frequencies are chosen it becomes necessary to 
require an increased (or diminished) amplitude ratio in order that the 
phase angle in equation (12) does not exceed the chosen Iimit. This 
Iimit must besuch that the cosine ofthat phase angle is substantially 
unity. 

The maximum magnetizing force is thereupon 

I-li= (- 1)iP ~(1 + k) 2 - 4k sin 2 st. (13) 

As a periodic even function of st, Iii may be expanded in a Fourier's 
senes 

I-li = (- 1)i(P + Q) [ ~0 + El A 71 cos 'r]St] ' (14) 

where 

in terms of the parameter 

2\1PQ 
k1 = (P + Q) 

2,./Ji 
(1 + k) 

(15) 

2\'flk 
(1 + 1/k) ' 

which never exceeds unity and which diminishes as k is either increased 
or decreased from unity. The integral (15) reduces immediatcly to 
elliptic form by the substitution z = sin A.. All odd order coefficients 
are zero. For the first three significant values of 'rl: 
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4 
Ao = -E1 

7r 

4 
Az = 

3
1rk

12 
[(2 - k12)E1 - 2(1 - k 1

2)K1] 

4 
A4 = 

1
S1rk

14 
[8(2 - ki2)(1 - k1 2)K1 - (16 - 16k1

2 + k1
4)E1] 

(16) 

Here K 1 and E1 are complete elliptic integrals of the first and second 
kind, respectively, with modulus k1. 

The series (14) may be used to evaluate the variable permeability 
anywhere on the Ioop, for upon substitution in equation (8) reference 
to a particular branch is eliminated by the disappearance of the double 
sign on the second term. 

The square of the maximum magnetizing force needed in the final 
term of equation (8) comes directly from equation (13) ; to determine 
the sign of this term at any instant remains the only problem. Inter
pretation of (- 1)i seems simple when it is remernbered tobe positive 
for decreasing h and negative for increasing h, and therefore an odd 
function of time. The rate of change of the magnetizing force is 

dh 
dt - - Pp sin pt - Qq sin qt, 

so it follows that 

(- 1)i = + 1, 

=- 1, 

sin pt + K sin qt > 0} . 
sin pt + K sin qt < 0 

(17) 

The solution may be completed by expanding this quantity in a 
Fourier's series: 8 

OCJ OCJ 

(- 1)i = L L Amn sin (mp + nq)t. (18) 
m==On==-oo 

\Vhen m = 0 the summation is to be extended over only ppsitive 
values of n. With this convention the coefficients are 

1 171'171' Amn = 27r 2 -71' -71' (- 1)i sin (mx + ny)dx dy (19) 

or, with the use of equation (17), 

m+n-1 111' icos-1(-KcosY) -9-4 
Amn = (- 1) - 2 dy cos mx cos ny dx, 

7r 0 0 
(20) 

8 W. R. Bennett, "New Results in the Calculation of Modulation Products," 
B. S. T. J., Vol. 12, pp. 228-243, April, 1933. 
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where p and q are to be so assigned that " :::::: l. Then the coefficients 
are all expressible in terms of complete elliptic integrals with modulus 
K; these will be designated as K2 and E2. Coefficients of even order 
vanish, while those of the first three odd orders are found to be 

8 
Ato = -E2 

7r2 

Aao = 
9
!2 [(7 - 8K2)Ez - 4(1 - K

2)K2] 

8 
A oa = 

9
7r 2K3 [ (8 - 3K2

) (1 - K2)Kz - (8 - 7 K2)E2] 

8 
A41 = - A41 = -- [(1 - 16K2 + 16K4)E2 15 7r2K 

- (1 - 8K2)(1 - K2)K2J (21) 

8 
Aza = - Aza = 15 7r2K3 [(8 + K2)(1- K

2)Kz- (8- 3K2
- 2K4)E2] 

8 
Aso= 

75
7r 2 [(43 - 168~<. 2 + 128K4)E2 

- 4(7 - 16K2)(1 - K2)K2] 

8 
Aos = 75 7r 2K5 [(128 - 168K2 + 43K4)E2 

- (128 - 104•' + 15•') (1 - •')K2]J 
Negative digits of the subscripts are underscored in thc coefficients 

for lower side frequencies. 
Upon putting the various quantities into equation (8) from equations 

(2), (13), (14), and (18) it thus becomes 
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B = J.LoP cos pt + J.LoQ cos qt 

+ vP(P + Q) f: (Azm + kAzm+2) cos [(m + 1)p - mq]t 
m=O 

+ vP(P + Q) f (kAzm + Azm+2) cos [mp - (m + 1)q]t 
m=O 

- ivP2 f f (Am+2, n - 2Amn + Am-2, n) 
m=-oo n=-oo (22) 

X sin [mp + nq]t 
00 00 

- ivQ2 L L (Am, n-2 - 2Amn +Am, n+2) 
m=-oo n=-oo 

X sin [mp + nq]t 
00 00 

+ !vPQ L L (Am+1, n-1 - Am+1. n+l 
m=-oo n=-oo 

+ Am-1, n+1 - Am-1, n-1) sin [mp + nq]t 

with the understanding that A,.s = 0 for r < 0 and for r = 0, s < 0. 
The first line is the linear portion of the induction, given by a perme
ability constant at its initial value; the first two summations arise 
from the variation of the permeability with the maximum magnetizing 
force; the remairring terms comprise the results of distortion attrib
utable to hysteresis per se. The coefficients of the induction, Cmn and 
dmn of equation (4), may now be evaluated by selecting the necessary 
quantities from equation (22). 

General expressions for the coefficients can be evolved in senes 
known as hypergeometric functions. These are all of the type 

F( ß· . ) = 1 +aß!__+ a(a + l)ß(ß + 1) ~ + 
a, '-y, z 'Y 1! -y(-y + 1) 2! 

• 4 •• 

' 
(23) 

a particular one is chosen by specifying the parameters. The coef
ficients needed here are 

_ 2 r (~) K" (m + n n - m . . 2) 

Amn - - ( - ) F -2- ' -2- ' n + 1 ' K (24) 
7r r(n + 1) r "!!..______!!_ + 1 

2 

for m and n both positive and m + n odd, and 
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for 11 even. \Vhen n is negative , the coefficient may be found by using 
the rela tion 

(26) 

for all other values of the subscripts excluded the coefficients are zero. 
A recurrence formula for computing products of higher order is 

A.nn = -+1 [2 ( n -
1 + (m, - 1)K) Am-1, n-1 

m 11 K 

- (m + n - 4)Am-2, n-2] (27) 

with m - 2 positive. Comparison of cquation (24) with equation (25) 
reveals that if in the former K is replaced by k1, 

(28) 

so the equations (21) and the recurrence formula (27) suffice for com
puting all the coefficients in the series for the induction. 

Calculation of the Induction-Case 2 

For case 2 the two branches of a minor loop and an adjoined portion 
of the major loop are combined into a Fourier's series whose coefficients 
are functions of position in the major loop. By developing these 
coefficients into Fourier's series, a double series in time is obtained. 
For this case, as for the other just considered, the induction thus is 
developed in the form of equation ( 4) and the coefficients are deter
mined through the third order. 

\Vhen minor loops are formed throughout the lower frequency cycle, 
an expression for each minor loop and the portion of the major loop 
joining it to the next one is found relative to an origin at the junction 
of the major and minor loops. A succession of such loops is then 
referred to the origin of the major loop by transforming the Coor
dinates of a typical minor loop, the transformation being a function 
of the position of the minor loop. 

Attention first will be devoted to a single high-frequency cycle 
occurring while the Iower-frequency componen t of the magnetizing 
force is decreasing. Let the time of occurrence of thc maximum in 
the higher frequency component of the magnetizing force chtring this 
cycle be designatcd by r. By restricting application to characteristics 
with sizeable minor loops, i.e. K << 1 when p > q, consistent with the 
stipulation that the minor loops do not vanish anywhere, this maximum 
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can be made practically coincident with the corresponding maximum 
in the magnetizing force . 

vVriting 
t = T + 'A, (29) 

the lower-frequency component in the vicini ty is expressible hy t he 
Taylor's series 

[ 
q2'A2 q4'A4 J 

Q cos qt = Q 1 - 2T + 4T- · · · cos qr 

- Q [ q'A - q~~
3 

+ q~~
6 

- .. • J sin qr. (30) 

Over one cycle of the higher frequency this component is very nearl y 
linear, so its variation in this range is 

- 4~ = - 27rKP sin qr. (3 1) 

Since r has been so chosen as tobe an integral multiple of 27r/ p, when 
equations (29) and (30) are substituted in the magnetizing force give n 
by equation (2) it becomes 

h = P cos p'A + Q cos qr - 'AQq sin qr. (32) 

Its value referred to a new set of Coordinates, B', h', with their origin 
at the junction of the major and minor loops is 

h' = P(1 + cos p'A) - 2~ ( 1 + p:) · (33) 

According to l\1adelung's findings previous minor loops will not 
influence the one under consideration, so its lower branch will proceed 
toward the upper tip of the major loop as indicated in Fig. 2. A 
transformation of equation (1), simplified by the use of R ayleigh 's 
relation, then gives for this branch 

(34) 
The upper branch is 

Bt' = [J.to + 4v(P - ~)]h' - vh' 2
• (35) 

The small portion of the major loop traversed during the last of t he 
cycle may be expanded in a Taylor 's series 

B' = B' (0) + lz' aBtl + h'2 a2Btl + 
ah h= hr 2! ah 2 h= hr 

(36) 
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B 
///1 

/ /I 
/ /1 
: I I 
I I I 
I I I 
i/ I h 

p cos pt + Q cos qt 

>. =-* _L--t---1-----F-----t 
}..:0 

)..=~ 

Fig. 2-Tracing of a subsidiary Ioop according to 1\Iadelung. 

denoting by hr the value of h at h' = 0, which is 

hr = 2 Ll - P + Q COS qr. 

The upper branch of the major Ioop as a function of h (not h') is 

with 
B1 = (p.o + 2vll)h + v(JJ2 - h,2) 

II = P + Q. 

The expansion (36) is now found to bc 

(37) 

(38) 

B' = { J.J.o + 2v[2(P - Ll) + Q(l - cos qr)]lh' - vh' 2
• (39) 

Equations (34), (35), and (39) define thc induction in terms of h' over 
an entire high-frequency cycle; the first is valid for - 1r < p'A. < 0, 
thc second for 0 < pA. < 1r - pl\, ancl thc last for 1r - pA < p'A. < 1r. 
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For combining these three expressions a Fourier's series may be 
developed applicable over the entire interval - 1r < p'A < 1r, and 
the induction expressed by this series can be referred to the central 
axes, B, h, of the major loop by including in its constant term the 
value of the induction at the junction of the major and minor loops. 
The series is 

B 1 = ~bo' + b/ cos P'A + b2' cos 2p'A + ba' cos 3p'A 
+ a/ sin p'A + a2' sin 2p'A + aa' sin 3p'A. (40) 

The coefficients are determined by the integrals 

1 r7r 
an' =; .}_1r B sin np'A d(p'A), 

1 r1r 
bn' =; .}_1r B cos np'A d(p'A), (41) 

where 
B = B' + Br. 

Br is the induction at the junction of the major and mmor loops, 
found by inserting equation (37) in equation (38). The resulting 
quantity together with expressions previously found for B' over various 
parts of the cycle are substituted in the integrands of equation (41), 
and the integrations are performed, using h' given by equation (33). 
All terms of order higher than the third and those containing the 
square of the frequency ratio as a factor are rejected as they occur. 
The resulting coefficients are functions of qT both explicitly and also 
through !:l and pA. 

To determine pA as a function of qT, the vanishing of h' at the tip 
of the minor loop on the major loop gives an equation for use along 
the descending branch of the major loop. By equation (33) 

P(1 - cos pA) = 4/:l ( 1 - ~~), 
(1 - COS pA) = (27r - pA)K sin qT. (42) 

An approximation to the general solution can be got by transforming 
equation (42) into a quadratic algebraic equation and solving. This 
is clone by means of the first two terms of the power series expansion 
for cos pA. The approximation will be best for small values of the 
angle, but very good over all its admissible range. This reduction 
gives 

(pA) 2 + 2K sin qT (pA) - 47rK sin qT = 0, 

the roots of which are 

pA = - K sin qT ± "K2 sin 2 qT + 47rK sin qT, 

(43) 
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the positive one being that sought. By expanding the quantity under 
the radical according to the binomial theorem this root reduces to 

p .. \=;= 2-{;. ~K sin qr- K sin qr (44) 

when higher powers of K are dropped. 
The coefficients of the series then become 1 using the value of ß 

from equation (31 ) and the value of PA from equation (44) 1 

l_ b0' = JJ.oQ cos qr + 2v(2P + Q)Q cos qr + (7r - _i) vPQ 9 sin qr 
2 . 7r . p 

a I-1 -

+ 21rvQ2 ~ sin qr (1 - cos qr) + vQ2 sin 2 qr 1 

- 2JJ.oQ2sin qr- 8vPQ2sin qr + 
3
8 

vP2, p p 7r 

b/ = JJ.oP + 2vP2
1 

a2' = J..1. Q q sin qr + 14 
vPQ q sin qr 

Q p 3 p I 

b2' = - 40 
vPQ _g sin qr 91f p I 

aa' = - ~ JJ.oQ !1 sin qr - ~ vP 
3 p 157r I 

ba' = 0. 

(45) 

The relation (29) can be used toreturn equations (45) to the general 
time coordinate. Replacing r by t - ).. gives 

cos qr = cos q'A cos qt + sin q'A sin qt 1 

sin qr = cos q'A sin qt - sin q'A cos qt. 

As I 'A l never exceeds 1r / p these equations can be simplified to 

cos qr = cos qt + ~ (2 sin p'A - sin 2p'A) sin qt 1 

sin qr = sin qt - !l (2 sin p'A - sin 2p'A) cos qt 1 p 

(46) 

using the first terms of the Fourier1
S series for sin q'A in multiples of 

p'A. Upon substitution of equation (29) trigonometric functions of 
p'A become the same functions of (pt - 2j1r), j an integer, since r is 
defined as an even integral multiple of 21r j p. The phase angle is 
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therefore immaterial, so p'A can be replaced by pt in equations (40) 
and (46). Combination of equations (45) and (46) with equation (40) 
results in an expression of the induction on the upper half of the 
complex loop in terms of time. 

For the lower half of the loop a mean position must be found. 
Having started with incommensurable frequencies at zero phase 
angles, the reversals at the lower tip of the major loop will occur at 

pt = 2twrr + R, 

where 0 < R < 21r and all values of R within these Iimits are equally 
probable. The lower frequency component at the instant of reversal 
will have a time angle 

qt = (2n + 1)7r + S, 

where - (qjp)1r < S < (q j p)1r and all values of S within the limits 
are equally probable. The expected medians of the time angles are 
therefore (2m + 1) 1r and (2n + 1) 1r for the higher and lower frequency 
components respectively. These values and the point symmetry of 
the characteristic specify that the induction during the ascendency of 
the Iower-frequency component of the magnetizing force will be equal 
in magnitude and opposite in sign to the induction for the descent 
with the phase of each component increased by its expected median. 
The induction for an increasing lower-frequency component is therefore 
given by 

B2[pt, qt] = - B1[pt + 1r, qt + 1r ], (47) 

where the right-hand member is evaluated for a decreasing lower
frequency component. 

The coefficients of equation (40) may be altered accordingly to 
furnish a set for use when the lower-frequency component is increasing 
by replacing qt by (qt + 1r) and pt by (pt + 1r). In series form, then, 
the induction on the lower half of the loop is 

B2 = !bo" + bt'' cos pt + b2" cos 2pt + b3" cos 3pt 
+ a1" sin pt + a2" sin 2pt + aa" sin 3pt. (48) 

One pair of coefficients is necessary to specify completely the 
amplitude of each component of the induction when it is split into 
in-phase and quadrature terms harmonic in pt. Coefficients of cor
responding terms in equations (40) and (48) are all functions of qt, 
each series applying over one half of a lower-frequency cycle. Each 
pair of coefficients can therefore be developed into a Fourier's series 
in qt. so that the single expression 
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B = !bo + b1 cos pt + b2 cos 2pt + ba cos 3pt 
+ a1 sin pt + a2 sin 2pt + aa sin 3pt (49) 

defines the i11duction everywhere. 
The coefficients of equation (49) are given by the expressions 

b = ! [b , + b "] + ~ [b , _ b "] f sin (2m + l)qr 
11 2 n 

11 
7r n n m=O (2m + 1) 

1 

(50) 

After putting the values of the primed coefficients into the respective 
terms, changing the arguments of functions of qr to qt by using equa
tions (46), and expanding the result into multiple angles, there remains 
when terms beyond the third order are dropped 

B = [J.Lo + 2vP]P cos pt + 
3
8
7r v[P + 3KQ]P sin pt 

+ [ J.to + 2v ( 2 + k - ~ K) P J Q cos qt 

+ 3
8
7r v [ k + 3:

2 

K + ~· ( ~
2

- 1) i J PQ sin qt 

1 - 3 v[l - 6k]KP 2 cos (2p + q)t 

-
40 

v [ 1 +_i_k] KP 2 sin (2p + q't 
97r 10 

1 + 3 v[l - 6k]KP2 cos (2p - q)t 

+ :~ v [ 1 - 1
3
0 k J KP2 sin (2p -q)t 

32 + 
5

7r2 vKPQ cos (p + 2q)t 

- 3
2
7r [J.Lo + 2v(2 + 3k )P]KP sin (p + 2q) t 

32 
- 57r2 VKPQ cos (p - 2q)t 

2 . 
- 3 7r [J.Lo + 2v(2 + 3k)P]KP sm (p - 2q)t 

- 3~ r J.LoK - ~ vP l P sin 3pt 

8 8 + 5 vKPQ cos 3qt -
15

7r vQ2 sin 3qt. 

(51) 
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Recapitulation of Principal Results 

General formulce have now been made available for calculating the 
flux density over a wide range of conditions of two-frequency mag
netization. For many ordinary purposes a table or graph of some of 
the results is convenient; useful ones are therefore included. 

The hypergeometric expansions in the coefficients of case 1 can be 
put to further use to examine the behavior of the induction for special 
ratios of fundamental amplitudes and frequencies. When k << 1 and 
K << 1 the coefficients of the several frequencies in the induction reduce 
to simple, rational, algebraic expressions of the amplitudes. These 
coefficients likewise reduce when k =;= 1 and K =;= 1, since 

r('Y)r('Y- ß- a) 
F(a, ß; 'Y; 1) = r('Y- a)r('Y- ß). 

Third order coefficients for case 1 with restricted parameters, and 
also those for case 2 are tabulated in the accompanying table through 
terms in the lowest power of the smaller amplitude. Underlined sub
scripts distinguish lower side frequencies; a bar under a digit indicates 
it is to be taken with a negative sign. 

When the ratio of amplitudes is unrestricted, graphs of the coef
ficients which specify the induction enable their magnitudes to be 
determined most readily. The strongest products are found to be the 
third order lower side frequencies; Fig. 3, calculated by A. G. Tynan, 
may be used to get both components of either of these. The corre
sponding upper side frequencies are almost as strong; their amplitudes 
can be found from the figure by virtue of the relations c12 = C12 and 
c21 = c21, since their other components are zero. -

By interchanging P and Q and likewise p and q in either the table or 
the graphs, the subscripts arealso reversed. In the table the inequal
ities restricting the columns are reversed thereby, since the inter
changed quantities are arbitrarily assignable. This procedure does 
not extend the applicability of either case, but does permit the appli
cation of case 1 directly to both extremes of the amplitude ratio and 
the use of the q.1rves to evaluate the amplitudes of both lower side 
frequencies. The scope of the table and curves given has been 
extended in this manner. A field of usefulness sufficiently extensive 
for most purposes of present-day communication is thereby achieved. 
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TABLE I 

Case 1a Case 1b Case 1c Case 2 
"<<1 "=;= 1 ">> 1 "<<1 
k<< 1 k =;= 1 k>> 1 k>>" 

~ vP2 128 PQ 4 ~vP2 CJO -vPQ 
37!" 97!"2 V 7l" 37!" 

d1o [,uo + 2vP]P [.uo + ~! vP J P [,uo + 3vQ]P [,uo + 2vP]P 

4 ~ PQ ~vQ2 ~q vQ2 Co1 -vPQ 
7l" 97!"2 V 37!" .)7!" 

du1 [,uo + 3vP]Q. [.uo + ~!vQ J Q [,uo + 2vQ]Q [,uo + 2v(2P + Q)]Q 

1 -~vQ2 4 2 
C12 - -vQ2 - -vPQ 

3
7!" [~-to + 2v(2P + 3Q) ).;P 

7l" 457!"2 37!" 

dt2 ~ v(1 + k)Q2 23._ Q2 vPQ 32 
4 157!" V - 57!"2 VKPQ 

1 -~vQ2 4 2 
C12 -- vQ2 --- vPQ 

3
7!" [,uo + 2v(2P + 3Q) ]KP 

7l" 451!"2 37!" 

dl2 0 0 0 32 p 
57!"2 VK Q 

4 ~ p2 _! vP2 4 
C21 -vPQ 457!"2 V - - v[5P - 6Q]KP 

37!" 7l" 97!" 

32 p2 ~v(1 + 1/ k)P2 
1 

d21 vPQ -:; v[P- 6Q]KP 157!" V " 
4- 128 p9 -.!.vP2 4 

(21 --vPQ -
9

Jr v[5P + 6Q)·P 
37!" - 457!"2 v - 7l" 

d21 0 
1 

0 0 - -:; v[P - 6Q]KP 

" 
Cao -~vP2 

157!" 
128 p2 

- 225Jr2 V 
0 - _! [ ,UoK - ~ vP J P 

37!" 5 

dao 0 0 0 0 

Coa 0 128 Q9 
- 2257!"211 -

-~vQ2 
157!" 

-~vQ2 
157!" 

8 
doa 0 0 0 SvKPQ 
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INTERMODULATION PRODUCTS 

Generated Ai odulation Valtages 

From the (oregoing results the voltage generated in a coil of .N turns 
on a closed ferromagnetic core of cross-sectional area A can be found 
by the use of 

dB e(t) = NA to-s-. 
dt 

(52) 

Components of this voltage segregated according to frequency are of 
the type 

emn(t) = (mp + nq)NA lo-s [cmn cos (mp + nq)t 
- dmn sin (mp + nq)t], (53) 

each proportional to its frequency and in general having two com
ponents in quadrature. The amplitudes of thesewill be designated by 

Emn' = (mp + nq)NA 10-s Cmn 1 

Emn" = (mp + nq)NA to-sdmn· 

The amplitude of their resultant is 

(54) 

(55) 

(56) 

One component, if it greatly exceeds the other, may be taken as the 
generated distortion voltage. The various coefficients to which the 
components of the voltage are proportional have already been cal
culated, and also given in tabular or graphical form for specific 
instances. The relations 

p = OA1rNI 
l ' 

where l is the mean length of magnetic path, may be used to convert 
these results into terms of the current amplitudes I and J. \Vhere 
r-m-s quantities are used, they will be distinguished by bars over them. 

Several features of the distortion are particularly outstanding. 
Perhaps chief among these is the dissimilari ty of corresponding upper 
and Iower side-frequency voltages. Inasmuch as these are products 
of a reactance modulator, they might be expected to be in the ratio of 
their frequencies, as they are found to be for one component. Often, 
however, a predominating component appears at each Iower sidc 
frequency with no counterpart at the upper side frequency. This 
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component can be traced to the different axial slopes of the several 
branches of the loop, caused by their different points of origination. 
The slopes are fixed by the envelope of the magnetizing force; since 
this envelope is periodic in the difference of the fundamental fre
quencies, difference products will appear without corresponding sum 
products in the induction. Such a phenomenon is a fundamental 
property of the multivalued characteristic, and will occur wherever 
the envelope of a complex wave is instrumental in selecting the branch 
to be traversed. 

No simple yet general rule seems to embrace the behavior of the 
various products in an iron core coil as governed by the amplitudes of 
the fundamental currents. Each valtage component is proportional 
to its frequency and to the product of two amplitudes, but these often 
enter in a complicated way. For fundamental frequencies close to
gether all the higher order voltages vary directly with the hysteretic 
coefficient v; for widely separated frequencies the distortion may 
depend also on the permeability through its effect on the axial slope 
of the minor loops. At the extremes of the amplitude ratio certain 
products or their components are found to be independent of one of 
the fundamental currents, the stronger one in some instances. When 
case 1 is applicable the third harmonic of the weaker fundamental 
current is suppressed below the value it would have without the 
stronger current superposed, while the third harmonic of the stronger 
fundamental is affected only slightly by the presence of a second 
frequency. Perusal of the table will disclose more detailed relations. 

Distorti01t llf easured in Coils 

Valtages calculated by the theory have been compared with meas
ured values for several coils using two common core materials. The 
agreement found provides a check of the theoretical predictions. 

The two third order lower side frequencies of fundamental frequen
cies pj21r = 760 cycles per second and qj21r = 600 cycles per second 
are plotted in Fig. 4 for a higher frequency current of ten milliamperes 
in an iron dust coil of special design. The frequencies of the products 
are 920 and 440 cycles per second. These data were taken by I. E. 
\Vood and the calculations were made by A. G. Tynan. These curves 
show the product as a function of the amplitude ratio more directly 
than the curves of Fig. 3. 

Both upper and lower third order side frequencies have been meas
ured by A. G. Landeen. The results are given in Figs. 5 and 6 for an 
annular core of iron dust. It is so wound that the magnetizing force 
is 0.04 times the current in milliamperes. The figures show two third 



350 BELL S YS TE M TECllNICA L J OUR NA L 

26 

2 4 I I l ,:; 
I 

2 2 

20 

18 
~ 

~ 
0 16 
> 
:J 
..J 

14 ~ 
z 
-;1 12 

lW 

a: 10 
0 _, 
N 

lW 8 

I 

!f_ I 

-- --- ------ ---1=.- --=-
E2! ~ fF-- -.. -:;:_ 

/~/V I 
/ ~I / j I 

,/V ;:, Elg_ 
I 

lj V/ --MEASURED 

J I --- CALCULATED 

/V / / IJ 

// V I 

I I 
I 

,V vl ~~ I 
4 

,I 
2 

V~ 0 
0 

/ / 

1/ 

l? ",/' 

0.4 0 .8 1.2 1.6 
Q 
p 

2 .0 2 .4 

Fig. 4-Lower side-frequcncy voltages in a n iron dust coil. 

2.8 3.2 

order products plotted against the fundamental current of higher 
frequency in each instance. For these measuremen ts the current of 
one frequency was maintained at some fixed value and the amplitude 
of the other one varied. Both sum and difference products, but with 
d ifferent fundamental frequencies, are exhibited. The upper side 
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frequency is the 25-kilocycle product of 9 and 7 kilocycles; the Iower 
side frequency is the 17 -kilocycle product of 13 and 9 kilocycles. 

Some measurements to which subcase lb is applicable are given in 
Figs. 7 and 8. Each curve gives a third order product for a permalloy 
dust core. The upper side frequency is 25 kilocycles generated by 9 
and 7 kilocycle fundamental frequencies. The lower side frequency 
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is 13 kilocycles from fundamental frequencies at 21 and 17 kilocycles. 
In these measurements both fundamental currents were changed simul
taneously so as to be kept equal throughout. The approach to 
saturation at currents above ten milliamperes is apparent on these 
curves; below, the distortion voltage is proportional to the square of 
the current. 

The measured curves are seen to agree weil with the calculated ones 
in every instance, confirming theoretical values of•the products within 
close Iimits . Eddy currents were negligible in all these coils because 
of the dust cores. The use of the formulae to determine important 
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Fig. 8-Thirteen-kc. third order product of equal currents at 21 and 17 kc., permalloy 
dust core. p.o = 75, v = 0.41, Lo = 5.45 mh., H = 36.0 I. 

intermodulation products from th~ constants of the coils therefore 
seems to be justified. 

Correlation with Single-Frequency Resztlts 

In the single-frequency case Peterson found the resistance and 
reactance at a fundamental frequency w/27r to be increased by 

8 V 
D.R(w, I-I) = - wLo - 11 

37r J.I.O 
1 

D.X(w, JJ) = 2wLo _!__ 11, 
J.I.O 
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respectively, on account of hysteresis and variable permeability, II 
being the maximum of the applied magnetizing force. The total non
linear reactance is then 

X(w, H) = Xo + ßX(w, II) 
with 

Xo = wLo, 

the constant part, representing the reactance the coil would have if 
the permeability remained constant at its initial value. 

The distortion voltages for a two-frequency input may be written 
in terms of these non-linear impedances. With some simplication 
this is clone in Table II for special cases, using equation (56) and the 
relations 

p = OA1rNI 
l ' 

TABLE II 
Case la 

"<< 1 k<< 1 

Et~· ...... ...... 0.960 t:.R(p- 2q, Q)J 

E12· ............ 0.375 t:.R(p + 2q, Q)J 

E2~ ............. 1.28 ÄR(2p - q, Q)I 

E21 .... ......... 0.500 ÄR(2p + q, Q)I 

Eao ............. 0.200 t:.R(3p, P)I 

Eo3· .. · · · · ·. · · · · 

Case lc 
k>> 1 

">> 1 
E12 .••.... •..••• 1.28 t:.R(p - 2q, P)J 

E12 ••.........•• 0.500 t:.R(p + 2q, P)J 

E2! .... ......... 0.960 t:.R(2p- q, P)I 

E21· ............ 0.375 t:.R(2p + q, P)I 

Eao .... ........ . 

Eoa ... .......... 0.200 ÄR(3p, Q)J 

Case lb 
" =;= 1 
k =;= 1 

0.870 t:.R(p - 2q, Q)J 

0.340 t:.R(p + 2q, Q)J 

0.870 t:.R(2p - q, P)I 

0.340 t:.R(2p + q, P)I 

0.068 t:.R(3p, P)I 

0.068 t:.R(3q, Q)J 

Case 2 

"<<I 
k>>" 

0.212 KX(p - 2q, 2P + 3Q)l 

0.212 KX(p + 2q, 2P + 3Q)I 

1.06 Kt:.R(2p - q, p - 0.944Q)J 

1.23 KÄR(2p + q, p + 2.73Q)J 

[0.425 KXo(3p) - 0.200 t:.R(3p, P )]l 

0.200 t:.R(3p, Q)J 

The general formulce of case 1 can be similarly represented, but not 
as concisely. Besides exhibiting the connection bet~veen intermodu
lation products and impedance changes, this table provides a con
venient means for computing voltage components directly from data 
obtainable by single-frequency bridge measurements. 
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Hysteretic Impedances 

The fundamental voltages arenot included in the table. For them 
each component is separately significant. The singly primed E's are 
in phase with the corresponding magnetizing current and the doubly 
primed E's in quadrature. Hence, the former are resistance drops 
and the latter reactance drops, defining incremental components of 
impedance analogous to those mentioned for a single-frequency input. 

Foreach of the fundamental frequencies the results developed previ
ously may be used to determine these components. They represent the 
hysteretic resistance and the hysteretic reactance to the fundamental 
at hand, specified by a subscript p or q. They are tabulated in Table 
III for the special cases considered. The total resistance of the coil 

TABLE 111 
Case 1a Case lb Case 1c Case 2 
o:<<I I(=;= 1 k>> 1 .: <<1 
k<< 1 k =;= 1 I(>> 1 k>> " 

16 N v 256 !!._~ PLol .j.Rp .. .... 15 T~ PLoi 457r l JJ.o 
8 N v L J -- -Po 
5 l JJ.o 

8 .V v LI - -- P o 
5 l j.J.O 

47r N v 64Nv LI 61r N v 4
7!" !!_ ~ PLol LlXp .. ·· ··sT~PLai - --Po - - - PLoJ 

15 l j.J.Q 5 l j.J.Q 5 l JJ.o 

8 N v 256 !!_ ~ Lai 16 !!.. ~ qLoJ 16 N v 
LlRq ...... sT~qLal --- qLoJ 

457r l j.J.O q 15 l j.J.Q 15 l JJ.o 

61r N v 64-N v 47r N v L J 47r N v 
.j.Xq ...... ~ T-qLoi ---qLoJ --- q 0 -;;-- - qLo[2I + J ] 

j JJ. o 15 l JJ.o 5 l JJ. o j l j.J.O 

to either fundamental current can be calculated by adding to the value 
of tlR from the table the resistance of the windings, the eddy current 
resistance, and the initial (viscosity) resistance, all evaluated for the 
frequency of the fundamental. The eddy currents must be so small 
that the flux density is substantially uniform across the cross section 
of the core. The reactance X 0 of the coil can be diminished by the 
eddy current reduction factor for the fundamental frequency and 
added to the hysteretic reactance to give the net reactance of the coil 
under these conditions. 

The table is helpful in evaluating the effect of one fundamental 
current upon the other. \Vithin the Iimits of the analysis, which in 
substance limits the permeability to linear variation with the field 
intensity, the hysteresis Joss at any frequency is either increased or 
unchanged by the Superposition of a second frequency. Nearly equal 
input currents ~hose frequencies do not cliffer greatly share equally 
the hysteresis loss. This amounts to about twicc what it would if 
eithcr funda menta l f1owed alone. If thc frcquencies ditTer greatly, the 
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Fig. 9-Hysteretic resistance to one current in the presence of another. 

loss to either is not affected by the other; if the amplitudes differ 
greatly, the loss to either is governed by the stronger current. In .no 
case, at these \veak fields. does the increased loss at one frequency 
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reduce the loss at another frequency, contrary to weil established ex
periments at considerably higher fields, for which the hysteresis loss 
at one frequency may be reduced by superposing a magnetizing force 
at a different frequency. The inductance is the same to both funda-
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Fig. lOa-Hysteretic inductance to one current in the presence of another. 

mentals in all cases except the second, for which a small difference 
exists. ~he effect of a superposed altcrnating current is always 
apparent through an increascd inductance, although sometimes the 
increase may be slight; it is determined by the )arger current. 
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The influence of one fundamental current upon another has been 
termed mutual crowding. Because of the increased attenuation, and 
at times because of resulting unbalance or phase shift, crowding 
becomes important when different frequencies or bands of frequencies 
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Fig. 10b-Hysteretic inductance to one current in the presence of another. 

7 

are transmitted simultaneously through a circuit including ferro
magnetic material. 

Incremental impedances for a twenty-two millihenry permalloy dust 
loading coil are given in Figs. 9 and 10. The current I had a frequency 
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of 550 cycles per second, and J 475 cycles per second. .:\Ieasured and 
calculated values are plotted for comparison, with regions of appli
cability of the special subcases indicated. Portions of calculated curves 
falling in regions A or C were computed by the two sets of formulce for 
subcases 1a and lc, portions in the middle of region B by the formulce 
for subcase 1b. The trend of the quantities measured is accurately 
portrayed by the calculations and agreement of the values is good. 

All the curves commence at those values of resistance or inductance 
which would obtain in a single-frequency case with a current having 
the magnitude of the one here superposed in fixed amount. Upon 
increasing the variable current the measured quantities show an 
increase as it begins to preponderate, and eventually they approach 
asymptotically the values they "·ould have if it ftowed alone. 

The measurements were made by L. R. \Yrathall using a l\'laxwell 
inductance bridge with two imputs and a tuned detector. Eddy 
currents being of no consequence at the low frequencies employed, the 
chief sources of possible error are calibrations of the standards used 
and variation in the temperature of the coil during taking of the data. 
Changes in winding resistance caused by the latter are of the same 
order of magnitude as the changes in hysteretic resistance being 
observed. Precautions against both possibilities were taken. 

CONCLUSION 

The multiplicity of forms of complex hysteresis loops makes their 
analysis in general a complicated and difficult matter if indeed possible 
at all. Extensiveexperiments with two frequencies must be completed 
and the results classified according to the types of loops before an 
acceptable method of taking their form into account can be formulated. 
The parameters k and K seem to be effective quantities for denoting 
concisely a particular form of loop in many instances. 

A way of representing the behavior of complex loops more exactly 
than do l\1adelung's propositions is needed, and might be the fruit of 
precise experiments designed to clear up also the early closurc and 
Iack of closure which Lehde apparently found in minor loops. The 
tracing of complex loops is not simply cyclic, and only when a nearly 
complete magnetic cycle is executed between successive maxima in 
the magnetizing force can conditions approaching a cyclic state be 
expected to exist. Some experimental evidence of performance in 
other conditions is a present need "·hich can perhaps be met by a 
thorough investigation of spiral chnracteristics. These seem to ha ve 
heen ignored entirely in the pas t, the liternture dealing with sub-
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sidiary loops only along a magnetization curve or a branch of a major 
loop. 

Correlation of certain magnetic phenomena to a degree not heretofore 
attainable is made possible by the preceding development. Among at 
least some of these a qualitative connection has been weil recognized. 
Flutter and allied effects are known to be aspects of modulation, and 
crowding is observed to accompany non-linear distortion quite gener
ally. These features are related quantitatively by means of the 
theory, and are linked with their single-frequency counterparts. It 
thus becomes feasible to evaluate some of the moreabstruse occurrences 
in terms of readily understandable effects simpler in nature; ultimate 
in this direction is the use of steady state results to forecast the behavior 
of transmitted speech or music. 



Abstracts of Technical Articles from Bell System Sources 
Reverberation Time and Absorption .1lfeasurements with the I-ligh 

Speed · Level Recorder. 1 E. H. BEDELL and K. D. SwA RTZEL, ]R. 
I t has been common in reverberation theories to neglect the effect of 
the stationary wave pattern in a room and to assume a logarithmic 
decay of the sound energy. In many cases this assumption of a 
constant decay rate is not fulfilled, and in particular it is weil known 
that the decay curves as obtained with available instruments, which 
indicate either the pressure or the velocity at a point in the sound 
field, show marked fluctuations in the decay rate. The rate of decay, 
in general, varies during the decay period, from point to point in the 
room, and may depend upon the position of the sound source, and the 
location of absorbing materials. Very rapid fluctuations in the decay 
rate have commonly been averaged out by the measuring apparatus 
itself, either by making the indicating instrument sluggish in its 
action, or by measuring the average intensity over finite time intervals 
during the decay period. The slower, and perhaps more important, 
deviations from Iinearity in the decay curves have been either reduced, 
or averaged out, by a number of expedients. Among these are the 
use of rotating sound reflectors, or vanes, to break up the stationary 
wave pattern in the room; the use of frequency modulated, or warble , 
tones in place of a constant single frequency; moving the microphone 
to a number of positions in the room; and moving the sound source. 
Hunt has given some quantitative data on the effect of the warble tone, 
but similar data on other methods of smoothing out the decay curves 
arenot available. This paper presents some data on the relative valuc 
of the above methods of improving the measured decay curves, and 
on the use of a motor driven rotating switch to connect in rapid 
sequence a number of microphones, placed in different parts of the 
room, into the measuring apparatus, for obtaining on a single curve a 
space average of the time decay pattern. Since many of the deviations 
from Iinearity in the decay curves have a "period" of 30 db or more, 
we should expect the accuracy of our values to be a function of the 
range through \vhich the decay is measured, particularly when the 
range is not large compared to the period of the deviations. This 
effect is discussed for thrce values of thc dccay range, 30, 60 and 
90 db. 

1 Jour. A cous. Soc. A mer., January, 1935. 
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Standardization of Noise lvfeters. 2 R. G. McCuRDY. Abriefreview 
of the present status of standardization of noise meters and measure
ments, and progress made to date by the technical committee on noise 
meters and noise Ievels of the American Standards Association. 

A Rotating Jl.![irror Oscilloscope. 3 R. F. MALLINA. When studying • 
sound it is sometimes useful to project the wave-form of electrical or 
acoustical phenomena on a screen. A rotating mirror in combination 
with a vibrating mirror and a light source provide a convenient means 
of showing such waves. The problern of building an instrument for 
such a purpose is comparatively simple if a small screen is used in a 
dark chamber. However, when the screen is large enough to be 
viewed by a dozen or more persons, many difficul ties arise. 

The paper describes how the various parts of the apparatus may be 
coordinated in order to produce a comparatively bright, clearly defined 
wave with a small incandescent Iamp in a room of average illumination. 
The vibrator used in the apparatus may be so constructed that its 
response is either inversely proportional to or independent of the 
frequency. 

Shot Effect and Thermal Agitation in an Electron Current Limited by 
Space Charge.4 G. L. PEARSON. The space current in a thermionic 
vacuum tubeisnot a steady fiow of electricity but is subject tominute 
irregular fiuctuations. The two most fundamental causes for these 
fluctuations are the random distribution of instants of emission of the 
individual electrons and the distribution of these electrons in velocity. 
The random emission produces shot noise which may be reduced by 
the space charge surrounding the cathode, while the velocity dis
tribution produces thermal noise and is dependent upon the tempera
ture of the cathode. 

Although plausible theories of these effects have been given they 
have never been checked by accurate experiments because of the 
difficulties involved. By using two electrode tubes capable of pro
ducing a Iarge space chargesuch measurements have now been made 
and are reported in this paper. 

Simple Tlzeory of tlze Tlzree-Electrode Vacuum Tube. 5 H. A. PIDGEON. 

The physical principles upon which the operation of the three-element 
vacuum tube depends are presented in simple form and the terms 

2 Elec. Engg., January, 1935; Indus Standardization, January, 1935. 
3 Jour. S.M.P.E., December, 1934. 
4 Physics, January, 1935. 
6 Jour. S.M.P.E., February, 1935. 
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usually applied to the tube, its operation as an amplifier , and a simple 
· approximate method for computing the power output and percentage 
of distortion are explained. 

No new material is presented in the paper although some of it is 
presented from a somewhat different point of view from that usually 
found in the literature. An effort has been made to present in reason
ably compact form the essential features of the subject most useful to 
engineers interested in vacuum-tube applications. 

The subjects discussed include: the portion of electron theory upon 
which the fundamental principles of vacuum-tube operation are based; 
space charge, the three-halves power ]a,v, temperature and valtage 
saturation; characteristics of the three-element tube; definition and 
physical significance of the terms plate resistance, transconductance, 
and amplification factor; dynamic characteristics, power output, and 
distortion; various means of coupling the vacuum tube to its associated 
circuits; and means for testing vacuum tubes for adequate thermionic 
emission. 

Coaxial Communication Transm,ission Lines. 6 S. A . ScHELKUNOFF. 
A non-mathematical discussion of the mechanism whereby energy 
may be transmitted over Iong distances at high frequencies by the use 
of "coaxial conductors" is presented in this paper. A coaxial system 
consists of a cylindrical conducting tube within 'vhich a smaller con
ductor is coaxially placed. Such conductors, which reduce interference 
and crosstalk, are applicable for the transmission of telephone, tele
graph, and television signals over a very wide range of frequencies. 

Some Aspects of Quality Control. 7 \V. A. SHEWHART. The objcct 
of this paper is to make clear what is meant by quality in a practical 
objective way that is subject to experimental verification and to con
sider some aspects of the problem of control. As a basis for judging 
the quality of current product it is necessary to obtain first of all 
adequate information, in the most efficient manner, on which to 
render a judgment. This can be accomplished by providing an 
inspection specification which is distinct from the design specification. 
One specifies the quantity and kind of evidence that is required as a 
basis for judging whether or not the quality of the product will attain 
its goal; the other specifies the goal. Certain elements of uncertainty 
must bc allowed for in setting the goal. The discussion closes by 
pointing out the necessity of keeping a running report or rccord of thc 

6 Elec. E ngg., Deccmbcr, 193-l. 
7 Jl ech. E ngg., Dcccmber, 1934. 
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evidence used in judging the quality of current product as a part of 
any scientific plan of making use of hindsight as weil as foresight in 
controlling quality. 

The Ionizing Effects of Jl,feteors. 8 A. M. SKELLETT. It is shown 
that a meteor of average velocity has enough energy to cause ioniza
tion of atmospheric gases by impact. Recent experimental work by 
Frische and others on collisions of ions is interpreted as supporting the 
hypothesis that meteoric collisions do result in ionization. The after
glow of nitrogen is considered as a possible example of the process 
by which a meteor train remains glowing for a period of minutes and 
the coincidence of the region in which such trains are generally ob
served and of the E ;egion of the upper atmosphere is pointed out. 
The spectra of bright meteors , while not showing atmospheric lines, 
are shown not to be inconsistent with the above hypothesis. 

The behavior of the transatlantic short-wave radio telephone 
circuits of the American Telephone and Telegraph Company, during 
1930, 1931, and 1932, is examined for possible meteoric effects. It is 
concluded that, in general, a rather large shower is necessary to affect 
them appreciably. This was to be expected since these circuits are 
normally under a continuous bombardment by random meteors. It 
seems possible that a certain degree of the variability (rapid fading, 
etc.) of received signals over such paths is due to this bombardment. 

Results of radio pulse studies of the upper atmosphere, particularly 
by Schafer and Goodall, which are strongly suggestive of meteoric 
ionization, especially at times of special meteoric activity, are (1) 
sudden increases in ionization in the E region lasting for a period of 
minutes or less, and (2) increases of Ionger duration with maxima 
coincident in time with those of observed meteoric activity. Such 
tests made during the Leonid shower of November, 1932, were suc
cessful in correlating sudden increases in ionization in the E region 
with the visual observations of a number of bright meteors passing 
overhead. For the brightest meteor observed, the ionization increased 
to a value in excess of summer noon conditions. 

It is pointed out that meteoric showers might take place in the F 
region which would be unobservable by ordinary visual means. 

Taking into account the energy spent by the meteor in ionization, 
a mass for the brightest meteor, for which correlative data was ob
tained is roughly calculated to be 0.3 gram. I ts estimated brigh tness 
was -1 magnitude. 

The recombination coefficient at the height of the E region is calcu-

8 Proc. I.R.E. , February, 1935. 
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lated from the rate of decrease of ionization after the passage of a 
meteor, to be less than 0.2 x 10-s cubic centimeters per second. 

Small Sap/ing M ethod oj Evaluating vVood Preservatives. 9 R. E. 
WATERMAN and R. R. \VrLLIAMS. Permanence and toxicity are 
probably the most necessary characteristics of a wood preservative. 
Ease of injection, freedom from corrosive properties, cleanliness, cost, 
and the like are all important, but no material can be considered unless 
it displays a high degree of resistance to wood-destroying fungi and 
unless this toxic potency persists when the treated wood is exposed to 
the weather for lang periods of time. The problern under discussion 
isthat of appraisal of wood preservatives for these two characteristics 
within a reasonably short time. 

In order to expedite tests of the permanency of pole preservatives, 
use is made of groups of small pine saplings treated wi th the preserva
tive in question and set in the ground as miniature telephone poles. 
In these specimens weathering is relatively rapid on account of the 
large ratio of surface to volume, and poorly preserved material begins 
to decay in one or two years. Analyses and toxicity tests as weil as 
observations of decay are made periodically. Seven years' experience 
indicates that the comparative preservative values of various salts, 
creosotes, oils, etc., may be estimated relatively cheaply, quickly, 
and with considerable reliability by this method. 

A High Speed Level Recorder for Acoustic Jl,feasurements. 10~ E. C. 
WENTE, E. H. BEDELL and K. D. SWARTZEL, ]R. Two quite accurate 
means for recording rapid variations in sound intensity in a form 
suitable for visual inspection have been available for a number of 
years. One of these is the phonodeik, or one of its variants, and the 
other is a combination of a microphone and an oscillograph. \Yhen 
properly designed these devices record the actual wave form of the 
sound. However, for many acoustic measurements, a knowledge of 
the wave form is of secondary interest, whereas it is important that 
one should be able to record rapidly varying mean intensities m·er a 
wide range of values. From a record of the wave form it is not easy 
to determine the intensity with any degree of accuracy for a range 
greater than 20 or 30 db, but in some types of acoustic measurements 
it is highly desirable that the record cover a range of at least 60 dh. 
Recently several types of instruments have been built which record, 
on a logarithmic scale, the mean power of the electrical input. These 
instruments, like that described here, may be uscd to plot the intensity 

9 Indus. aud Engg. Chern. (Analylical Edition), November 15, 1934. 
10 Jour. Acous. Soc. Amer. , January, 1935. 
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Ievel in db as a continuous function of either time, frequency, or any 
other variable. The adaptability of such Ievel recorders to acoustic 
measurements depends, among other factors, upon the range and 
accuracy of the logarithmic scale, and upon the effective speed of the 
recording mechanism. This recording speed is most conveniently 
expressed in terms of the rate, in db per second, at which the recorder 
is capable of following changes in the input power. 

The Ievel recorder described here consists essentially of an amplifier 
and rectifier, the output current of which is held at a substantially 
constant value automatically by a change in the gain of the amplifier, 
following changes in input power. The gain is varied by means of 
motor driven slide wire potentiometers graduated in logarithmic 
steps, the gain settings of which are recorded. 

Some Applications of Modern Acoustic Apparatus. 11 S. K. WOLF 

and W. J. SETTE. Within the past two years there have been de
veloped at the Bell Telephone Laboratories several electro-acoustic 
instruments designed to facilitate accurate measurement of a wide 
variety of acoustic phenomena. Three of these instruments are: an 
automatic Ievel recorder, a crystal analyzer, and an acoustic spec
trometer. Some of the types of acoustic studies for which these 
modern devices are well adapted may be of general interest and hence 
specific applications made at Electrical Research Products are de
scribed here. These include reverberation measurements, loud speaker 
response measurements, noise analyses, piano tone analyses, and 
studies on the singing voice. A brief description of the operating 
characteristics of the instruments is first given. 

11 Jour. Acous. Soc. Amer., January, 1935. 
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Further Results of a Study of Ultra-Short-Wave 
Transmission Phenomena * 

By C. R. ENGLUND, A. B. CRA WFORD and W. W. MUMFORD 

No. 3 

Earlier published work has shown that, while the chief features of 
ultra-short-wave transmission over "air line" ranges are calculable from 
optical theory, there are deviations from this theory at the greater distances 
where a bending araund the earth occurs. In this paper the results of a 
further study of these phenomena are given. It is shown that transmission 
to regions beyond the optical range is determined by conditions which are 
not constant and which, in fact, can produce great signal strength changes. 
The variable percentage of water vapor normally present in the atmosphere 
is suggested as a possible cause. The explanation seems, therefore, to 
involve a combination of diffraction and refraction, this latter variable with 
time, and at times predominant. 

I N a recently published paper 1 results obtained at the Holmdei 
Laboratory during a survey of ultra-short-wave transmission 

phenomena have been given. In this report it was shown that, while 
the chief features of ultra-short-wave transmission over "air line" 
ranges are calculable from optical theory, there are deviations from 
this theory at the greater distances where a diffraction around the 
earth occurs. The resul ts of a further study of these diffraction 
phenomena form the data of this paper. 

I t is probable tha t a diffraction around the earth will be distorted 
by major topographical irregularities, at or near the area of grazing 
incidence for the waves, and hence fhat the ocean surface is preferable 
for a study of this kind. It hardly seems likely that the ocean contour 
can be rough enough to give results differing markedly from those for 
a smooth water surface. 

An obvious experimental setup, therefore, is to locate a transmitter 
at or very near the ocean shore and to record the transmitter field as 
a mobile receiver is carried towards or away from this transmitter, on 
paths that go well below the horizon. The receiver can be carried 

* Presented at April 1935 meeting of Union Radio Scientifique Internationale, 
Washington, D.C. 

1 Proc. I. R. E. 21, 464, 1933. 
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either by boat or airplane. It is probable that the wave structure of 
the ocean surface woulcl produce irregularities in reception if the 
receiving antenna be too near this surface, as on a boat, and for this 
type of receiver transport the time occupied by an experiment is 
rather long. N aturally the slow motion makes a fine grained record 
possible. In an airplane the time of transit is very much reduced 
but the vibration and unsteadiness are not favorable for accurate 
recording and the electrical noise Ievel is high. There is also an 
increase in range necessary to get the same angular distance below the 
horizon as with a boat. This range extension, however, is relatively 
not as great as might appear since the falling away below the horizon 
is proportional to the square of the distance. For example, a line 
tangent to the earth is 100 feet up at 14 miles and 1000 feet up at 45 
miles from the tangent point.2 If these be boat and airplane antenna 
altitudes respectively, the airplane must always travel 31 miles farther 
to get the same angle of refraction below the horizon as the boat does. 
Since it is necessary to travel about 92 miles to get one degree below 
the former horizon (angle between the two earth radii) and the trans
mitting antenna height will further increase the range for a given dif
fraction geometry, it is evident that the difference in antenna altitude 
as between a boat and an airplane, is not of serious effect either in 
space covered or in accompanying signal attenuation. 

We were fortunate in being located so that a land plane could be 
used to give us an over-water transmission. As a glance at the map 
(Fig. 1) will show, it is possible so to locate a transmitter on the New 
] ersey shore that there is an over-water path for an airplane ftying 
along the Long Island shore. Owing to the curvature of the Long 
Island beach, an over-water path for the entire distance to l\1ontauk 
Point requires a location of the transmitterat or south of Long Branch, 
New Jersey, and such a location makes the minimum path length 
possible (Long Branch to Rockaway Beach) about 20 miles. This 
was too great a distance to be satisfactory to us and we electcd to 
locate north of Long Branch. Although the curvature of the Long 
Island shore then interposed land between Montauk Point and the 
transmitter, this land lay weil below the horizon, as viewed from the 
transmitter, and it was thought, therefore, that its effect might be 
small or negligible. 

North of Long Branch the favorable shore transmitter sites are 
restricted to the Sandy Hook region and the strctch between Sea 

2 Air refraction is includcd by incrcasing the apparcnt radius of the earth to 5260 
milcs. Sec Schcllcng, Burrows and Fcrrcll, Proc. I. R. E. 21, -127, 1933; Bell Sys. 
Tech. Jour., XII, 125, 1933. 
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Bright and Long Branch. Between these two regions the narrow 
sand strip is almost entirely occupied by breakwater, railroad, and 
highway with a number of pole-carried transmission lines. Sandy 
Hook has several splendid locations, but housing and 60-cycle power 
would have had to be supplied, and we elected, therefore, to transmit 
from the Calef estate in North Sea Bright. This house, the last one 
along the beach north of Long Branch, was within 50 feet of the ocean 
and already had electric power connections. 

TRANSMITTER 
SITE 

i \.. 
{>-

0 

Fig. 1-Map showing transmitter location. Airplane flights were made along 
the south shore of Long Island. 

EXPERIMENTAL 

Our experimental setup was as follows: In the Bell Laboratories' 
tri-motor Ford plane, placed at our disposal by Mr. F. M. Ryan and 
his staff, two receivers operating at 1.58 and 4.6 meters respectively, 
and equipped with manual recorders as described in the earlier cited 
paper, were installed. The insulated mast antenna support in the 
tail of the plane was used as the 4.6 meter receiving antenna and con
nected as an approximately Yz wave, end tapped, conductor. The 
1.58 meter antenna was a tubular half wave antenna, cut in the 
center and connected to an internal two-wire transmission line. I t 
was unbalanced but apparently not seriously so. Its mounting socket 
was up forward between the wings. These receivers were double 
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detection sets with 100 decibels or more gain at the intermediate 
frequency and the spring operated recording mechanism recorded the 
set gain as the operator varied it manually, to hold the set output 
constant. 

At Sea Bright two transmitters were installed in separate rooms on 
the top floor of the house and the high-frequency power was fed to the 
antennas by transmission lines. These antennas were center-driven 
vertical half-wave units mounted on wood beams which were erected 
in the gables of the house and extended above the roof. The antenna 
centers were about 8 feet above the roof peak and some 60 feet above 
mean sea level. Both sets were simple " push-pull " oscillators, the 
4.6 meter one using two UX852 tubes and generating something like 
80 watts, the 1.58 meter set using two 149Y tubes and generating 12 
watts. Meters were arranged so as to maintain a check on the 
constancy of the antenna currents. Modulating equipment and a 
3-5 megacycle receiver were provided so that contact with the plane 
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could be maintained at all times, transmitting from Sea Bright on 4.6 
or 1.58 meters and receiving on the plane's regular service wave. 
Con tact of this kind is weil nigh indispensable. 

From September 25, 1933 to November 20, 1933, inclusive, fourteen 
airplaneruns were made, ten of which were recording trips. M easure
ments were made both "go" and "return," and of the twenty obser
vations resulting, three were made at 8000 feet, four at 2500 feet, two 
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at 2000 feet, and the remainder, or eleven, at 1000 feet. No observa
tions at 2000 feet had been scheduled but on September 28, when 
a 2500-foot run was begun, clouds forced a drop to 2000 feet . 
Each round trip Iasted from two to five hours and due to the exi
gencies of airplane operation was completed between 9 a.m. and 5 
p.m. In Figs. 2 to 12 inclusive, a set of typical observations is plotted . 
Superposed on the observational curves are theoretical curves cal-
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culated from the height and distance data and the constants 3 of the 
sea water, assuming ordinary optical reflection from an earth of 5260 
miles radius. These theoretical curves are adjusted best to fit with 
the observations, the ordinates for all the curves being the decibels 
left in the receiver attenuator.4 These results can be summarized 
briefly as follows: 

At 8000 feet the fit with theory is excellent at both wave-lengths. 
The grazing distance for this altitude is 137 miles and the entire 
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reception is, as it should be, optical. The " out '' curves for the 1.58 
meter reception show a middle distance roughness which characterizes 
all the " out " curves for this wave-length. This roughness is due to 
a minimum in the polar characteristic of the plane which was, unfor
tunately, directed at the transmitter for the first part of the outward 
flights. 

At 2500 feet the fit with theory is good for the greater part of the 
optical range for the 4.6 meter wave transmission. Both curves (5 
and 6) show a definite diffraction effect. 

3 Dielectric constant = 80. 
Ohmsper cm. cube = 20. 

4 The set gain was determined tagether with the average transmittcr ammeter 
readings for each run. \Vith thesc and thc experimentally determined polar char
acteristics of the plane antennas, the curves are corrccted toset gains of 100 and 110 
db respectively for the 4.6 and 1.58 meter receivers and for specified transmitter 
currents. 
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The 1.58 meter observations at 2500 feet fall off with distance in 
fair agreement with theory (Fig. 7). The "out " curve is rough at 
the shorter distances, as explained above. 

Observations at an altitude of 1000 feet occupied most of our 
flying time. This was the lowest altitude which we cared to try, since 
the plane had to remain within gliding distance of the shore. The 
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Fig. 5-Flight from transmitter. \Vave-Iength-4.6 meters; Altitude-2500 feet; 
October 11, 1933; 10:35 a.m. to 11:30 a.m. 

grazing distance for this altitude is 56 miles and, as the Montauk end 
of Lang Island is a little over 120 miles out, a considerable distance 
where the transmission is below the earth's horizon was available. 
At 1000 feet, at Montauk, the plane was 5000 feet, or 0. 71 degree, 
below the ocean grazing line from the transmitter. 

At 4.6 meters the first run (the flight of September 27), Fig. 8, 
carried all the way out to Montauk. Subsequent runs (as Fig. 9) 
carried barely half way, before the plane noise drowned out the signal. 
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By going over the electrical system of the plane, tightening old bonds 
and loose meta! pieces, and adding new bonds and shielding, the noise 
was reduced to such an extent that the results shown in Fig. 8 for the 
flight of November 1 were obtained, where l\1ontauk Point was almost 
reached. Both of these curves fit theory well in the optical range; 
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beyond this the second curve lies 10 decibels below the first one. 
Evidently the plane noise troubles were due simply to the lower signal 
Ievel which had to be received. This Ievel feil lpwer as the cold 
weather came on, and additional work on the plane electrical system 
bad to be clone. The 4.6 meter receiving set was also overhauled and 
realigned. Finally, on November 20, we oLtained thc bottom curve 
of Fig. 8, which appeared to Le thc Lest we could hope for, and the 
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work was accordingly discontinued. Forthis flight, the signal strength 
at 80 miles was ten decibels below that observed on November 1, and 
twenty-one decibels below that recorded September 27. The con
clusion is inescapable that transmission to regions beyond the optical 
range is determined by conditions which are not constant and which 
in fact can produce great signal strength changes. 
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The 1.58 meter observations at 1000 feetcheck the 4.6 meter results 
fairly weil. They follow theory within the optical range. Figure 10, 
corresponding to Fig. 8 for the 4.6 meter observations, shows some 
indication of diffraction, and Fig. 11 checks the rapidly falling signal 
intensity of the bottom curve of Fig. 8. At no time was the half way 
distancc to Montauk reached. Thcre are scveral reasons for this. 
The power Ievel available at 1.58 metcrswas nearly 10 db below that 
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for 4.6 meters, and the plane noise Ievel was higher. It appears, from 
some rough tests made, that a metal plane is likely to havc a peak 
noise range determined by the natural period of the smaller metal 
parts, which can vibrate and make variable contact during Operation. 
The " out " curves show the same roughness that was found at the 
other altitudes. lf this effect had been discovered in time, it would 
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certainly have been advisable to move the receiving antenna, so as to 
shift the polar characteristic minimum to some other angle. 

The curves of Fig. 12 were taken at 4.6 meters on passing from the 
1000- to the 8000-foot Ievel and vice versa. The first one, taken at 
Montauk Point on September 27, shows very little variation in signal 
strength in spiraling up from 1000 to 8000 feet. This was the day 
when our maximum atmospheric refraction was encountered. lf we 
assume a refraction sufficient tobend the radiation into a circlc around 
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the earth, we shall have the theoretical curve " A " of Fig. 8. Evi
dently the actual refraction was something of this order. 

The second curve of Fig. 12, was taken spiraling down at Montank 
Point on October 3. The third curve was taken at a distance of 90 
miles from the transmitter while spiraling and gliding down, headed 
"out," on October 18. Unfortunately this was a day of low humidity 
and the signals were lost before reaching the 1000-foot Ievel and were 
not picked up again on the return trip. The reduction in plane noise 
while idling the engines, after the descent had begun, was pronounced, 
and permitted following the signal almost to 1000 feet. 

DISCUSSION 

The check with theory for the optical range, though gratifying, was 
expected from our earlier work. At these low angles of incidence the 
reflectivity does not vary rapidly with dielectric constant and con
ductivity changes so that the values assumed by us are adequate. 
The results for the range beyond grazing incidence are rather unex
pected. Diffraction was looked for, and anticipated, but the results 
themselves seem most readily explicable by a combination of diffraction 
and refraction, the latter variable with time, and at times predominant. 
Apparatus variations are ruled out; no effect of ocean roughness has 
been discernible, and calculations show that the height of the tide is 
not the explanation. There remain changes in the constants of the 
air, or in other words, changes in air refraction to consider. Not 
enough data are available to predict correctly an air refraction effect, 
but that this is the most plausible explanation is shown by the fol
lowing. 

Because of the change in air density with height, the effect of air 
refraction is to bend the radio ray into a curved path. This bending 
is proportional to the gradient of the dielectric constant of the atmos
phere, which in turn is proportional to the sum of the gradients of the 
dry air and water vapor constituting the atmosphere. The dielectric 
constant of a gas can be written as, 

e-1=KJ!.. 
T 

In the table below some calculated values of " K " are given. They 
indicate that water vapor is some 18 times as effective as air, as a 
refractive medium. They are for wave-lengths greater than 100 
meters; no measurements at about 5 meters wave-length have been 
found, so far, in the scientific literature. 
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Temp. 

45° F. 
63° F. 
83° F. 

760 l\1M. ßARO!\lETRIC PRESSURE 

K 

Air 

0.000211 
0.000211 
0.000211 

\Vater Vapor 

0.00381 
0.00366 
0.00356 

As is shown in the appendix, the small percentage of water vapor, 
present normally in the atmosphere, has a very marked effect on the 
radius of curvature of the radio ray. \Vhile the bending, there cal
culated, does not quantitatively explain our September 27, 1933 results 
at 1000-foot altitude, it is qualitatively in the right direction. The 
weather bureau data given us were, 

Per Cent 
Date Temp. Bar. \Vater Vapor 

by Vol. 

Sept. 27, 1933 .............. 83° F. 760 2.46 
Nov. 1, 1933 ............... 63° F. 763 0.935 
Nov. 20, 1933 .............. 45° F. 757 0.617 

and were taken on top of a New York City building. The humidity 
and its gradient, at the ocean surface may weil have been greater. 
It is not impossible, either, that water vapor absorption bands occur 
in the ultra-short-wave region. High and irregular refraction effects 
would then occur. 

It is evident that a slight change in ray curvature under grazing 
incidence transmission conditions will give a marked increase in range. 
The fading of weak signals under these conditions, which has been 
observed in this country by Bell Laboratories engineers at Deal Beach, 
New Jersey, and by Radio Corporation of America observers, and in 
Europe by Senatore Marconi and International Telephone and Tele
graph Company engineers, may possibly be explained in this manner. 

This work is being continued. 

APPENDIX 

1. From the accepted theory 5 the diE>lectric constant of a gas ts 
given by 

E - 1 = 47rN ( '\ 2 + A,u ) . 
E + 2 3 "e 3RT 

6 Sec Debye, "Polar l\loleculcs," Chemical Cataloguc Company. 



ULTRA-SHORT-WA VE TRANSMISSION PHENOMENA 385 

R 1 Afp . Ap 
Fora perfect gas pv = }.1 Tor p = v = RT and smce N = AI 

e - 1 = 471". A .t ( 'Ae2 + AJ.L ) 
e + 2 3 R T 3RT 

The sym bols are : 

e = dielectric constan t 
N = no. of molecules per cm.3 

'A = elastic binding constant of optical electrons 
e = electron charge ( = 4.774 X 10-10 E.S. Units) 
J.L = electric moment of molecule 
R = gas constant ( = 8.314 X 107) 

A = Avogadro's const. ( = 6.064 X 1023 molecules per mole) 
T = absolute temperature 
p = pressure in dynes per cm.2 

v = specific volume (cc. per gm.) 
1.1 = mole (molecular wt. in gms.) 

p = density (gms. per cm.3) 

For practical purposes this equation can be simplified. For most 
gases e + 2 = 3, to a high degree of accuracy and, as the material 
constants " 'A " and " J.L " are not readily separately measurable, it is 
convenient to lump them in a single constant. It is also convenient 
to change to another unit of pressure, the millimeter of mercury. In 
this unit and with the above simplifications 

p . p 62370 
e - 1 = K ·r and the gas equatwn becomes T = -----xT p. 

2. From the Smithsonian tables we have the value of "K " for air 
practicall y constan t and eq ual to 

Kair = 211 X 10-6• 

From the results of Jona, Zahn, Stuart, Sänger and Stranathan, 6 

the value of " K" for water vapor is 

KH 20 = 182 X 10-6 
( 1 + 5~2 ) · 

From these values the table below is calculated, assuming 760 mm. of 
mercury pressure. The temperatures chosen are those encountered 
in our airplane work, on the dates given. 

s Jona, Phys. Zeit. 20, 14, 1919. Zahn, Phys. Rev. 27, 329, 1926. Stuart, Zeit. 
J. Phys. 51, 490, 1928. Sänger, Phys. Zeit. 31, 306, 1930. Stranathan, A mer. Phys. 
Soc. Bull., Vol. 9, No. 2, abstract No. 7. 
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Temp. Ewater vapor Date 

45° F ....... . 1.000574 
1.000554 
1.000534 

1.01033 
1.00965 
1.00898 

11-20-33 
11- 1-33 
9-27- 33 

63° F ....... . 
83° F ....... . 

3. The velocity of propagation, of electromagnetic waves in a gas, 

. . b 3 X 1010 d h d" f f h . ts gtven y v = .V € , an t e ra tus o curvature o t e ray, m 

the plane of " h," is, 

R = _!!__ = av 
ah 

2e 2 211! 

62370 a(Kp) 
iJh 

From the linear addition theorem, the "K" of a composite gas 
like moist air will be 

or 

100K = [000- a)211 + a (182( 1 + 5~2 ))] X 10-6 

K = [ 211 + a ( 
10~59 - 0.293)] X 10-6, 

where " a" is the percentage of water vapor, in the air, by volume. 
Hence 

R = _ M X 106. 1 , 

31185 ~t P [ 211 + a ( 10~59 - 0.293)] 

where " llf" is the molecular weight of the gas involved, and " p, 

" a," and " T" are to be determined as functions of "h," the alti
tude above the earth. 

4. From Humphrey's " Physics of the Air" we obtain the following 
data: · 

On page 38 average summer and winter temperature versus height 
curves are given. For the first two kilometers a good fit to the 
summer curve is given by the equation, 

T = - 6.19/z + 288 where " h " is in miles. 

On page 72, average summer and winter air and water vapor 
pressure, and total density tables, as a function of the height, are givcn. 
For the first two kilometers the density is given by the equation, 

p = - 0.000185/z + 0.001224 
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and the percentage of water vapor by 

a = - 0.405h + 1.372. 

The water vapor percentage gradient increases (in absolute value) up 
to 1.25 kilometers, after which it decreases; the other two curves 
(" T" and " p ") do not have a point of inflection. The curve for 
" p " has a continuously falling slope above 2 kilometers, that for 
" T" has a rising slope (both in absolute value). Either rising slope 
curve should show, by itself, a certain converging lens effect. 

5. Carrying out the differentiations indicated in paragraph 3 gives 

ä~P [ 211 + a ( 
10~59 - 0.293) J 

=211ap+(10159_0293)( iJp+ aa) 
ah T . a ah P ah 

10159ap aT 
T 2 aii · 

Three terms result, distinguishable, respectively, as due to the air 
density gradient, the water vapor density gradient, and the tem
perature gradient. 

As a typical and simple numerical example, we may select the 
values of " p," " T," and " a" for h = 0, that is at the earth's 
surface. We have· then 

and hence 

ap - - 1.85 x 10-4, 
iJho -

Po = 1.224 X 10-3, 

da 
-, - - 0.405, 
dllo 

]1,[ = 28.6, 

ao = 1.372, 

ar 
iJho = - 6.19, 

To = 288, 

917·5 14350 ' '1 R = 390 + 262 - 12.6 = _ml es, 

where the three terms in the denominator are: the air, water vapor, 
and temperature gradient terms, respectively. It is evident that the 
existence and distribution of the small amount of water vapor present 
(1.37 per cent), adds very greatly to the effectiveness of the air itself 
as a refractive medium. 



Acoustical Instruments* 

By E. C. WENTE 

Previous to the development of amplifiers most of the instruments used 
in acoustical research depended for their operation upon purely mechanical 
principles. This paper includes a brief survey of such of these instruments 
as are still of interest in connection with the investigation of technical or 
research problems in acoustics, but it deals primarily with the more recent 
electrical devices used in the study of air-borne sound waves. 

The limitations and fields of application of various electrical instruments, 
including microphones, particularly adapted to definite types of acoustic 
measurements, are discussed. 

M EASUREMENTS in acoustics may be said to date from the 
fifth century B.C., when Pythagoras observed that the lengths 

of strings giving the fifth, the fourth and the octave had the ratios 
6 : 4 : 3, but no further really significant quantitative acoustic measure
ments were reported until the 17th centry when the frequencies of 
vibration of the notes in the musical scale were determined by lVIer
senne.1 The first systematic treatise on experimental acoustics was 
published by Chladni 2 whose work on the vibration of plates and 
diaphragms is we11 known. \Vith respect to the development of pres
ent day acoustical instruments the most outstanding contribution of the 
last century was the application of diaphragms for receiving sound 
waves by Scott and Koenig. Such diaphragms not only are used 
in most of these instruments, but also form an important element in 
two notable inventions of the last century, the telephone and the 
phonograph. 

One of the chief functions of an acoustic diaphragm is to translate 
the extremely small pressures of sound waves into comparatively 
)arge corresponding forces, but a diaphragm cannot deliver more 
power to a system than it absorbs from the sound field. Telephony 
over comparatively long distances was made possible by the invention 
of the carbon microphone, an instrument which is capable of trans
lating the small powers of acoustic diaphragms into relatively much 
larger electrical powers. This microphone, while of great commercial 
utility, was, for a number of reasons, unsuited for most quantitative 
acoustic measurcments. Practically all shackles wcre removcd from 

* Presented before Acoustical Society of America, Dccember, 1935. Publishctl 
in Jour. Acous. Soc. Amer., July, 1935. 

1 Ilarmouie Universelle (1636). 
2 Die Akustik (1802). 
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the designer of acoustical instruments some twenty years ago through 
the invention of the vacuum tube telephone amplifier. Previously 
his chief concern lay in making a device sufficiently sensitive to give a 
measurable response; now sensitivity became of secondary importance, 
and attention could be focused on the design of instruments which 
should be capable of performing their function without distortion. 

As a result of this invention, instruments depending upon an 
amplifier for their utility have come so to dominate the field of acoustic 
measurements that we might easily be led to disregard all others. 
A number of such other instruments have, however, in recent years 
been brought to a high state of development which are peculiarly 
suited either for the calibration of other devices, or for the study of 
certain special problems. This paper attempts to give a brief critical 
survey of the various types of acoustical instruments which at the 
present time are finding applications in technical fields andin acoustical 
research studies. 

GENERAL PRINCIPLES 

The Rayleigh Disc 

That under certain conditions a torque is exerted on a thin disc 
suspended by a fine fibre in a stream of air was first observed by the 
late Lord Rayleigh,3 who recognized in this phenomenon a means for 
measuring the intensity of sound. 

The following quantitative relationship between the torque and the 
stream velocitywas derived by W. Koenig: 4 

r = ~ por3u2 sin 20, 

where Po is the mean density of the medium, r the radius of the disc, 
u the stream velocity, and e the angle between the undisturbed stream 
and the normal to the disc. The assumptions underlying the deriva
tion of this formula are that the fluid is incompressible, that the disc 
is an infinitely thin ellipsoid and that there are no forces due to vis
cosity or to discontinuities of flow at the edges of the disc; i.e., the 
velocities are derivable from a potential. In view of these assump
tions how far may we rely on the above formula in applying it to a 
suspended plane flat disc as commonly used for measuring the particle 
velocity of asound wave, where none of these assumptions are strictly 
fulfilled? In most acoustical problems it is perfectly safe to assume 
a potential field as the forces due to viscosity and eddies are of the 

3 Phil. Mag. 14, 186 (1882). 
4 Wied. A nn. 43, 43 (1891). 
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second order. \Vith respect to the torque on the Rayleigh disc it is 
not so obvious that such forces may be neglected as the potential 
torque is itself of the second order. The effects of discontinuities in 
the flow at·the edges and of viscosity have not been determined theo
retically. To what extent these are negligible can be found out only 
by experiment. Strictly speaking we therefore cannot regard the 
Rayleigh disc as an absolute means for determining sound intensities, 
as is often implied. A nurober of experiments have been carried out 
to determine the accuracy of the Koenig formula. Koenig himself, 
in ~ subsequent paper,5 made an estimate of the effect of the discon
tinuous flow at the edges and reported measurements of the torque 
exerted on a flat disc when placed in a steady stream of air of known 
velocity. As a result of these studies he came to the conclusion that 
the application of his simplified formula to the Rayleigh disc did not 
proviele a reliable and simple method for measuring the absolute value 
of sound intensity. He feit that the effect of viscosity would prob
ably also have to be taken into account. However, Koenig's experi
ments were made under difficult conditions and it is possible that his 
measurements were affected by eddies in the air stream. 

Greater confidence in the accuracy of Koenig's formula is derived 
from the experiments of Zernow.6 Zernow experimented with both 
thin true ellipsoids and flat discs; these were placed in a box attached 
to one prong of a tuning fork, the motion of which was observed 
microscopically. The tuning fork was driven at a frequency of 92 c.p.s. 
and the relation between the amplitude of motion and the result
ing deflection of the disc was determined. The values so found for 
the ellipsoids agreed remarkably closely with those computed by the 
formula. For the discs the agreement was within about 10 per cent. 
On the basis of the values so found Zernow proposed an empirical 
correction factor which reduces to unity for infinitely thin discs. 
Barnes and West, 7 using thinner discs, made measurements similar 
to those of Zernow. They found almost perfect agreement between 
the experimental and the theoretical values. They were able to show 
also, by measurements made at audio frequencies with discs of difTer
ent diameters, that the torque varied as the cube of the diameter, 
provided first, that the diameters did not exceed 1/5 wave-length, and 
second, that the discs were sufficiently rigid to be free from resonant 
vibrations at the measuring frequency. :Mallet and Dutton 8 found 
that the torque was proportional to the square of thc vclocity up to 

6 Wt'ed. Amt. 50, 639 (1893). 
6 Amt. d. Physik 26, 79 (1908). 
7 Jour. l.E.E. 65, 871 (1927). 
8 Jour. l.E.E. 63, 502 (1925). 
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velocities of 5 cm. per second. \Ve might, however, expect that a 
torque resulting from discontinuous stream flow at the edges would be 
governed by a similar law. 

No direct tests have been reported on the accuracy of the coefficien~ 
in Koenig's formula above 92 c.p.s., at which Zernow's measurements 
were made. However, sound intensities determined by the Rayleigh 
disc through the application of Koenig's formula have been found to 
be in good agreement with those determined with a microphone 
calibrated by other independent means. All the tests of the formula 
have been made with plane or spherical sound waves of moderate 
intensity. This fact should be bornein mind in order to guard against 
the use of the device under conditions where the formula may not be 
applicable. Such may be the case, for instance, where the sound 
intensity is very high. Measurements in non-uniform sound fields 
recently made by Kotowski 9 showed quite anomalaus effects; in some 
cases the deflection was even in a direction opposite to that expected. 

One great disadvantage of the Rayleigh disc method of measuring 
sound intensity, as ordinarily applied, is the fact that the disc will 
deflect under the action of a steady air stream. As the stream velocities 
in a sound wave are in any case quite small, circulating air currents 
may easily produce comparable deflections unless the instrument is weil 
shielded therefrom. Under carefully controlled conditions measure
ments can be accurately made at sound intensities corresponding to 
pressures as low as one bar. 

The effect of circulating air currents is greatly reduced in the method 
of measurement with the Rayleigh disc adopted by Sivian.l0 In this 
method the intensity of the sound tobe measured is modulated at the 
source at a frequency of about 0.4 cycle per second. The disc with 
its suspension is proportioned so that its natural frequency is equal 
to this modulating frequency . The disc will then oscillate under the 
action of the modulated sound wave at an amplitude proportional to 
the square of the velocity. As circulating air currents genera lly have 
components lying below the modulating frequency they will have but 
little effect on the amplitude of the oscillations of the disc. 

Determination of Intensity jrom Static Pressure Measurements 
Another purely mechanical means for measuring sound intensity in 

absolute terms is based upon the fact that when radiant energy falls 
on a reflecting surface a static pressure is exerted on this surface, 
which in the case of sound is equal to 11 ( ( 'Y + 1) /2)1 je , where I is the 

9 E.N.T. 9, 404 (1932). 
1o Phil. Mag. 5, 615 (1928). 
11 Lord Rayleigh, Phi/ .. Mag. 10, 365 (1905). 
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intensity and c is the velocity of sound. A disc which just clears the 
opening in a plane baffle wall is attached to one arm of a torsion balance. 
From the deflection of the balance when sound falls at perpendicular 
incidence on the disc the radiation pressure and hence the intensity 
of the sound may be determined. This method has been successfully 
used in experiments with supersonic waves. At thesehigh frequencies 
the diameter of the disc may be made a large fraction of a wave
length and the baffle may be omitted. At audio frequencies the 
necessity of using a baffle is a distinct handicap to this method. 

Since the rela tion between pressure and condensa tion in air is not 
strictly linear a sound wave will, under certain circumstances, pro
duce a change in static pressure. For a plane wave this has been 
shown by Thuras, Jenkinsand O'Neil 12 tobe equal to - (('Y + 1)/4) 
X I je, where I is the sound intensity. Eichenwald 13 has suggested that 
a measurement of this pressure should provide a means for determining 
the absolute value of the sound intensity. Such increments in static 
pressure can, however, exist only when equalization by air flow to 
regions of normal pressure is precluded, a condition not easily es
tablished in practice. 

Acoustic Valve 

An extremely simple device for measuring sound intensities was 
devised by Kundt.H One end of a tube, which is placed in the sound 
field, is terminated by a valve which is so delicate that i t will close 
during the negative and open during the positive half of the pressure 
cycle of the sound wave. The other end of the tube is terminated by a 
manometer. \Vith perfect operation of the valve the sound wave will 
force air into the tube until the pressure indicated by the manometer 
is approximately equal to the maximum pressure in the sound wavc. 
Recently Eisenhour and Tyzzer 15 have developed a sound meter 
operating on this principle. I t is provided with an ingenious type of 
sensitive manometer with which the pressures are indicated on a dial. 
It has a fairly uniform sensitivity up to 2,000 c.p.s. The construction 
of the valve used in this meter is not disclosed in the literature. How
ever, Ribbentrop 16 recently has described a similar sound meter in 
which the valvc consists of the wing of a housc-fly placed ovcr an 
opening. It is stated that the instrument is capable of giving reliable 
measurcments for sound prcssures abovc 70 bars. 

12 Jour. Acous. Soc. Amer., January, 1935. 
13 Rend. Sem. Mal. e Fisico d. Milano, Vol. 6 (1932). 
11 Ann. d. Physik 134, 568 (1868). 
16 Jour. Frank/in Ins!. 208, 397 (1929). 
16 Zs. f. Tech. Phys. 13, 396 (1932). 
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Measurement of Periodic Changes in Density 
As the optical index of refraction of an elastic medium depends upon 

the density, it is possible to measure sound by letting one of the paths 
of the light beams of an interferometer pass through the sound field 
while the other is shielded therefrom. The interference fringes of the 
interferometer will be displaced periodically in synchronism with the 
periodic variations in density of the wave. This method was first 
used by Boltzmann and Toepler 17 who in this manner observed the 
rather !arge variations in density within a sounding organ pipe. This 
method has the advantage that the measurements are independent of 
frequency but it is not very sensitive and at best is rather cumbersome. 
An interesting modification 18 of this method has recently been applied 
in measurements of high-frequency sound waves in liquids. At these 
high frequencies the wave-lengths are so small that the spatially 
periodic variations of the density of the medium can act as a diffrac
tion grating for light waves. This phenomenon has provided a neat 
means of picturing the propagation of high-frequency sound waves in 
liquids. 79 

Instruments Employing Diaphragnzs and Optical Magnijication 
In the phonautograph of Scott (1857) a circular diaphragm is ac

tuated by sound waves and the motion is recorded on a moving strip 
of smoked paper by a stylus attached to the center of the diaphragm. 
The recorded amplitudes are no greater than the actual amplitudes of 
motion of the diaphragm which, except at the resonance frequency 
or for very intense sounds, are so small that they cannot be accurately 
determined from the record. Small motions can be observed and re
corded if the stylus is replaced by an opticallever. This arrangement 
in various forms has been used in the past by a number of investigators. 
I t reached its highest state of development in the well-known phono
deik of D. C. Miller. 20 In this instrument a horn is used for increasing 
the sound pressure acting on the diaphragm, the motion of which is 
magnified in some forms of the instrument by as much as 40,000 times. 
By refinements in mechanical design and construction a remarkably 
uniform sensitivity was achieved. 

llficrophones 
The instruments discussed so far operate without the benefit of 

electric-current amplifiers. The important role that these amplifiers 
11 Pogg. Ann. 141, 321 (1870). 
18 Debye and Sears, Proc. Nat. Acad. Sei. 18, 409 (1932). Lucas and Biquard , 

Jour. de Physique et le Radium 3, 464 (1932). 
19 R. Baer and E. Meyer, Phys. Zeits. 34, 393 (1935) . 
20 Science oj .Musical Sounds, The Macmillan Company (1922). 
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have played in recent developments of acoustic instruments has al
ready been indicated. To apply such amplifying means we must 
first of all have a device to convert sound power into electrical power. 
By far the most important instrument of this class is the microphone, 
which is a device that translates sound into corresponding electrical 
currents. \Yhen a medium is traversed by asound wave it undergoes 
periodic variations in pressure, density, temperature and particle 
velocity. A device which translates any one of these variations into 
corresponding electrical currents may be classified as a microphone. 

The great utility of the carbon microphone rests upon the fact that 
it in itself functions as an amplifier, i.e., the electrical power generated 
is greater than that absorbed from the actuating sound wave. The 
carbon microphone, however, has not been widely used for acoustic 
measurements, lacking the requisite stability and constancy. After 
amplifiers became available high sensitivity was no Ionger so important. 
It became possible to develop microphones in which high sensitivity 
was a subordinate property but which were stable and constant and 
relatively free from distortion. 

The sensitivity of a microphone as a function of the frequency can 
usually not be easily determined from its physical constants. It must, 
therefore, be calibrated to be useful for general acoustic measure
ments. Such calibrations are commonly made in terms either of the 
voltage generated per unit of pressure acting on the instrument, or of 
the voltage per unit of the pressure obtaining in a plane progressive 
sound wave before the microphone is placed in the sound field. The 
former is referred to as a pressure and the latter as a free field calibra
tion. Yery complete discussions of the various methods of effecting 
such calibrations have been given by L. J. Sivian 21 and by S. Ballan
tine.22 Unless the dimensions are small compared "·ith the wavc
length the microphone will diffract the sound waves and the pressm·e 
on thc diaphragm will not be the same as that of the undisturbed 
sound field; for example, at normal incidence and at frequencies for 
which the wave-length is small cümpared with the diamcter of the 
microphone the pressure will be doubled. The diffraction cfTcct 
cxhibits itself, particularly in a variation in the response-frequcncy 
characteristic with angle of incidence of the sound wave, generally in 
not an easily predetermined manner. If the form of the instrumcn t is 
that of a sphere it is possible to detcrmine this variation with angle of 
incidence thcoretically. Ballantine 23 and also Oliver 24 havc, there-

21 Bell Sys. T ech. Jour. X, 96 (1931 ). 
22 J our. A cous. Soc. Amer. 3, 329 (1932). 
2a Ph ys. Rev. 32, 988 (1928). 
21 Jou r. Sei. I nst. 7, 113 (1930). 
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fore, worked with instruments of this form. In any type of micro
phone diffraction effects can be entirely eliminated only by making the 
dimensions small compared with the wave-length. 

The calibration of a microphone for a particular sound field may be 
carried out by measuring the undisturbed field with a device which is 
small compared with the wave-length and then noting the response of 
the instrument when placed in this field. This kind of calibration, 
when made in a nearly plane progressive wave, is referred to as a 
free field calibration. For the standard measuring instrument a 
Rayleigh disc is commonly used. This calibration is then applicable 
only for cases where we have substantially this type of sound field, 
i.e., when the microphone is at some distance from the source and all 
the sound is received by direct transmission. Where this condition 
is not fulfilled, the free field calibration is no true indication of the 
performance; for instance, when an instrument is used as a close talk
ing microphone our experience indicates that in some cases at least 
an instrument having a flat characteristic, as obtained by a pressure 
calibration, delivers a valtage having frequency components of more 
nearly the same relative intensity as that in the voice when no micro
phone is near the mouth than does a microphone having a flat char
acteristic as given by a free field calibration. To eliminate diffraction 
effects a number of investigators have constructed microphones of 
small size, to some of which reference will be made in subsequent 
sections. Where it is necessary to make measurements with an ex
tremely small instrument, such as in the exploration of the sound 
field within conduits and horns, the most satisfactory method of 
procedure is to use a small tube leading to a chamber closed over the 
diaphragm of a larger microphone.25 The disadvantage of this ar
rangement is the fact that the lass in pressure through such tubes 
increases rapidly with frequency, so that at high frequencies it is 
necessary to work with high sound intensities or use uncomfortably 
high gain amplifiers. In working with single frequencies a great 
advantage in ease of measurement can be gained by the use of band
pass filters. 

Pressure lvf icrophones 
Although microphones may conceivably be designed to translate 

directly the periodic variations of pressure, temperature, density, or 
particle velocity of asound wave into corresponding electrical voltages, 
it is convenient to divide them into two classes: pressure microphones 
and velocity microphones, since the first three of the above character
istics of sound waves are proportional in any type of sound field. 

25 Seil, Wiss. Ver. d. Siemens-Konz. 2, 353 (1922). 
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Condenser 111 icrophone 

One of the first so-called high-quality microphones developed for 
use with amplifiers was of the condenser type. This is in principle one 
of the simplest of all microphones. It consists essentially only of two 
parallel insulated plates, one of them fixed and the other movable 
under the action of the alternating pressure of the sound wave. \Vhen 
these plates are connected in series with a resistance and a battery an 
alternating current will fiow in this circuit in accordance with the 
variations in capacitance between the two plates. The resulting 
potential variations across the resistance are impressed on the grid 
of a vacuum tube. 

A different method of using the condenser microphone has been 
described by Riegger.26 The microphone is madeapart of the capaci
tance element of a high-frequency electric oscillator. The frequency 
of the oscillations is thus modulated in accordance with the sound 
pressure acting on the diaphragm. If the modulated current is 
transmitted through a circuit, the transmission of which varies linearly 
with the frequency, in series with a linear rectifier, the output current 
of the rectifier will correspond to the sound pressure. 

The condenser microphone as commonly used is of a size such that 
at the higher acoustic frequencies it will distort the sound field. The 
pressure and free field calibrations begin to diverge from each other 
at about 1000 c.p.s. To eliminate this distorting effect a number of 
investigators 27 have developed miniature condenser microphones for 
Iabaratory use. Generally such instruments have been designed at a 
sacrifice in sensitivity and uniformity of response. The small size 
microphone developed by Harrison and Flanders, however, has a 
remarkably fiat response frequency characteristic and a sensitivity 
comparable with that of the !arger instrument. Still smaller condenser 
microphones have been constructed but at a sacrifice in sensitivity. 

At this point it may be of interest to give an example which illus
trates the great advantage that the vacuum tube amplifier has given 
us in the design of sound measuring instruments. \Vith an amplifier 
having a uniform amplification from SO to 10,000 cycles, it is possible 
to measure, under favorable conditions, voltagcs as low as 1 micro
volt. The amplitude of motion of the diaphragm of a common form 
of condenser transmitter delivcring this voltage is about 10-u cm., or 
about 1/1000 of an Angstrom. This illustrates thc cxtremely small 
amount of motion that has tobe impartcd to thc moving clement of the 

26 Wiss. Ver. Siemens-Konz. 3, 2, 67-100 (1924). 
27 K. Hall, Jour. Acous. Sec. Amer. 4, 83 (1932). Harrison and Flanders, ßcll. 

Sys. Tech. Jour. XI, 451 (1932). 



ACOUSTICAL INSTRU1.1ENTS 397 

measuring instrument. Not even with an optical interferometer 
could we hope to evaluate displacements so small. 

J..1 oving Coil M icrophone 

The condenser microphone has inherently a high electrical im
pedance, so high in fact that any attempt to connect the microphone to 
an amplifier by Ieads of appreciable length results in a loss of voltage. 
To avoid this loss an amplifier of at least one stage has generally been 
placed in close connection with the microphone. However, since the 
input impedance of a vacuum tubeisalso high, the microphone can be 
connected to it without the use of an impedance transformer, a distinct 
advantage at the time when transformers of good frequency charac
teristic were not available. During the last few years, through the 
development of new magnetic materials and advances in design, it 
has been possible to build transformers having a substantially uniform 
response over the whole acoustic frequency range. This development 
has made it possible to design microphones Operating on electro
magnetic principles, which have a good response-frequency character
istic and a greater sensitivity than the condenser microphone. They 
have an important advantage over the condenser microphone in that, 
because of their relatively low and constant impedance, they may be 
connected to the amplifier by a relatively long cable without appreci
able loss. One such instrument 28 is shown diagrammatically in Fig. 1. 

Fig. 1-Moving coil microphone. 

The diaphragm has attached to it a coil which lies within a radial 
magnetic field. As the voltage generated by an axial motion of the 
coil is proportional to the velocity, if the same voltage is to be gener
ated at all frequencies under a given sound pressure, the impedance of 
the moving element must be independent of frequency. This type of 
impedance characteristic over a wide frequency range is obtained by 
properly proportioned air chambers and resistances in back of the 

28 Jour. Acous. Soc. Amer. 3, 44 (1931). 
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diaphragm. This microphone, when provided with a coil having an 
electrical resistance of 20 ohms, will generate 10-4 volts per bar of 
sound pressure. The smallest valtage that can be measured at the 
terminals of a resistance is limited by the valtage due to thermal 
agitation of the electrons,29 which under normal conditions and for a 
frequency band of 15,000 c.p.s. is equal to 7 X 10-s volts for a resist
ance of 20 ohms. Hence the smallest pressure that it is possible to 
measure with this microphone is about 7 X 10- 4 bars. However, 
over a narrow band of frequencies, or at a single frequency , measure
ments may be made down to still lower pressures if the circuit is pro
vided with a band-pass filter. The sensitivity of this instrumcnt is 
higher than that of any other microphone of comparable frequ ency 
range at present available. In evaluating some of the other micro
phone principles we shall, therefore, use its sensitivity as a reference, 
without meaning to imply that sensitivity is the sole criterion of the 
merit of a microphone. There is also an upper Iimit to the sound in
tensities that may be measured with this instrument. This is governed 
by the maximum amplitude of excursion that the diaphragm can make 
without the generation of appreciable harmonics. The upper and 
lower Iimits at the various frequencies are shown by the curves in Fig. 2. 
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Fig. 2-0perating range of moving coil microphone. 

The uppcr Iimit is takcn as thc pressurc at which thc highcr harmonic 
components of thc valtage arc equal to 3 pcr cent of the fundamental. 
The lower Iimit represents thc pressure at which the signal valtage is 
just equal to the voltagc of thermal agi tat ion. For comparison thc 

29 J. B. Johnson, Phys. Rev. 32, 97 (1928). 
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corresponding auditory range is ind icated by the cross-sectioned area. 
I t will be noted t hat when operated at its fu ll frequency range even 
this re latively sensitive microphone is incapable of translating practi
cally sound of intensities as low as the ear can hear. 

This instrument, which in a similar form is used as a commercial 
microphone, is several inches in diameter and so is not without effect 
on the sound field. Where a certain amount of operating range and 
sensitivity may be sacrificed, as in many acoustic measurements, it is 
possible to construct this instrument in a much smaller form. 

Capillary and Af agnetostriction M icrophones 

Besides the electrostatic and electromagnetic methods of translating 
the mechanical pressures of asound wave into corresponding electrical 
potentials, there are other electromechanical phenomena which may 
be applied for the purpose. Outstanding among these are the capil
lary electrometer, magnetostriction, and piezoelectric action. 

When a potential is applied at the interface between an electrolyte 
and mercury the surface tension is changed. If the mercury is in a 
capillary tube the change in surface tension will result in a change in 
position of the mercury; conversely when a force tending to move the 
surface is applied, there will be a resulting change in potential across 
the interface. This phenomenon has been applied in the design of 
microphones. One form of construction of such an instrument is 
shown in Fig. 3, taken from a paper by Latour.30 The instrument 
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Fig. 3-Latour capillary microphone. 

appears to have been used but little up to the present time and there 
seems to be very little in the Iiterature regarding its performance. 

ao Compt. Rend. 186, 223 (1928). 
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Magnetostriction also has found little application in microphones 
for air-borne waves at audio frequencies, although this principle has 
been applied with notable success in both the generation and detection 
of ultra-audio waves by G. W. Pierce and in the generation of audio 
frequency waves of high intensity in liquids.31 

Piezoelectric J..1 icrophones 

The application of piezoelectric action in the construction of acoustic 
microphones was first made by A. M. Nicolson,32 who used Rochelle 
salt as the active material. Rochelle salt is unique in that its piezo
electric constant is about a thousand times as great as that of any 
other crystal. It has, however, several characteristics which would 
appear torender it unsuitable for use as a measuring microphone. It is 
mechanically fragile and its piezoelectric activity, under normal condi
tions, varies greatly with temperature, falling to a very low value for 
temperatures above 23° C. R. D. Schulwas-Sorokin 33 found, how
ever, that by the application of a static stress the temperature coeffi
cient could under certain conditions be greatly reduced and the ac
tivity extended to higher temperatures. C. B. Sawyer 34 found that 
if two thin slabs are cut and cemented together in such a way that one 
of the slabs will expand and the other contract when a potential is 
applied between the interface and the two outer surfaces, variations 
of activity with temperature are reduced to a low value. Presumably 
stresses are set up in the slabs by temperature variations which reduce 
the temperature coefficient of activity in accordance with the experi
ments of R. D. Schulwas-Sorokin. Sawyer has utilized these so-called 
bimorphic slabs in the construction of microphones. Single elements 
can be constructed of sufficiently small dimensions to avoid diffraction 
of the sound. In order to obtain microphones of greater practical effi
ciency a nurober of elements may be used in combination. If these 
elements are mounted symmetrically the translating efficiency will 
be the samein all directions about the axis of symmetry, as is the case 
for any microphone having an axis of symmetry. The amount of 
variation in respect to other directions depends upon the relation 
between the dimensions and the wave-length. According to the 
published data the sensitivity of a multiple element microphonc of 
this type is about 25 db below that of a moving coil instrument.35 

ai Gaines, Pltysics 3, 209 (1932). 
32 Trans. A. I. E. E. 38, 1315 (1919). 
aazs.f. Physik 73,9- 10,700 (1932). 
34 Proc. I . R. E. 19, 2020 (1931 ). 
35 A. L. \Villiams, Jour. S . .Af. P. E. 23, 196 (1934). 
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Of the more common piezoelectric crystals tourmaline possesses a 
characteristic which renders it peculiarly suitable for the absolute 
measurement of sound intensities at all audio frequencies, in that it 
may be so cut into slabs that a potential difference will be developed 
between its lateral surfaces when it is subjected to a purely hydro
static pressure. Because of this characteristic Sir J. J. Thomson 36 

suggested its use for measuring pressures in gun barrels. Such a slab 
of tourmaline, having dimensions small compared with the wave
Iength, except for its low sensitivity, is the ideal microphone. Tour
maline is mechanically strong and its activity is practically constant 
under all atmospheric conditions. Resonant frequencies in the slab 
Iie far out of the range of audio frequencies so that the response at all 
frequencies is the same and is easily determined from static or Iow
frequency measurements. Unfortunately the sensitivity of such a 
device is low, some 70 db below that of a moving coil microphone. 
In spite of this low sensitivity it can be used for calibrating other 
microphones if sound waves of rather high intensities are used and if 
the electrical circuit is provided with a band-pass element transmitting 
only frequencies in the immediate neighborhood of the measuring 
frequency. A measuring system of this character, unlike the Rayleigh 
disc, is not subject to disturbances from circulating air currents. 

Thermometrie lt1icrophones 
As the pressure variations in a sound wave are accompanied by 

corresponding variations in temperature, corresponding electrical 
currents will be generated by a resistance thermometer or a thermo
couple when placed in the sound field. The temperature variations 
are of the order of 0.0001 o C. per bar acoustic pressure. The use of a 
resistance thermometer (for measuring these periodic temperature 
variations) was first investigated by Heindlhofer,37 and more recently 
by Friese and \Vaetzmann,38 who found that at a frequency of 1000 
c.p.s. a wire 0.0004 cm. in diameter will undergo temperature varia
tions equal to about 0.15 of the variations in the surrounding medium. 
To derive an alternating electric current from the periodic resistance 
variations that follow the temperature variations, a direct current 
must be passed through the wire. The heat generated by this current, 
unless it is kept down to an extremely small value, will sct up convec
tion currents around the wire and so greatly complicate the operation. 

The thermocouple is entirely free from this objection, but is not 
readily constructed so as to have a heat capacity assmallas the \Vollas-

36 Engineering 107, 543 (1919). 
37 Ann. d. Physik 37, 247 (1912): 45, 259 (1914). 
38 Zs.j. Physik 29, 110 (1925); 31,50 (1925); 34, 131 (1925). 
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ton wire. Recently A. E. Johnson 39 has been able to make thermo
couples with exceedingly small heat capacities with which measure
ments have been made up to 5,000 cycles and it is stated that they are 
usable up to several hundred thousand cycles. They aresosmall that 
they do not alter the sound field by diffraction and are free from reso
nance effects inherent in most instruments depending upon mechanical 
movement. As compared with other types, thermocouple micro
phones have a low sensitivity, at least 100 db below that of the moving 
coil microphone, according to the data given by Johnson. 

Velocity Aficrophones 

All the preceding types of microphones depend ultimately for their 
Operation upon pressure variations in the sound wave. As the two 
primary characteristics of sound are pressure variations and alternat
ing flow of the air particles, it is possible also to design microphones 
which generate voltages in accordance with the velocity of the air 
particles. 

II ot W ire M icrophone 

One form of microphone of this character depends upon the change 
in resistance of a heated fine wire resulting from changes in tempera
ture produced by the transverse flow of air. A microphone Operating 
on this principle was first devised by Tucker 40 and used extensively 
during the war for locating enemy artillery. In order to increase the 
sensitivity and reduce distortion a steady stream of gas should be 
passed across the wire. An application of this principle to the con
struction of a microphone is shown in Fig. 4. Maximum response is 
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aD Phys. Rev. 45, 645 (1934). 
to Phil. Trans. 221. 389 (1921). 
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obtained when the direction of the sound wave coincides with the 
direction of the steady stream. At a given frequency the resistance 
Variation is nearly proportional to the product of the steady stream 
velocity, the particle velocity of the sound wave and the cosine of the 
included angle. Since velocity in cantrast with pressure is a vector 
quantity, a velocity microphone will respond selectively to sound 
coming from certain directions even at low frequencies. This charac
teristic is of considerable advantage in certain types of measurements, 
for it is often possible to so place and orient the instrument that its 
response is a minimum for an interfering or disturbing sound and a 
maximum for the sound to be measured. An illustration of such an 
application in sound measurement or pick-up is shown in Fig. 5 
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Fig. 5-Method of reducing effect of interfering:waves 
with velocity._microphone. 

where the instrument is so placed that it will receive the sound directly 
from the source, but is insensitive to the sound reflected from the 
floor or neighboring wall. Other examples of acoustic measurements, 
where benefit is derived from the directiona.l characteristics of the 
velocity microphone, are discussed in a recent paper by Wolff and 
Massa.41 

There is one other important difference in the performance of 
velocity and pressure microphones. In a plane progressive wave 
particle v~Iocity and pressure are strictly proportional at aii fre
quencies. For a spherical sound wave, the radius of curvature of 
which is small compared with a wave-Iength, this is no Ionger true. 

41 Jour. Acous. Soc. Amer. IV, 217 (1933). 
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If we have a simple source of constant strength A cos kct, the pressure 
at a distance r is given by 

~~ sin k(ct - r), 

where p is the density, c the velocity of sound, and k is equal to wjc. 
The particle velocity is given by 

Af [ ( }. )2] 112 
Zer 1 + Z1rr sin [k(ct - r) + 1/; ], 

where 1/; is a function of ~ and r. I t will be seen that the pressure 
varies inversely with the distan'ce for all frequencies, \\"hile the relation
ship between velocity and distance involves the wave-length, or fre
quency. In Fig. 6 are given some response-frequency characteristics 
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for several distances from the source of a velocity microphone having 
a uniform characteristic for plane waves. The change in character
istic as the instrument is brought close to the source is very marked. 
Some carc is therefore required in interpreting the results of measure
ments made with this type of instrument. On the other hand, a pres
sure microphone, except in so far as diffraction may modify the souncl 
field, will exhibit the same form of response-frequency characteristic 
at all distances from the source, ·so the wave form of thc valtage 
generated by a pressure microphone will be the same for all positions 
in the free sound field of a simple source. This clifferencc in character
istics of the two types of instruments is easily observccl by comparing 
rcproduced speech when the microphones are first placcd near ancl 
thcn at some distance from the speaker's mouth. 

Ribbon .Aficroplzone 

A form of microphonc, which has been cxtcnsively uscd in reccnt 
yPars, is the rihbon microphonc. Esscntially it consists of a \"cry thin 
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strip of aluminum with circuit terminals at its two ends. This ribbon 
is placed in a magnetic field so that the lines of force lie in the plane of 
the ribbon and perpendicular to its long dimension, as shown in Fig. 7. 
Motion of the ribbon set up by sound waves will then generate a 
potential between its terminals. This type of microphone construc
tion was first suggested by Reinganum.42 It was developed into a 
practical form by Gerlach 43 and Schottky.4-l They apparently pre
ferred to shield one side of the ribbon so that the instrument operated 
as a pressure microphone. H. F. Olson,45 recognized the greater 
simplicity of the instrument in construction and in operation if both 
sides of the ribbon were freely exposed to the air. Constructed in this 

Fig. 7-Ribbon microphone. 

way the instrument is virtually a velocity microphone at least at low 
frequencies. At the higher frequencies the ribbon with its surround
ing structure almost completely shields the rear from sound reaching 
the front of the ribbon at perpendicular incidence. Under these con
ditions the instrument operates substantially as a pressure microphone, 
but even at these frequencies sound reaching the instrument from a 
direction parallel to the plane of the ribbon is without effect. Curves 
published by Olson on the directional characteristics of this micro
phone show that in a plane perpendicular to the axis of the ribbon the 
variation of response with direction follows approximately a cosine 
law, where the angle is measured from a line drawn normal to the plane 
of the ribbon. The relationship is more complicated over a plane 
passing through the axis of the ribbon. 

42 Phys. Zs. 11, 460 (1910). 
43 Phys. Zs. 25, 675 (1924); Wiss. Ver. Siemens-Konz 3, 139 (1923). 
44 Phys. Zs. 25, 672 (1924). 
45 Jour. Acous. Soc. Amer. 3, 56 (1931). 
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A microphone that responds to the velocity of the air particles has 
equal sensitivity for sound waves traveling in opposite directions. 
\Veinberger, Olson and Massa 46 have modified the ribbon microphone 
so that its response is not the same for the positive as for the negative 
direction of propagation of the sound wave. So modified the micro
phone has a greater response for sound waves coming towards one 
side of the ribbon than for those coming towards the other side. In a 
plane wave the magnitude of the pressure and the velocity are propor
tional. For waves traveling in a positive direction the two are in 
phase and for waves traveling in the negative direction they are in 
opposite phase. If, then, a pressure and a velocity microphone of 
equal sensitivity are connected in series the resultant voltage will be 
double for sound of normal incidence coming from one direction and 
equal to zero for sound coming from the opposite direction. \Vein
berger, Olson and Massa placed an appropriate acoustic impedance 
over a part of the ribbon so as to give this part the characteristics of 
a pressure microphone, while the other part of the ribbon was left 
free so as to function as a velocity microphone. The voltage at the 
ends of the ribbon is then proportional to the vector sum of the pres
sure and the velocity in the sound wave. In this way a pressure and 
velocity microphone combination is obtained in one instrument. I t 
is insensitive to sound falling at perpendicular incidence on one side 
of the ribbon but not to sound propagated in the plane of the ribbon, 
as in the case of a velocity ribbon microphone. 

ELECTRICAL INSTRUMENTS OF PARTICULAR INTEREST IN AcOUSTICAL 

STUDIES 

So far our discussion has been restricted mainly to microphones and 
instruments used in their calibration. There have, of course, in recent 
years been developed many other devices especially adapted for the 
quantitative study of particular acoustic problems, but a rather ex
tensive discussion of the microphone has been given because it is 
an adjunct in almost all of these other instruments. In great part 
acoustic measurements are today made by first translating sound into 
a corresponding amplified electric current. The results of measure
ment or analysis of this current may then be referred back to the 
sound if the characteristics of the translating device are known. The 
type of analyzer or measuring instrument applied to the electrical 
circuit depends then altogether upon the kind of information that is 
desired. Strictly speaking we should classify these not as acoustical 
but as electrical instruments. In fact, every kind of electrical instru-

4n Jour. A rous. Soc. A mer. 5, 139 (1934). 
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ment may at times find an application in the study of acoustical prob
lems. We must, therefore, necessarily restriet ourselves to a discus
sion of the kind of instruments which can give types of information of 
general acoustical in terest. 

The Oscillograph 

If we wish to obtain a complete picture of the sound wave thc micro
phone amplifier output is connected to an oscillograph, which is a 
device for translating a time pattern of the electric current into a 
corresponding space pattern. If an undistorted pattern is to be 
obtained, not only must the various harmonic components of the 
current and the recorded wave have the samerelative amplitudes, but 
their phase relationships must be preserved. One form of instrument 
very closely satisfying these conditions up to about 10,000 cycles 
is a Curtis string oscillograph,47 which is a modified form of the Ein
thoven galvanometer. The arrangement of this instrument is shown 
diagrammatically in Fig. 8. I t records the wave form optically on 
photographic paper, which is automatically developed and fixed 
within a fraction of a minute after exposure. 

In certain types of problems one of the various recording devices 
employed in the production of sound pictures may be used advanta
geously. Theseinstruments have, in general, not been designed tobe 
free from phase distortion but the records are in a form suitable for 
reproduction so they lend themselves particularly to thc study of the 
subjective aspects of sound. 

When the sound wave tobe studied is steady, the wave form can be 
conveniently observed or photographed by means of a cathode ray 
oscillograph. Theseinstrumentsare now tobe had in convenient form. 
When used with an automatic sweep circuit, as suggested by Bedell 
and Reich,48 the wave form of any steady state current is shown as a 
stationary pattern on a screen. These oscillographs are generally 
free from both frequency and phase distortion up to the highest audio 
frequencies. 

Harmonie A nalyzers for Steady Currents 

If we wish to study the composition of asound wave in terms of its 
harmonic components we may, of course, analyze the oscillographic 
records by means of any one of the weil known methods of harmonic 
analysis, but this is at best a laborious process. Also, it is usually 
difficult to read an oscillogram with sufficient accuracy to determlne 
the magnitude of any component that is much smaller than that of the 

47 Bell Sys. Tech. Jour. XII, p. 76. 
48 Science 63, 619 (1926). 
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VI EWING SCREEN 

TANK 

Fig. 8-Diagrammatic arrangement of Curtis oscillograph. 

maximum component. When the conditions are such that a current 
can be steadily maintained, the analysis can be made much more 
conveniently and generally over a wider range of amplitudes by means 
of one of a number of recently developed types of current analyzers. 
These analyzers, although the mode of operation may differ in the 
various types that are available, have the common characteristic that 
they transmit only a narrow band of frequencies with the position of thc 
band adjustable along the frequency scale. For analyzing a current 
wave the mid-frequency of the transmission band is shifted along the 
whole frequency range and the magnitude of the current in cach 
frequency region is recorded or noted on a meter. This type of 
analyzer may also be used to get a statistical distribution of the power 
with respect to frequency when the sound is not periodic, as in certain 
kinds of noise. 

Iligh-Speed A nalyzers 

For the rather detailed study of sounds whosc wave form va ries with 
time, such as those of music or spccch, a n instrumcnt is necdcd which 
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shall indicate the variations with time in the frequencies a nd a mpli
tudes of aii the harmonic components. Analyzers of the type just 
described indicate at a given instant the amplitude of only one com
ponent. In order to foiiow variations in aii the components it would be 
necessary to sweep the frequency of transmission of the analyzing 
circuits rapidly back and forth over the frequency range of interest. 
The selective element of the analyzer, however, possesses a finite time 
constant; that is, when the selective circuit is set at a given trans
mission frequency a finite time is required for the transmitted current 
to reach a certain fraction of its steady state value and, similarly, a 
finite time is required for the current to decay to a certain fraction of 
this value when the transmission frequency is changed. This time 
constant depends to some extent upon the shape of the transmission 
versus frequency characteristic of the analyzing circuit but, in general, 
it bears an inverse relation to the selectivity. It is therefore not 
possible with an analyzer of this type, having a singlevariable selective 
element, to perform a rapid analysis without sacrificing resolution. 
This difficulty can, however, be circumvented if the analyzer is pro
vided with a !arge number of fixed selective elements which are con
tinuously operative. To build up the !arge number of required circuits 
from electrical elements would be extremely costly and would result in 
a bulky piece of apparatus. A compact form of analyzer having a 
large number of fixed selective mechanical elements has recently been 
described by C. N. Hickman.49 This device has a series of tuned reeds, 
all driven electromagneticaily at the same time by the current to be 
analyzed. The reeds are tuned so that their resonant frequencies 
differ progressively by equal pitch intervals. One hundred and twenty 
reeds are used to cover the range from SO to 3,200 cycles. The deflec
tion of each reed is made visible by the projection on a screen of a spot 
of light reflected from a mirror attached to the reed. The strength 
of each component in the current may thus be observed simultaneously 
on the screen or, if desired, the deflections may be recorded photo
graphicaiiy. 

A different and ingenious approach to this problern has been made by 
E. Meyer 50 in a recently described instrument. By methods weil 
known in communications engineering the frequency of each component 
in the current to be analyzed is increased by an equal amount. A 
special high-frequency Ioud speaker translates the resultant currents 
into sound waves which are now aii of very short wave-length. These 
waves are reflected from a concave grating made up of a !arge number 

49 Jour. Acous. Soc. Amer. 6, 108 (1934). 
50 Zeits. für Tech. Plzys. 12, 630 (1934). 
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of equally spaced rods. The component waves are brought to a focus 
at different poin.ts along a focal surface analogaus to the dispersion of 
light waves by an optical grating. A high-frequency microphone is 
moved back .and forth along the focal plane through an amplitude !arge 
enough to cover one order of the spectra. This microphone is con
nected to an appropriate meter which records optically the intensity at 
various parts of the spectrum, which have a 1: 1 correspondence with 
the component frequencies in the original current. 

llfeasurement of Pitch 

For acoustical studies, where it is of no particular importance to 
know the wave form but where interest lies in the variation of pitch 
with time, as in the study of the vibrato in musical tones, or in the 
infiections of the speaking voice, several types of instruments have been 
devised. Perhaps of these the most widely known is the tonoscope 
developed by C. E. Seashore 51 and his associates, which operates on the 
stroboscopic principle. This instrument has rows of uniformly spaced 
dots on a rotating cylinder, the number of dots increasing in successive 
rows. A neon light is made to fiicker in synchronism with the funda
mental of the tone under investigation. The particular row which 
under the light appears stationary gives the pitch of the tone at any 
instant. By the aid of a suitable camera the time variations of pitch 
may be recorded photographically, giving a so-called strobophotograph. 

A frequency recorder operating on a different principle has been 
described by Hunt.52 By a special circuit arrangement, employing 
gas-filled discharge tubes in combination with a spark recorder, the 
pitch of a tone can be recorded on paper. The scale is linear up to 8,000 
cycles. This instrument is capable of following changes in pitch at a 
high rate of speed. 

Iligh-Speed Level Recorder 

In some important types of sound measurements we are not inter
csted in a detailed analysis of the sound wave but merely in the varia
tion with time of the average Ievel of the sound, as in the measurement 
of the rate of decay in a room or the fiow of energy in speech, music, or 
noisc. In some cases this average is preferably taken ovcr long and in 
others over short time intervals. For long time averages, a thermo
couplc or rcctifier and an ammeter may be used, but for short time 
averages an instrument is rcquired which can follow changcs in in
tensity at a higher rate of specd. Frequently also thc rangc of inten-

61 Jour. Acous. Soc. Amer. 2, 77 (1930). 
52 Rev. Sei. Jnst. 6, 43 (1935). 
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sities over which we desire to make measurements of this character is 
very wide. Reverbera t ion measurements are preferably madc over a 
range of at least 60 db and the Ievel range of orchestral music covers 
about 75 db. Several instruments designed for such purposes have 
been described recently. 53 In the instrument described by Wente, 
Bedell and Swartzel the Ievel is recorded by a stylus on waxed paper. 
The recorder can be adjusted to give either a short or a long time 
average. At the higher speeds it is capable of following changes in 
intensity a t the rate of 840 db per second and fluctuations in intensity 
of about 100 per second. The instrument may be adjusted so that the 
full scale covers a range of 30, 60 or 90 db. 

LOUDNESS M EASUREMENTS 

The p receding discussion was restricted to t he purely objective or 
physical aspects of sound. In certain types of acoustical problems, as 
in the study of noise, we are, however, interested in subjective charac
teristics, but we do not yet have instruments which respond to an 
acoustic stimulus in the way the brain does through the ear. In fact 
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we arenot yet eompletely clear as to the relationship between sensation 
and stimulus, although Fleteher and Munson 54 have developed 
formulae whereby the loudness Ievel of a steady sound ean in most eases 
be eomputed from the intensity Ievel of its eomponents. For single 
pure tones the relationship between sensation and stimulus has been 
extensively explored with the results whieh are indieated in the audi
tory ehart shown in Fig. 9, as given by Fleteher and l\1unson. The 
various eurves give the intensity Ievel of pure tones of equal loudness. 
This ehart gives some idea of the eomplexity of the relationship between 
loudness and stimulus. The threshold of audibility of eourse varies 
widely with frequeney and the relationship between sensation Ievel 
and intensity Ievel is not the same at the various frequeneies and Ievels; 
for instanee, at a loudness Ievel of 40 db above threshold, a ehange of 5 
db in the stimulus at 100 eycles produees the same ehange in sensation 
as a ehange of 10 db at 1,000 eycles. Feehner's law does not hold 
strietly over a wide range of intensities at any of the audible frequen
eies. The diffieulty of devising an instrument whieh would have 
similar eharaeteristies is apparent. "Sound Ievel meters" have, 
however, been designed whieh give a reading whieh is approximately 
proportional to the subjeetive intensity of the sound. These meters 
are generally so designed that they have a frequeney eharaeteristie 
eorresponding to the auditory eurve at about the Ievel of the noise 
being measured. They have proved themselves extremely useful 
although from our knowledge of hearing phenomena we might expeet 
large variations in the aetual loudness of sounds of different eharaeter, 
even if a noise meter of the above type should show them to be equal. 

54 Jour. Acous. Soc. Am. 5, 82 (1933). 



Thermionic Electron Emission * 
By J. A. BECKER 

INTRODUCTION 

T HERE have appeared in the Reviews of Afodern Physics two ex
cellent summaries on thermionic emission, one by Campton and 

Langmuir 1 and one by Dushman. 2 Campton and Langmuir, while 
dealing primarily with discharge in gases, also discussed many phases of 
thermionic emission. Dushman's article is a comprehensive review on 
thermionics. He faithfully reflects whatever viewpoints and experi
ments appear in the literature. Besides reviewing the work that has 
been performed since 1930, the present article will be an attempt to 
review in a critical manner some of the matters which in the preceding 
reviews were left undecided. On the other hand, no attempt will be 
made to give a complete presentation of all the views appearing in 
the literature. As to the close connection between thermionic and 
adsorption phenomena, this will be dealt with in an article now in 
prepara tion. 

Recently there have been published two comprehensive books on 
thermionics. One is in English by A. L. Reimann. 3 The other is 
Vol. IV of Müller-Pouillets Lehrbuch der Physik 4 edited by A. Eucken, 
with contributions by A. Eucken, R. Suhrmann, L. Nordheim and 
others. The topics which are fully covered in these two books and in 
the book 5 by \V. Schottky and H. Rothe, Physik der Glühelektroden 
will not be covered in deta1l in the present article. Since photoelectric 
phenomena are closely associated with thermionics, it is weil to refer 
also to Linford's 6 review on the external photoelectric effect and the 
book by Hughes and DuBridge 7 on photoelectric phenomena. 

EMPIRICAL AND THEORETICAL RICHARDSON FORMUL.tE 

One topic on which considerable confusion has existed goes to the very 
root of thermionic emission. It is the interpretation that is tobe put 
on the slope and intercept of a Richardson line and how the slope and 
intercept are related to certain quantities in theoretical formul ;:c. 
Empirically it is found that the thermionic emission current density, 
i, is related to the temperature, T, by the Richardson formula 

i = A nTn exp (- bn/ T), 
* Published in Reviews of Modem Physics, April, 1935. 
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or its equivalent 

An and bn are constants characteristic of the surface. Their value 
depends on the value assigned to n. From such experiments it is 
impossible to decide whether n should equal 0 or 4 or any value 
between these. There are good theoretical rcasons, which are given 
below, why n = 2. In that case 

i = AT2 exp (- b/T), 
or 

log i - 2 log T = log A - b/2.3T. 

(2a) 

(2b) 

If log i - 2 log T is plotted versus 1/T, a straight line is usually ob
tained. Call this line a Richardson line. Its slope is - b/2.3, and 
its y intercept is log A. Since we shall have numerous occasions to 
refer to the slope and intercept of a Richardson line, we shall find it 
convenient to refer to them by their equivalents - b/ 2.3 and log A, 
respectively. On those rare occasions when the Richardson plot 
yields a curved line, we can draw a tangentat any point on the curve. 
Equation (2) will then represent the equation for this tangent; 
- b/2.3 and log A will depend on the particular point at which the 
tangent is drawn, so that b and A will depend on T. 

The Thermodynamic Equation 

The slope and intercept of experimental Richardson plots are to be 
correlated with certain quantities in one or the other of two theoretical 
equations. The first of these * is based on the first and second law 
of thermodynamics and the assumption that the electron vapor acts 
like a perfect gas. t The equation is: 

log ir = log ir' +log [(1 - r)/(1 - r')] +!logT' 

- ! log T + (1/2.3).[~ (Lp/ RT2)dT, (3) 

in which T' is any fixed temperature in the experimental temperature 
range; r and r' are the electron reflection coefficients at T and T', 
respectively; Lp is the heat of vaporization per g. mole of electrons at 
constant pressure; R is the gas constant per g. mole. 

Thermodynamics cannot teil us how Lp varies with T and until wc 
know this we cannot perform the intcgration indicated. ßy consider-

*Fora recent critical derivation see Becker ancl Brattain.8 

t This assumption is subsequently justified by experiment. 
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ing the mechanism by which the electrons evaporate from the meta!, 
we can arrive at some conclusions regarding the temperature depend
ence of Lp. Since in the derivation of equation (3) it was assumed 
that the electron vapor acts like a perfect gas, it follows that when 
1 g. mole of electrons is vaporized at constant pressure an amount 
of work RT must be clone against the external pressure and an amount 
of heat (3/2)RT must be provided to furnish the known mean kinetic 
energy of the vaporized electrons. I t then becomes desirable to define 
a new quantity h by the equation, 

h = (Lp/R) - (5/2)T. (4) 

Since h plays an important role in the final formula, it will be con
venient to give it the name "heat function." * The product kh, 
where k is Boltzmann's constant, represents the average heat of 
vaporization per electron less (5/2)kT. Substituting equation (4) in 
equation (3), 

logi = log iT' +log [(1 - r)/(1 - r')] - 2 log T' 

+ 2 log T + (1/2.3)1·T (h/T2)dT. (5) 
T' 

Thermodynamics alone cannot teil us how the heat function h varies 
with T and we cannot perform the indicated integration until this is 
known. However, we can deduce an important theorem even without 
performing the integration: 1f the experimental value of log i - 2 log T 
is plotted versus 1/T, the slope of the tangentat any value ofT is - h/2.3.t 

Hence for those surfaces for which the Richardson lines are straight, 
h is independent' of Tin the experimental range. For these surfaces, 
equation (5) reduces to 

log i = log iT·/(1 - r')(T') 2 + h/2.3T' +log (1 - r) 
+ 2 log T - h/2.3T = log 11(1 - r) + 2 log T - h/2.3T, (6) 

where 
log H = log iT'/(1 - r')(T') 2 + h/2.3T'. 

Log 1-!(1 - r) is the intercept of the Richardson line on the y axis. 
An alternative derivation of the thermodynamic emission equation 

uses the absolute zero of temperature as the lower Iimit in the various 
integrals. In this way Bridgman derives the equation,t 

i = Ua(1 - r)T2 exp. [- L 0/kT + cp(T)], (6a) 

* This is of course not the heat function used in thermodynamics. The heat 
function defined here has the dimensions of temperature. It is often given in volts 
V = kh/e. Later h will also be used for Planck's constant but we believe no con
fusion will arise. 

t For the proof see Becker and Brattain.8 In the proof it is assumed that dr/dT 
is zero or very small. This assumption is justifiable. 

t See Eq. IV, 33 on page 99 of his book named in References. 9 
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in which U is a universal constant equal to 21rGk2mej h3 = 120 
amps. / cm. 2 °K. 2 ; h (Planck's constant), m, e and k have the customary 
significance; Gis the statistical weight which is cqual to 2 for electrons; 
a = exp (Sop/k); Sop is the entropy per atom of a metal whose surface 
has a charge density p at T = 0; Lo is the heat of vaporization per 
electron at constant pressure at T = 0; 

(T) = !lT (CPP- Cpm) dT- _1 IT (C - C )dT· 
cp k T kT PP pm ' 

0 0 

cpp is the specific heat per atom at constant pressure when the metal 
surface has a charge density p while Cpm is the specific heat for the 
uncharged metal. In the derivation it is assumed that the entropy of 
the uncharged metal at T = 0 is zero in accordance with the third 
law of thermodynamics; it is also assumed that the electron vapor 
acts like a perfect gas. The value of U follows from the value of thc 
entropy constant of a perfect gas deduced from quantum statistics. 
Up to the present time neither theory nor experiment has yielded 
numerical values for a or cp(T). If, however, it is assumed that 
a = 1, cp(T) = 0 and r = 0 then equation (6a) reduces to 

i = UT2 exp. (- Lo/kT), (6b) 

which is the equation derived by Dushman 10 in 1923. It predicts 
that all Richardson lines should have the same intercept on the y axis, 
namely, log U. Since this prediction is not fulfilled by experiment 
it would appear that the assumptions made in obtaining equation 
(6b) are not valid. It may be weil to point out also that adsorbed 
particles on the surface probably contribute additional terms to the 
expression for the specific heats and entropy at absolute zero. These 
have not been taken into account. 

We are now in a position to show why the exponentofT in cquation 
(la) should be 2. To do this we consider h in equation (5) or L 1> in 
equation (3). The heat of vaporization Lp is defined as the heat 
cnergy that must be added to the system in order to evaporatc one 
g. mole of electrons at constant pressurc. \Vc have secn that (5 / 2)RT 
ergs must be added to account for the specific heat of the vaporizcd 
electrons and work clone against the extcrnal pressure. Thc rcmainder, 
Rh, which includes all other energies can be put equal to P - K 
- T(iP jdT) where P is the increase in potential encrgy of thc elec
trons, and K is the mean kinetic cnergy which the clcctrons had in 
thc metal. P includes work donc against the image forcc or any 
other elcctrical forces. So Iittle is known about the cxact nature of J5 
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that there is little point in examining the temperature dependence of 
the quantity P- TdP/dT more closely. On the other hand, the 
quantity K and its variation with temperature does depend on the 
particular assumption that is made with regard to the energy dis
tribution of the free electrons in the m~tal. In particular K is very 
nearly independent of T if the electrons in the metal have kinetic 
energies given by the Fermi-Dirac function.* That this is the correct 
distribution function is quite weil established by the numerous suc
cesses which this theory has had in explaining experimental facts in 
connection with metals.u-16 For the Fermi-Dirac distribution K is 
practically a constant term in the expression for the heat function h. 
There is then no reason for changing the form of equation (6) which 
contains the term 2 log T. This is equivalent to an exponent of 2 in 
equation (la). 

The case was somewhat different before the advent of the quantum 
theory. The electrons in the metal were then assumed to act like a 
perfect gas. Hence the energy K was taken to be (3/2)RT. It was 
thus natural to subtract this from the (5f2)RT for the electron vapor. 
In this way one is led to an expression for log i similar to equation 
(6), but instead of 2 log T there now appears ~-log T. So that the 
exponent of T in equation (la) was taken to be !. 

It is weil to note that on the basis of this thermodynamic argument, 
there is no good reason why the heat function should be independent 
of T and why the Richardson lines should be straight. Experiment 
shows, however, that for nearly all surfaces which are not close to 
their melting point, the heat function is independent of T to within 
experimental error. In the neighborhood of the melting point, the 
heat function varies with T. It should also be noted that thermo
dynamics does not predict that all Richardson lines should have a 
common intercept on the y axis. This prediction which is true only 
for special classes of surfaces has been made on the basis of a statistical 
theory which we will now discuss. 

Tlze Statütical Equations 

a. Classical treatment. lf we knew the velocity distribution and 
density of the electrons inside a metal at various temperatures and the 
difference in potential energy between an electron at rest inside and 
outside the metal, it would be a comparatively easy task to determine 
statistically how many electrons could escape from a square centimeter 
of surface in one second. It was at first assumed that the electrons 
inside the metal acted like a perfect gas; the velocity distribution is 

* This function \vill be discussed later in this papPr. 
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given Ly lVIaxwell's law 

1mzl [ - m(u2 + v2 + w:!)] 
n(u, v, w)dudvdw = (21rkT)l exp. 2kT dud'l•dw, (7) 

where u, v, w are the velocities in the x, y, z directions respectively; 
n(u, v, w) is the number of electrons per cm. 3 having u values in the 
range (u, du), i.e., between u and u + du, v values in the range (v , dv), 
and w values in the range (w, dw); n is the total number of electrons 
per cm. 3 ; m is the electron mass; and k is Boltzmann's constant. The 
number of electrons having u components of velocities in the range 
(u, du) is obtained by integrating equation (7) with respect to v and 
w from - oo to + oo. 

n(u)du = n(mj 21rkT) ! exp. (- mu2/2kT)du. (8) 

The total number of particles striking a cm. 2 of surface per second is 
given by 

Nt = J.oo un(u)du = n(kT /27rm)l. (9) 

But only those electrons whose values of u exceeds uo = (2p/m)! 
will escape from the surface. The quantity p, called the work func
tion, represents the potential energy of the electron outside the metal; 
it is the work that must be clone to take an electron at rest in the metal 
and transport it across the surface to a distance at which the surface 
forces are negligible. The total number, N, of electrons which can 
escape from one cm. 2 of surface in one second is then 

N = Joo un(u)dn 
uo 

= [oo n(mj21rkT) ~u exp. ( -mu2/ 2kT)du 
• uo 

= n(kT j 21rm)l exp. (- p/ kT). (10) 

The emission current in amperes per cm. 2 is 

i = Ne= A'T! exp. (- p/kT) (11a) 
or 

log i - ~ log T = log A' - pf 2.3kT, (11 b) 
where 

A' = ne(k / 27rm) !, (12) 

e = chargc 011 the elcctrons in Coulombs = 1.59 X 1 o -l!l. 
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If p is independent of T and if log i - ! log T is plotted versus 1/T, 
the slope = - P/2.3k and the y intercept = log A' or log ne(k/2trm)!. 
For clean tungsten it is found by experiment that the current density 
can be represen ted by 

i = 2.06 X 107T! exp. (- 55,300/T). 

From this it follows that ne(k/2trm)l = 2.06 X 107 and that n = 8.4 
X 1020 electrons/cm. 3 This is to be compared with 635 X 1020 

atoms/cm. 3 So that if we postulate one "free electron" for every 
75 atoms, we can account for the observed thermionic emission 
classically. 

Such a concentration of free electrons may be considered to be in 
quite good accord with the fi.-st of two possible deductions from 
experiments on specific heats. From these it follows that: (1) Either 
the nurober of free electrons must be small compared to the number of 
atoms and the mean kinetic energy per electron is (3/2)kT; or eise, 
(2) the number of free electrons is of the order of the number of atoms 
but the kinetic energy increase per degree rise in temperature is much 
smaller for electrons than it is for atoms. The correlation of experi
ment and classical theory in the case of the optical properties, electrical 
conduGtivity, thermoelectricity, Thomson and Peltier effects Iead to 
certain inconsistencies. These disappear when theories based on the 
Fermi-Dirac distribution are used for these effects and it is postulated 
that the nurober of free electrons in metals is of the same order as the 
nurober of atoms. The classical theory for Richardson's equation 
thus Ieads to values of n which are incompatible with values deduced 
from these effects. The newer theory has also made progress in 
explaining ferromagnetism. It is thus a better basis for a statistical 
theory of electron emission. Such a theory was developed by Som
merfeld 11 and N ordheim. 16 

b. Quantum-mechanical treatment. The Fermi-Dirac theory gives 
the velocity distribution as 

Gm 3 

u(u, v, w)dudvdw = --;t3 

. 1 
X M-1 exp. [m(u2 + v2 + w'2)/2kT] + 1 dudvdw, (13) 

G is the statistical weight; for electrons its value is 2. h is Planck's 
constant. The quantity M is so adjusted that the integral of n(u, v, w) 
gives the total nurober of electrons/cm. 3 This integration is so difficult 
that no relatively simple and exact expression for Af can be found. 
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However, m two limiting cases good approximations have bcen ob
tained. 

In the first case Af is so small a quantity that 

AJ- 1 exp. [nz(u 2 + v2 + 'W2) / 2kT] >> 1. 

I t then follows that 
(14) 

and that equation (13) is the same as equation (7) for the classical 
treatment. 

In the second case Af is a ]arge quantity and the 1 in the denom
inator of equation (13) cannot be neglected. Sommerfeld 11 has shown 
that in this case 

Af = exp. (1(/ kT), (15) 
where 

The second term in the brackets is usually a very small numerical 
quantity and can nearly always be neglected. 

If we assume that n, the number of electrons/ cm. 3, is equal to the 
number of atoms/cm. 3 in a metal or a small factor times this number, 
we can compute Af for case 1 by equation (14) or for case 2 by equation 
(15). In either case Af turns out to be a ]arge quantity. Hence for 
metals the second case is applicable while the first case is not. Hence 

Gm 3 

n(u, v, ·w)dudvdw = Jl3 

., m u ~ v~ w- - A X [ 1 ( ., + ., + ?) u· J dwh,d·w, 
exp. ~ kT + 1 

smce 
AI-1 = exp. (- J(/kT). 

(17) 

Integrating this from - oo to + oo with respect to v and ·w Nordheim 14 

has shown that thc numbcr of electrons pcr cm. 3 having Yelocities in 
the range (u, du), i.e., between u and u + du, is 

21rGm 2kT [ ( K - ~mu2 
)] n(u)du = h3 In 1 + cxp. ki' du. (18) 

The number of clectrons striking a surface normal to the u clircction 
pcr cm. 2 per sec. and having velocities in thc range (u, du) is given by 
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N(u)du = un(u)du; hence 

21rGm
2
kT [ ( J( - !mu2 

)] N(u)du = h3 u In 1 + exp. kT du. (19) 

Now only those having velocities greater than tt c will be able to cross 
the surface and escape where U c is given by !muc2 = Pm. Pm is the 
difference in potential energy between an electron at rest inside and 
outside the metal. Now Pm is about 3/ 2 times as large as K and 
therefore !muc2 > 1.5K. Also for the values of T encountered in 
thermionic experiments kT is small compared with (!muc2 - K). 
Therefore, for values of u > ttc, exp. [(K - !mu2)/ kT] is a very 
small quantity and 

In [1 + exp. ((K - !mu2)/ kT)] = exp. [(K - ~mu2) /kT] 

to a good approximation. This follows, since 

provided .12 < 1. Hence, for u > Uc and the temperatures encoun
tered in thermionic emission 

21rGm2kT ( K - 2 mu2
) 

N(u)du = h3 u exp. kf du. (20) 

The number that cross the surface per cm. 2 per second is given by 

Finally 

i = Ne= (27rGmek2/ h3)T2 exp. [- (Pm - K) / kT] 

= UT2 exp. (- H'/ kT) = UT2 exp. (- 'lv/ T) 

(21) 

= UT2 exp. (- cpe j kT) . (22) 

where 
(23) 

and 

Pm - K = TV = kw = cpe. (24) 
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If i is expressed in amperes per cm. 2, the value of U is 120 amperes/ cm. 2 

° K. 2 The quantities W, w, or cp are called the work function; the 
difference between them is merely one of units. cp is expressed in 
volts, w in degrees Kelvin, and Pm, K and W in ergs. Pm is called the 
outer work function and K, the inner work function. Oftentimes it is 
convenient to refer to Pm, K and lV as if they were expressed in volts. 

c. Treatment in terms of energies. For many purposes it is con
venient to have expressions for the distribution in energies instead of 
in velocities. \Ve can then express these energies in equivalent volts 
and obtain numerical values which are more familiar. Let 

"the normal component of the energy "; Vn = En/ e; n(E)dE = the 
number of electrons per cm. 3 having energies in the range (E, dE); 
similarly for n(En)dEn; N(Vn)dVn is the number striking a cm. 2 of 
surface per second having normal component of energies in the range 
(Vn, dVn)• 

Then 

_ 21rG ~ El 
n(E)dE- Jl3 (2m) 1 + exp. [(E - K) / kT] dE, 

211rGm!kT 1 [ (K - En)] 
n(En)dEn = ~za E n! In 1 + exp. (kT) dEn, 

21rGmkT [ (K - En)] N(En)dEn = ~za In 1 + exp. kT dEn, 

_ 21rGemkT [ . (K - Vne)] T N(Vn)dVn- h3 In 1+exp. kT _dln· 

(25) 

(26) 

(2i) 

(28) 

Equations (25) and (26) are readily derived from equation (18); 
while equations (27) and (28) follow from equation (19). It is also 
instructive to compare equation (28) with the corresponding equation 
which is based on classical statistics, namely, 

This is readily derived from equation (8). 
d. Comparison between classical and quantum-mechanical treatment. 

Comparison between equations (28) and (29) is best brought out by a 
graph such as Fig. 1 which shows log N( V n) versus V n for the two 
cases. It is tobe remernbered that N(V")dVn is the numbcr of elcc
trons in thc meta] which strike 1 cm. 2 of surface per second whosc 
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energy components normal to the surface are in thc rangc ( V11 , d V 11 ) 
volts. I t has been customary to plot N( V 11) versus V 11 for equation 
(28). At T = 0, N( V 11) decreases linearly with V 11 from a value of 

34r------.-------.------------------------------------~ 

( 
K-Vne) 

FERMI-OIRAC N (Vn) = 41T~ekT tn 1 +e--"kT 

(_ e2 )~ Vne 
CLASSICAL N(Vn)=n\2 TTmkT Ck:r 

K= 5.75 VOLTS (1 FREE ELECTRON PER 
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'222 

6 
z 
Q 

C) 3 18~----~------~----~Hr------+---~.-r------4------~ 
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T=I800°K SLOPE 2.~kT 
3kT 

K-2e 
(5.52 VOLTS) -----

n = IG.G X 1020 ELECTRONS 

IO~-----.-------.~C~M~3--~~~---+-------r------~~----4 

Vn IN VOLTS 

Fig. 1-Classical and Fermi-Dirac distributions. 

21rGemk j h3 when V 11 = 0, to zero when V11 = K/e; for V11 > K / e, 
N( V 11) = 0. For T > 0, the function is much the same except in the 
neighborhood of V 11 = K/e and for V11 > K/e; the curve is here 
everywhere higher than the curve for T = 0 and decreases exponen
tially. Since only those electrons can escape for which V 11 2: Pm 
> (3/2)K, we are primarily interested in the exponential portion of 
the curve. It is therefore more advantageaus to plot log N(V11) 
rather than N( V 11). 

In Fig. 1 curves 1 and 2 are for equation (28) at T = 0 and 
T = 1800° K., respectively; while curve 3 is for the classical case or 
equation (29). For curves 1 and 2, the value of K / e has been taken 
as 5. 7 5 volts which is the value appropriate for tungsten assuming one 
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free electron per atom. For curve 3 the value of n has been so chosen 
that this curve is shifted with respect to curve 2 by K / e - 3kT/ 2e 
or 5.52 volts. The value of n which does this is 16.6 X 1020/ cm. 3 

To account for the observed emission from tungsten we have previously 
deduced a value! as great or 8.4 X 1020/cm. 3 The factor of 2 is due 
to the fact that the intercept of the observed Richardson plot for 
tungsten corresponds to 60 amp./cm. 2 ° K2 while the theoretical 
intercept corresponds to 120 amp./cm. 2 ° K .:> 

At first sight it might appear that the shift between curves 2 and 3 
should be K /e rather than K / e - 3kT/ 2e. The additional term is 
accounted for by comparing the classical or T l equation (11a) with 
the quantum-mechanical or T 2 equation (22). I t is weil known that 
the experimental results can be made to fit either the T l or the T 2 

equation and that the constants in the two equations are related by 

vV(or Pm - K) = p - (3/2)kT, (30) 
and 

(3 1) 

From equation (30) it follows that the classical work function p is 
}arger than the quantum-mechanical work function Tl' or Pm - K 
by (3/2)kT and that to obtain the same emission from the two dis
tributions the curves must be shifted by K / e - 3kT / 2e. 

Tlze Temperature Dependence of the Work Function 
Thus far little has been said about the temperature dependence of 

the work function. \Vhile there is no good theoretical reason for 
expecting a ]arge temperature dependence, there is also no good reason 
to expect that the work function is accurately independent of T. 
Experiments on contact potential and photoelectric effect indicate 
that there is indeed a small temperature effect. * In investigating the 
effect of the temperature dependence we shall Iimit ourselves to the 
quantum-mechanical equations. However, a similar treatment woulu 
be applicable to the classical or T l equation. 

If in equation (22), w or its equivalents vV or <P are independent of 
T, then the slope of a Richardson line is - w/2.3 or - TV / 2.3k or 

cre/2.3k; the intercept is log U. So that 

b = w = vV/k = ~.pe/k and log A = log U. (32) 

If the work function varies linearly with temperature, 

w = ·w" + a.T or lV = lVo + akT 

* For a dctailcu discussion sec rcfcrcncc 8. 
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or 
<P = <Po+ a(k / e)T; (33) 

where a = d'W/ dt is a constant independent ofT; its units arc dcgrces 
per degree. The slope of a Richardson line is now - 'Wo/2.3 so that 

b = 'Wo= vVo/k = <Pae/ k 
while 

log A = log U - a/2.3. (34) 

Since the slope is constant, the Richardson line is straight. This line 
is determined either by the empirical constants A and b or by the 
values of 'Wand d'W/ dT in theoretical equations. 

If 'W is a general function of T, the Richardson line will be curved. 
1f a tangent is drawn at a point corresponding to any temperature, 
the slope of the tangent is - (1/2.3)('W - Td'W/ dT) and its intercept 
is log U- (1 / 2.3)d'W/ dT; 'Wand d'W/ dT are tobe taken at the point 
of tangency. Hence 

b = 'W- Td'W/ dT 
and 

log A = log U - (l / 2.3)d'W/dT. (35) 

In a previous section it was shown that the slope of the Richardson 
line is always equal to - h/2.3. Hence 

- h/ 2.3 = - (1/2.3) ('W - Td'W/ dT) 
or 

h = 'W - T(d'W/dT). (36) 

This important equation gives the relation between the heat function 
and the work function. I t is similar in form to the relation between 
the total energy E and the free energy F, viz., 

E = F- T(dF/dT). (37) 

The distinction between the heat function h and the work function 
'W is strikingly brought out in Fig. 2. The slope of the Richardson 
line is - h/ 2.3, while the slope of a straight line connecting any point 
on the Richardson line with the intercept log U(l - r) is - 'W/ 2.3. 

The theory that the work function is indeed a function of tempera
ture has been championed in recent times by R. Suhrmann and his 
collaborators. A good account of this work can be found in Volume 4 
of Müller-Pouillets Lehrbuch der Physik. One method by which Suhr
mann has shown the temperature dependence of the work function is 
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that of the complete photoelectric emission. The surface to bc inves
tigated is illuminated by light from a source whose temperature is 
varied. It is found that the resulting photo-current obeys a Richard
son law and. the slope of the Richardson line is taken as the work 
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function. The temperature of the cathode is now altered and a ncw 
Richardson line is obtained. It is found that the slope has changed. 
It may be worth while to analyze critically the theory of this experi
ment to ascertain whether the slope is related to the work function or 
to the heat function. 

On True and Apparent Surjace Areas 

One othcr point in thc correlation betwecn cxperiment and thcory 
is to be noted. In the empirical equation, i is the curren t per cm. 2 of 
apparent surface; while in the theorctical equation, i is the currcnt 
per cm. 2 of an ideal or true surface. The real surfacc in thermionic 
cxperiments is not smooth; it usuall y consists of a largc number of 
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etch facets which are oriented at various angles with respect to a mean 
·surface plane. The appearance of the surface is tobe compared with 
an airplane view of a city whose gabled roofs have various designs and 
various angles. The size and shape of the etch facets depend on the 
material of the cathode, the crystal size, the orientation of the crystal 
with respect to the mean surface, the degree of heat treatment and 
presumably some unknown factors. Theoretically it is possible to 
deduce values of S, the ratio of the true surface area to the apparent 
surface area, for certain simple cases. Thus, Tanks 17 has computed 
the following average values of S: For cubic facets or 100 planes, 
1.500; for dodecahedral facets or 110 planes, 1.225; for 100 and 110 
planes, 1.129. Some of the assumptions on which these values are 
based are: (1) The surface is covered with pyramids whose sides are 
crystal planes; (2) the orientation of crystal axes with respect to the 
surface is random; (3) for a given type of etch plane or planes, the 
facets occur in such a way as to give a minimum surface area. No 
one has made a thorough investigation to test these assumptions by 
experiment. Some microscopic pictures of etched surfaces which I 
have seen showed truncated pyramids in cantrast with the first 
assumption; they also showed sub-facets, thus violating the third 
assumption. 

Values of S have been obtained from experiments on adsorption of 
gases on solid and liquid surfaces. Particularly significant experi
ments are those of Bowden and Rideal 18 on the adsorption of hydrogen 
ions deposited on metal surfaces by electrolysis of a solution of sulphuric 
acid. The potential of these surfaces was determined against a 
calomel electrode. They found that when the electrolytic current 
exceeded a minimum value, the surface potential increased linearly 
with the quantity of electricity until it reached a new steady value. 
Fora mercury surface as well as for a thin film of platinum on mercury 
the potential increased by one volt for 6 X 10-6 coulomb/ cm. 2 The 
direction of the potential change and its amount are such as to be 
expected if hydrogen ions are adsorbed on the surface. For surfaces 
other than mercury the charge per cm. 2 required to change the po
tential by one volt was S times 6 X 10-6• They obtained the fol
lowing values for S: smooth platinum, 2.0; platinum black, 2000; 
sandpapered nicket, 10; oxidized and reduced nicket, SO. They inter
pret this S as the ratio of the true area to apparent area. Their 
values are considerably greater than those expected from Tonks' 
theoretical calcu Ia tions. 

As a result of this it is my opinion that a considerable amount of 
careful work must be clone before reliable values of S are obtained for 
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thermionic cathodes. For the present it would seem best to cü"nsider 
S as an unknown whose value lies somewhere between 1 and 10 for 
rough surfaces such as those on oxide coated filaments, and between 
1 and 2 for relatively smooth surfaces such as tungsten. The exact 
value will no doubt depend on the exact treatment of each surface. 

Fortunately the uncertainty of our knowledge of S does not seri
ously affect our correlation made above. It is necessary to divide 
values of i and A in the empirical equations by S to reduce to the basis 
of true surface area before comparing them with theoretical equations. 
The observed values of i and A should thus be reduced by 25 to 50 
per cent for smooth surfaces and by larger values for rough surfaces. 
Thus in the case of surfaces, such as tungsten, molybdenum and 
tantalum, for which A has the value 60, the true A should be between 
about 30 and 45 as compared with a theoretical value of 120. Since 
the deviations from 120 are due to a temperature dependence of the 
work function, it means that we must postulate a somewhat larger 
value of a in equation (34) than otherwise. 

On tlze Refiection Coejficient 

There is still another topic that enters into the correlation of experi
ment and theory, namely the reflection coeffi.cient. Thus far we have 
assumed that every electron whose normal component of velocity 
exceeded a certain value escaped while those having less than this value 
failed to escape. On the classical viewpoint this assumption is jus
tified but on the quantum-mechanical viewpoint there is a finite prob
ability that the electron considered as a wave will be reflected at the 
surface even though its velocity is such that it could escape; also a 
wave electron has a finite probability of passing through a potential 
peak when classically its velocity is not large enough to permit it to 
pass over the top of the peak. Consequently we should include an 
average transmission coefficient D in the theoretical emission formula. 
D = 1 - r where r is the average reflection coefficient." Equation 
(22) then becomes 

i = U(1 - r)T2 exp. (- w/ T). (38) 

A number of writers 2 • 3 have attempted to explain the deviations 
between A and U by postulating such values of r that A = U(1 - r). 
This explanation is possible only for cases for which A < U sinre 
0 < r < 1. Even when A < U the numerical values turn out to be 
such that the difference between A and U cannot be accounted for by 
computecl probable values of r. These values of r are determined 
chiefly by the shape of the curve giving the work an electron must do 
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to get to various distances from the surface. Only when this work
distance curve is postulated to have a high sharp peak within a few 
atom diameters from the surface, is it possible to deduce values of r 
which are appreciable. Now we have good reasons 8 for believing 
that no such peaks exist, and that the maximum of the work distance 
curve occurs at relatively large distances from the surface in a region 
where the forces on the electron are given by the well-known image law. 
For the latter type of curve, the computed value of r is less than 0.07 
which is negligibly small. Nordheim, who first pointed out that the 
transmission coefficient might differ from unity says: " However, the 
exact computation taking into account the image force which must 
necessarily be considered, has shown that such a rounded-off potential 
curve yields a value of J5 \Vhich differs inappreciably from 1.0." * 
A more complete case showing that the values of the reflection coef
ficient are negligibly small is given by Becker and Brattain.8 

THE EFFECT oF AccELERA TING FIELDS AND RETARDING PoTENTIALs 

Thus far we have considered how the emission current and the work 
function depend on the emitting surface and its temperature; we have 
implicitly assumed that the current was "saturated " or that every 
electron which escaped from the surface was collected by the anode. 
It is, however, well known that the emission current depends also on 
the applied fields and the applied potentials. In considering the effects 
of these fields and potentials we shall incidentally obtain an insight 
into the nature of some of the forces responsible for the work function. 

For simplicity consider a large plane cathode and parallel to it a 
large plane anode. If the temperature of the cathode is high enough 
to emit a small but appreciable current, log i will vary with the poten
tial applied to the anode in the manner shown in Fig. 3. In drawing 
curve 1 in this figure three more simplifying assumptions have been 
made; namely (1) that the contact potential between cathode and 
anode is zero; (2) that all portions of the cathode and anode have the 
same work function, and (3) that space charge effects are negligible. 
The effect of these assumptions will be considered later. 

The curve in Fig. 3 naturally divides itself into two portions: the 
part to the left of Va = 0 corresponds to retarding potentials while 
the part to the right of 0 corresponds to accelerating potentials. In 
the latter region the current is said to be " saturated " although 
strictly speaking the current is never saturated but increases indef-

*See Section by Nordheim in Müller-Pouillets Lehrbuch der Physik,4 Vol. IV, 
"Elektrizitat und Magnetismus," Part IV, p. 294. See also footnote 2 on p. 290. 
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initely as V increases. Obviously, the effect of V on the current is 
quite different in the two regions and these two regions require different 
explana tions. 
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Retarding Potentials 

10 12 

Consider first the retarding potential region in which log i decreases 
linearly with - Va, the applied potential V. The explanation is to 
be found in extending the theories which were used to derive the 
Richardson equation. In that derivation it was implicitly assumed 
that the only forces which the escaping electron had to overcome were 
the cathode surface forces, and that any electron which escaped from 
the cathode would reach the anode. If a retarding potential Vr* is 
applied to the anode then only those electrons whose normal com
ponent of velocity u exceeds a value Ua can reach the anode; where 1ta 

is given by 
(39) 

in the classical casc, or 

(40) 

m the quantum-mechanical case. Figure 4, curve 1, illustrates the 

* In discussing retarding potentials it is convenient to consider retarding poten
tials as positive even though the anode potential is negative, so that V, = - 1'. 
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potential energy of an electron at various distances between the 
cathode and anode when the anode is Vr voltsnegative to the cathode. 
It is tentatively assumed that the anode work function cpa is the same 
as the cathode work function cpc; this is another way of saying that 

Cl) r (2) Vr=O 
~ 
0 
> 
~ I 
>- i \.!) 
0::: 
w Pc z : w 
_J l 
<{ I 

i= I 
I 

z 
! w 

5 
a.. ! 

CATHODE ANODE 

Fig. 4-Potential distribution between parallel plates; Pa = Pc. 

the contact potential is zero. When Vr = 0 nearly all the space 
between the cathode and anode is field free as shown in curve 2; only 
in the immediate neighborhood of the cathode or the anode is the 
electron subjected to any forces. When a retarding potential is 
applied the electrons must have sufficient energy to pass over the 
maximum in curve 11 Fig. 4, in order to reach the anode. 

To determine the number of electrons that can reach the anode we 
integrate equation (10) or (20), from u = 'Ua to u = oo where Ua is 
given by equation (39) or (40), respectively. \Vhether we use the 
classical or the quantum-mechanical statistics we arrive at the same 
result. 

i = Ne = io exp. (- Vre/kT), (41a) 

or 

log i = log io - (e/2.3kT) Vr, (41b) 

where io = i when Vr = 0. The slope of the straight line 111 Fig. 3 
should thus be ej2.3kT. . 

If cpa and cpc are not equal, the field between anode and cathode will 
not be zero when the applied potential is zero; a contact potential or 
Volta potential Vv will exist between a point just outside the cathode 
and a point just outside the anode. To produce zero field a potential 
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must be applied which neutralizes the Volta potential. The true 
potential V betwecn anode and cathode is the sum of the applied 
potential Va and Vv or 

Since 

Since 

V= Va + Vv. 

Vv = 'Pc - <Pa. 

V = Va + 'Pc - <Pa· 

Vr = - V, 

(42) 

(43) 

(44) 

V r = - V a - (<Pc - <Pa) = - Va + <Pa - <Pc• (45) 

Vr is the true value of the retarding potential and these values of 
Fr are to be used in equations (39), (40) and (41). V and lrr are 
measured from the break point in Fig. 3. Figure 5 illustrates the case 

----1--r+ 
------ I : : 

------ I Vr : 
--- I I t 

-------- Vr=O I : -0 ------------------------J-t ,a I . : 
I V,v : 
I__L_f 

: 

CATHODE ANODE 

Fig. 5-Potential distribution between parallel plates; Pa < P,. 

when <P c > 'Pa· For Va = 0, V is positive and cqual to <Pc - <Pa· 

To produce zero field Va must be negative and equal to <Pc - 'Pa· Thc 
dashed line gives the potential energy distribution for a somewhat 
}arger negative applied potential. 

\Vhen the contact potential is not zero, the break point in the log i 
versus Va curve will occur when the field is zero or when 

This is illustratcd m Fig. 3 by thc dashed line for a casc for which 

'Pc > 'Pa• 
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Usually thermionic experiments are not performed with plane 
parallel cathodes and anodes but with a small cylindrical cathode con
centric with a cylindrical anode. In the cylindrical case, the normal 
or radial component of velocity is not the only one which determines 
whether the electron will reach the anode. Schottky 19 derived the 
following formula for this case on the assumption that the emitted 
electrons leave the filament with a velocity distribution given by 
Maxwcll's law (equation (7)) for a temperature T. As we have seen 
above both the classical and the Fermi-Dirac theory predict this dis
tribution for the electrons which escapc from the filament. This 
formula replaces equation (4 1). 

i = io(2( n-l) [ [ Vre/ kT] ~ exp. (- Vre/kT) 

+ J co 
1 

exp. ( -x2)dx J . (46) 
<r,eJkTl• 

It is assumed that the diameter of the cathode is sm~ll compared to 
the diameter of the anode, and that the current is not limited by space 
charge. Table I gives values of log1o (io/ i) for values of Vre/kT 
taken from an article by Germer. 20 

TABLE 

VALUES OF LOG10 io/i FüR VARIOUS VALllES OF V,efkT (GERMER) 20 

V,efk T 1 2 3 4 5 6 
log1o (io/i) 0.2423 0.5827 0.9523 1.3371 1.7312 2.1318 

7 8 9 10 11 12 
2.5369 2.9455 3.3567 3. 7698 4.185 4.6024 

14 16 18 20 25 
5.4398 6.2812 7.1245 7.9714 10.0978 

Figure 6 shows various ideal plots of log i versus V for cathodes of 
clean tungsten and thoriated tungsten. I t is assumed that the anode is 
clean tungsten. Curves 1, 2 and 3 areforaclean tungsten cathode at 
temperatures of 1400, 1550 and 1700° K., respectively. Curves 4 and 
5 are for a thoriated tungsten cathode at 1400° K. activated to such 
an extent that the work function is 4.03 and 3.53 volts, respectively. 
The dashed lines indicate the currents foraplane cathode and parallel 
anode. 

Curves 1, 4 and 5 illustrate an important theorem which follows 
from the analysis on contact potential given in connection with Figs. 
3, 4 and 5. The theorem is: The current collected by an anode is 
independent of the work function of the cathode provided that the 
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cathodes are in the same position and have the samc temperatures and 
that the retarding potential is sufficiently great. This theorem was 
verificd experimentally by Davisson. 21 
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2.1 

The curves shown in Fig. 6 are for ideal conditions. Experimental 
conditions frequently differ from ideal conditions in at least fivc 
respects: (1) The various portions of the cathodc are not at the samc 
potential; (2) the work function of the cathode is non-uniform; (3) thc 
work function of thc anode is non-uniform; (4) the temperature of thc 
cathodc is non-uniform; and (5) the current is limited by spacc charge 
rather than by thc applicd potential. The last two conditions arc 
discussed in othcr trcatiscs. The first condition is usually due to thc 
fact that thc cathode is a lilamcnt and is hcatcd by passing a current 
through it. As a rcsult thc observcd curve is thc sum of a scrics of 
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elementary curves, each one of which is shifted along the V axis by the 
amount of the potential drop along the filament. Such a sum curve 
consists of a straight line having the correct slope at sufficiently great 
retarding potentials; the sharpness of the break point in the curve is, 
however, destroyed and the slope of the curve for small retarding 
potentials is decreased, thus simulating the ideal curve for a higher 
temperature. The best way to obviate this difficulty is to work with 
equipotential cathodes which are heated indirectly. This makes the 
construction of the tube more difficult and has been used only by 
Demski. 22 Most of the work has been done on filaments which were 
heated intermittently by means of a mechanical or electrical com
mutator. 

In this way Germer, 20 Demski and others have shown that the dis
tribution of thermionically emitted electrons is Maxwellian and cor
responds to a temperature which is equal to the temperature of the 
cathode to within less than 5 per cent. Germer worked with tungsten 
for a series of temperatures between 1440 and 2475° K. Demski 
worked with tungsten and with oxide-coated filaments. He used a 
mechanical and an electrical commutator and also worked with equi
potential cathodes. Nottingham 21 and others have reported that for 
thoriated tungsten and oxide-coated filaments the temperature com
puted from the shape of the log i versus V curve for small retarding 
potentials was about 1.5 times the temperature of the cathode. Not
tingham explains this as due to a sharp peak in the potential distance 
curve through which a part of the wave electrons can penetrate. In 
my opinion it is much more likely that these observations are due to 
non-uniformities in the work function of the cathode and the anode. 

lf the work function of the cathode is non-uniform, the observed 
curve should result from the summing up of the currents for a series of 
curves somewhat similar to curves 1, 4 and 5 in Fig. 6. The sum 
curve will have the correct slope at sufficiently great retarding poten
tials; but at low values of Vr the slope should be too small correspond
ing to too high a temperature. The breakpointwill be less sharp. 

If the work function of the anode is non-uniform, the elements of 
the sum curve will consist of a series of ideal curves shifted parallel to 
the V axis. The sum curve will again yield correct temperatures at 
large values of Vr but too high temperatures at small values of Vr. 
That the work function of cathodes is usually non-uniform will be 
shown in the next section. lt is to be expected that the anode work 
function will also be non-uniform since the anode is more difficult to 
heat treat than the cathode. However, when one takes into account 
the effect of these non-uniformities, it is seen that the experiments 
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abundantly confirm the theory that the distribution of velocities of 
thermions is that given by .Maxwell's law for an ideal gas. 

A ccelerating Fi elds 

As illustrated in Fig. 3, when positive potentials are applied to the 
anode, log i increases continuously; but the rate of increase becomes 
progressively less so that the current is almost independent of the 
anode potential. For many purposes one can safely say that the 
current is saturated; for some purposes, however, it is very important 
to consider this Iack of saturation. More specifically a consideration 
of this effect gives us direct evidence of some of the forces \\·hich are 
responsible for the work function. Thus, as the electron escapes from 
the surface, it must overcome certain forces \Yhich tend to pull it back. 
The electrical fields responsible for these forces presumably decrease 
with the distance from the surface. Ca!! them surface fields F8 • 

\Vhen a positive potential is applied to the anode, a field Fa is produced 
near the surface of the cathode which tends to help the electrons 
escape. The value of the field depends on the dimensions of the 
cathode and anode. This applied field neutralizes the surface field at 
some distance z from the surface; call this distance the critical distance 
Z c. If an electron can reach the critical distance, it will escape, since 
beyond this distance the sum of the applied and surface fields pulls the 
electron toward the anode. Obviously the critical distance moves 
closer toward the cathode as the applied field is increased. 

A more quantitative concept is obtained by considering the effect 
of the applied field on the potential energy-distance curve similar to 
Fig. 4. Now, however, we will be concerned more particularly with 
regions close to the cathode, so that we will greatly enlarge the distance 
scale. Figure 7, curve 1, showssuch a curve when the true field between 
cathode and anode is zero. The true fielcl Fis the algebraic sum of the 
applied field Fa and the field produced by the contact potential. Fre
quently it is convenient to use the term " applicd field " in the sense 
of "true field," i.e., including the contact potential field. An applied 
field decreases the potential energy of the electron as shown in curve 2. 
The net potential energy is shown in curve 3. 

The rnaximum height in curves 1 or 3 rcpresents the work function 
<P in the classical theory or the quantity P", j e in the quantum theory. 
In the latter case, since ~.pe = Pm - K from cquation (24) and since 
K does not depcnd on the applied field, 

(47) 
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or the decrease in the work function due to an applied field is equal to 
the decrease in the maximum of the potential energy-distance curve. 
Since P depends on F, the true field (applied + contact potential fielcl), 
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it will be convenient to designate values for curve 1 for which F = 0 
by the subscript 0. Then 

P =Po- Fez, (48) 
and 

dP / dz = dPo/dz - Fe. (49) 

At the maxtmum m the P versus z curve, dP /dz = 0 and z = Zc. 
Hence 

(dPo/dz) I zc = Fe. (SO) 

\Ve require an expression for tlP111 , the decrease in P m clue to the field F. 
From Fig. 7 it is clear that 

tlPm = distance A + distance B = P mo -Pol "c + Feze (5 1) 

d(tlPm) / dF = - dPo/dFi Z=Zc + Fe(dzc/ dF) + ezc. (52) 
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Now from equation (SO) 

dPo/dF j z=zc = dPo/dz I zcdzc/dF = Fedzc/dF. (53) 

Hence from equations (52) and (53) 

(54) 

Combining this with equation (47) we obtain 

d(D.cp) j dF = Zc. (55) 
Now from 

log i = log U- 2 log T- (cp - D.cp)e/ 2.3kT 
= log io + D.<re/ 2.3kT (56) 

we obtain 
d log i / dF = (d(,j,cp) / dF)e/ 2.3kT. (57) 

Combining this with equation (55) we obtain 

d log i / dF = (e / 2.3kT)zc. (58) 

This equation which was first derived by Becker and l\1ueller 2 4 

allows us to obtain numerical values for Zc from the slope of the experi
mental log i versus F curve. At Zc the surface field Fs is equal to the 
applied field F. Hence a plot of Fs versus z can be obtained, and by 
integrating this from z to oo, values of Pmo -Po can be obtained for 
various values of z greater than some minimum value corresponding 
to the largest val ue of F. 

A particular case of a surface field, namely, that given by the imagc 
law, is especially significant. In this case Fs = e/ 4z2 and it can be 
shown that the distances A and B in Fig. 7 are equal. At the critical 
distance F = Fa and F = e/ 4zc2 or 

Zc = (e/ 4F)!. (59) 

By substitution in equation (55) and integration from 0 to Fit follows 
that 

D.cp = (eF) i. 

Substituting this in equation (56) yields 

log i = log io + (e ~ / 2.3kT) ,r F, 

= log io + (1. 91 / T) ~ F. 

(60) 

(61) 

This equation, which was first derived by Schottky 35 and is called 
the Schottky equation or law, predicts that a plot of log i versus ~ F 
should yield a straight line whose slope is e~/2.3kT or 1.91 / T. 



THERJIIIONIC ELECTRON EMISSION 439 

Experimental log i versus ..JF plots are found tobe straight and to 
have approximately the right slope for sufficiently high applied fields. 
At low fields, the line is curved and the experimental slopes are greater 
than the predicted values. These deviations from Schottky's law are 
slight in the case of clean surfaces but become quite pronounced for 
composite surfaces such as thorium on tungsten or ccesium on tungsten. 
We shall show below that these deviations can be ascribed to non
uniformities in the work function for different regions of the cathode 
surface. The prediction that the slope should vary as 1/T has been 
verified by Dushman's experiments.10 

In sofaras Schottky's law is verified by experiment, we can conclude 
that the escaping electron must in certain regions overcome the forces 
due to its own image and no other forces. Thus for clean surfaces the 
electron is acted on only by its image force from about 10-7 to about 
50 X 10-7 cm. from the surface; for composite surfaces this regionwill 
depend on the size and degree of the non-uniformities; for a particular 
surface of thorium on tungsten the image law held from 6 X 10-7 to 
about 20 X 10-7 cm. \Vhen the critical distance is very small, the 
emission is modified because of sharp points on the surface and because 
of "intense field" emission. 24 YVhen the critical distance is larger 
than about 100 X 10-7 or 1 X 10-5 cm. there are apparently other 
fields superimposed on the image field. These are larger than the 
image field at these distances and thus cause deviations from the 
Schottky law. As we shall see later these fields are due to non-uni
formities on the surface. From all this we can conclude that an 
appreciable part of the work function is due to the image force and to 
other surface fields. 

Table II shmvs values of AI{J, Zc, log i/io and i/io if the surface field 
is given by the image law. 

TABLE II 

VALUES OF Acp, Zc, LOG ifio AND ifio IF THE SURFACE FIELD IS GIVEN BY THE IMAGE 
LAW 

F, volts/cm.. . . . . . . . . . 0 
.Y F.................. 0 
Acp, volts............. 0 
Zc Cfl1.......... . . . . . . . oo 
log i/io, T = 1000° K... 0 

i/io " . . 1.000 
log i/io, T = 2000° K.. . 0 

i/io " 1.000 

100 
10 

0.0038 
1.89 X w-s 
0.0191 
1.045 
0.0096 
1.022 

1000 
31.6 
0.0120 
5.98 x w-6 

0.0604 
1.149 
0.0302 
1.072 

10,000 
100 

0.0378 
1.89 x w-6 

0.191 
1.553 
0.096 
1.25 

The Use of tlze Term ''E.ffective TYork Fwzction " 

40,000 
200 

0.0755 
9.45 x w-7 

0.382 
2.410 
0.191 
1.55 

There has been a tendency to restriet the term work function to 
zero field and to use "effective work function" for accelerating 
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fields. 1 • 2 • 23 In my opinion this tendency is tobe deplored since it is 
unnecessary and places too much emphasis on zero field. Richardson's 
equation, and the theories underlying it are just as applicable for 
accelerating fields as they are to zero field. Since the work function 
depends on T as weil as F, it would be just as logical to coin a new name 
for the work function at any temperature other than T = 0. I t 
seems to me more desirable to retain "work function " in its general 
sense and to recognize that it may depend on temperature and on the 
accelerating field. The work function or more precisely the quantity 
Pm/ e would be defined as the work required to take an electron at rest 
inside the metal to a point at distance Z c from the surface, where Zc is 
the distance at which the accelerating field is equal to the surface field. 

THE EFFECT OF NoN-UNIFORM vVORK FUNCTJONS: PATCII THEORY 

vVe shall now consider how the emission is altered if the cathode 
work function is non-uniform. Here again we shall find it necessary 
to consider the effect of such non-uniformities on the P vs. z curves, 
i.e., on the curves for the potential energy of the electron versus dis
tance from the surface. For the present we shall not consider the 
causes for the mechanism which is responsible for the non-uniformities. 
\Ve shall assume that the surface work functions are non-uniform. 
As a consequence, local fields must exist between the various regions 
having different work functions. The effect of these fields on the 
log i vs. F curve will depend on the size, shape and degree of the 
non-uniformities. 

Tlze Simple Condenser Analog 

Consider a simple case: The cathode is uniform except in a circular 
region of radius R which is covered with a positive charge density u, a 
short distance l above the surface. There is induced at a distance l 
below the surface the image charge density - u. These two sheets of 
charge act like a finite circular condenser. The field between the 
condenser plates will be 47rcr e.s.u. or 300 X 47rcr volts /cm. if u is 
expressed in e.s.u. If the zero of potential is takcn at thc surface of 
the meta) or at the center of the condenser, the potential just outside 
the outer sheet of charge will be 300 X 47rcrl. If the sheet of charge 
were infinite in extent or if R were several times the distance from 
cathodc to anodc, then the field outside the condenser would be zcro, 
and the work function of the patch for electrons would be reduced by 
300 X 47rul or by 300 X 271" l!![; where 111 = 2ul the momen t pcr cm.2 

of surface. Actually there is a field outside the finite condenser which 
tends to pull an electron back to the surface. The integral of this 
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field out to infinity or a distance large compared to R is just sufficient 
to reduce the potential to zero again. Hence when the applied field 
is zero so that Zc is very large, the work function over the condenser or 
patch is not reduced at all. Calculations show that if a small accelerat
ing field is applied, the work function is reduced more than it would 
have been if there had been no condenser. For a sufficiently large 
applied accelerating field, Zc moves so close to the surface that Zc << R. 
At this distance the potential at Zc due to the sheets of charge will not 
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Fig. 8-Potential energy vs. distance from cathode surface for electrons moving 
against image field plus field due to a uniform circular patch for applied fields of 
zero or 6000 volts/cm. 

differ greatly from the potential just outside the condenser. The 
work function will now be 300 X 47rul less than it would have been 
without the patch. Hence the extra reduction of the work function 
due to the patch is zero at zero accelerating field and increases with 
this field up to its limiting value 300 X 47rul. 

To treat this case in more detail consider the curves in Fig. 8. 
Curve 1 is a plot of P .de in volts vs. z in cm. Pi is the potential 
energy due to the image force and is given by 

p de = p oole- 300e/4z, (62) 
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where P oo is the potential energy when z = oo and F = 0; e = 4. 774 
X 10- 10 • Curve 2 is the potential energy P P due to the patch or con
denser along a line normal to the surface at the center of the condenser. 
R has been taken as 4 X 10- 5 cm. The equation of this curve is 

(63) 

In the derivation of this formula it has been assumed that either 
R >> l or else that z >> l; for our case the first of these assumptions 
will always be fulfilled so that the formula is applicable when z is 
equal to or !arger than l; it is not applicable for z less than l. 

Curve 3 is the algebraic sum of P values for curves 1 and 2. I t 
represents the potential energy along the centrat normal due to the 
image and patch fields. Curve 4 represents the potenti~l energy due 
to an applied field of 6000 volts/cm. Curve 5 is the sum of curves 1 
and 4; curve 6 that of 3 and 4. 

The effect of the applied field is to reduce the critical distance Zc 

and the work function. A given applied field will reduce Zc more for a 
clean surface than for one with the patch; but the converse is true 
for the work function. The reduction in the work function is equal 
to the reduction in the value of P mfe. This consists of three parts as 
indicated in the figure for curve 6. D.P de is the decrease in P due to 
the image forces from z = Zc to z = oo; D.P pfe is the decrease due to 
the patch field from z = Zc to z = oo; Fzc is the decrease in P due to the 
applied field from z = 0 to z = Z c. These quantities can be evaluated 
after one has determined the value of Zc as follows: 

The peak or maximum in curve 6 occurs at a value of z = Zc at 
which 

dP /dz = dP ddz + dP p/dz = Fe. 

From equation (62) dP ddz = 3.58 X l0- 8 jz2, 

a nd from equation (63) 

so that 

1, 3.58 X 1 o-s + ? ~~ · R2 
] 

' = z2 t_007ra (z2 + RZ) i . 

(6-!) 

(65) 

From this equation Fis plottecl for various values of :;, For any valuc 
of Fa value of z ca n bc read off. This valuc of:; will bc thc critical 
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distance Zc. To obtain fl<P, Zc is substituted in the equation, 

+ 12007rcrl ( 1 - (z2 ~c R2)! + Fzc) · (66) 

This fl<P is the decrease in the work function for a region near the center 
of the patch. For other regions on the patch fl<P will be smaller; for 
regions on the uncovered portion of the surface fl<P will be still smaller 
until at large distances from the patch b.<P will correspond to the b.tp 

appropriate for the image law. 
To obtain the effect of the patch on the log i vs. F or log i vs . .Y F 

curve it is necessary to divide the entire surface into small regions, 
compute b.tp for each and substitute these in equation (56); the values 
of i 0 in this equation are the same for all regions of equal area since at 
large distances Pro has the same value over all regions. The values of i 
are then added up for all regions and log i is plotted vs . .Y F. Since 
this process is very tedious, and since in most thermionic experiments 
one is not likely to deal with a single patch, it is not worth while to 
make such an exact computation. I t is, however, instructive to make 
some further computations based on simplifying assumptions. 

Suppose we assume: (1) That for all regions on the patch, A<P has the 
same value as for the central region, and (2) that the current from the 
patch is large compared to the current from the uncovered portions 
of the surface. These assumptions approximate the true conditions 
for some cases and the errors due to the first assumption tend to 
balance out those due to the second. lf " a " is the area of the patch 
then 

log ai = log a + log U + 2 log T- tpef2.3kT + (Atp)e/2.3kT 
= log ai0 + Atpej2.3kT, (67) 

where aio is the current from the patch area when F = 0. 

Hence log i/io = (Atpej2.3kT). (68) 

Values of b.tpe obtained from equation (66) are substituted in equation 
(68) and log i/i0 is plotted as a function of .Y F. Figures 9 and 10 
show such plots. 

Figure 9 shows the effect of varying the radius R of the patch while 
the charge density cr is kept constant. The value of cr is so chosen that 
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12001rcrl is equal to 0.3 volt. I t will be convenient to treat er as if it 
were expressed in volts, i.e., as if er stood for 12001rcrl. If the patch 
were very }arge er in volts would be the decrease in the work function 
due to the patch. I t is tobe noted that a typical curve starts along a 

20 40 60 80 100 120 140 

I[F (YvoLTS PER CM ) 

<1=0.3VOLTS 
T = 1380°K 

160 180 200 

Fig. 9-Variation of emission current with applied field for circubr patches of 
various sizes; T and u constant. Comparison with experimental curve for thoriated 
tungsten. 

line having the Schottky slope; but soon it rises at a much morerapid 
rate and continues until it almost reaches an upper line having the 
Schottky slope; then it bends rather sharply and approaches this line 
asymptotically. For the !arger patches, the curve starts to rise at 
very small values of .Y Fand it is very steep. For smaller values of R, · 
the curve follows the lmver Schottky line for an appreciable distancc 
and its slope never attains very large values; also the place at which 
it bends toward the upper Schottky line moves to large values of , , F. 
Note also that as long as er is constant all curves are bounded by the 
same two Schottky lines. 

Figure 10 shows the effect of varying er while R is kept constant. 
The distance between an uppcr Schottky line and the Iower Schottky 
linc is directly proportional to er. In fact this shi ft is given by 

Ll log -i/-io = cre /2.3kT. (6<J) 
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It is also apparent from Fig. 10 that increasing cr results in a steeper 
curve and in an increase in the value of ~ F at which the curve bends 
toward the upper Schottky line. 

Actually, of course, the observed current will be composed of the 
current from the uniform part as weil as that from the patch. The 
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Fig. 10-Variation of emission current with applied field for circular patches; u 
variable, T and R constant. 

amount by which the patch current influences the total current will 
depend on the ratio of the patch area to the total area. 

Tlte Ilill and Valley Checkerboard 

lnstead of being covered with a single patch, the surface in the case 
of most thermionic cathodes consists of numerous patches of varying 
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sizes and varying work functions above and below some mean value. 
To treat this case would obviously require very complex expressions. 
\Ve can simplify the problern without departing too far from actual 
conditions by postulating a surface which is divided up into a large 
number of squares arranged in a checkerboard fashion. \Ve might 
suppose that all black squares have the same u and all white squares 
are bare or eise have a smaller u. It turns out, however, that the 
formulas and the computations are much simpler if we suppose u is 
largest at the center of each black square and is least at the center of 
each white square; between the centers u is given by a cosine law. In 
other words on the black squares we have a hill of charge while on the 
white squares we have a valley of charge. It will be found that such 
a charge distribution predicts changes in emission with applied 
fields, which agree rather weil with experiment if the size of the 
squares is comparable to the crystal size and the difference in contact 
potential between the hills and valleys corresponds to several tenths 
of a volt. 

y 
~ 
I 

/3= COS TTX COS ~ 
I 0" p 
I b b L __ __ ,..x I 

I 
I (y =0) I 
I 
I 

f-4- -b- - 0 1b 2b 3b 4b Sb 
X 

(A) (B) 

c B c C' B' C' 

B A B B' A' B' 

c B c c' B' c' 

SUB CHECKERS 

(c) 
Fig. 11- A. Checkerboard array. B. Chargedistribution for hill and valley checker

board. C. Subdivision of checkers. 

To represent such a charge distribution, choose the origin of Coordi
nates at the center of a covered square; Iet .\· be measured parallel to 
one edge of the squares while y is measured perpendicular to this 
edge as indicated in Fig. llA. Let the length of each square be b. 
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Then the surface charge density (J is given by 

(J = p + JJ. cos (1rxjb) cos (1ryjb) = p + JJ.ß, (70) 

in which p is the mean value of (J, p + JJ. is the maximum value of (J, 

p - JJ. is the minimum (J, and ß = cos (1rxjb) cos (1ry /b); ß has values 
between + 1 and - 1. I t readily follows that along the edges of the 
squares ß = 0 and (J = p. Figure 11B shows (J as a function of x 
when y = 0, b, 2b or nb. 

The great advantage of this particular charge distribution is that 
we can represent the potential due to this charge and its image at any 
point above the surface by means of a comparatively simple formula, 
viz., 

P u/e = - 300 X 47rl[p + JJ.ß exp (- V21rz/b)], (71)* 

Pu is the potential energy of an electron due to the charge distribution 
at a point which is z cm. above the surface over a region at which the 
charge density is (J. The charge distribution is located in a plane 
which is l cm. above the surface. This charge distribution induces a 
corresponding negative charge distributionatz = - l, i.e., l cm. below 
the surface. p and JJ. are in e.s.u. of charge per cm.2 Sometimes it 
will be convenient to treat p and JJ. as if they were expressed in volts, 
i.e., as if p and JJ. stood for 12007rpl or 12007rJJ.l, respectively. The 
total potential energy of an electron at z cm. from the surface is given 
by P in 

P = Pi + Pu - Fez 
=Pro- 300ej4z- 12007rl[p+ JJ.ßexp (- zV21r/b)]- Fez, (72) 

where Pi= Pro- 300e/4z and e = 4. 774 X 10- 10• 

In Fig.12, curve 1 showsPivs. z; curve 2 shows Pu for various values 
of ß; the curve for ß = + 1 is for the normal taken at the center of a 
hill; ß = - 1 is for the center of a valley; ß = 0 is for the edge of the 
squares; all other curves must lie between those for ß = + 1 and 
ß = - 1. Curves 3 show Pi + Pu for ß = 1, 0 and - 1. 

For all values of ß between 1 and 0 the curves have the same maxi
mum value which occurs when Zc = oo. The value of this maximum 
is Pro - 12007rlp. This means that for all points of a hill checker 
the work function is reduced by the same amount, namely, 12007r/p; 

* For the derivation of this and several other formulas I am indebted to Professor 
V. Rojansky now at Union College, who worked with me on this problern in the 
summer of 1930. 
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and this amount is the same as would occur if the charge density of the 
hill and valley checkers were uniformly distributed over the entire 
surface. On the other hand for ß between 0 and - 1, i.e., for points 
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Fig. 12-Potential energy vs. distance from the surface above the center of the dif
ferent subcheckers of the hill and valley checkerboard; zero applied field. 

on a valley checker, the value of Zc depends on the particular point 
chosen. . The reduction in the work function is less than 12007T1p and 
varies from point to point. 

The next step is to ascertain the effect of an accelerating field on 
these P vs. z curves. Figure 13 shows this for ß = 1, }, :L- t,- ~ 

and - 1, respectively, for F = 5000 volts/cm. The effect of the 
field is to decrcase Zc and Pm. From Figs. 12 and 13 it follows that the 
decreasc in Zc and in Pm due to F varies with ß and is much !arger for 
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points above a hill checker than for points above a valley checker. 
Values of Zc and Pm are shown in Fig. 14. 

Figure 14A shows Zc at various values of x for y = 0; it a lso shows 
Zc at various values of x for y = b/3 . Figure 14B shows P m for these 
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Fig. 13-Potential energy vs. distance from the surface above the center of the dif
ferent subcheckers of hill and valley checkerboard; applied field of 5000 volt s/cm . 

same values of x and y. Since Pm- K = ifJe, it is clear from these 
figures that different portians of the surface will have different work 
functions, or stated more precisely, the energy an electron must have 
to cross the critical surface (loci of the values of zc) depends upon 
where it crosses the critical surface. This in turn means that the 
chance that a given electron will escape depends not only on its 
normal component of velocity but also on the place a t which it leaves 
the surface and on the angle its path makes with the surface. 

To compute accurately the emission current is a very difficult task. 
lt would appear that the following procedure should give a good 
approximation to the true current . Divide a " hill " square and a 
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neighboring " valley" square into nine subsquares each, as indicated in 
Fig. 11C. It is apparent that the B squares are all alike; similarly the 
C, B' and C' squares are alike. Determine the ß for the center of each 
subsquare. · For the A, B, C, A', ß' and C' subsquares the values of ß 

1600.-----.------.----~-------------.-----.------.---~ 
F = 5000 VOLTS 

PER CM 
:Q b = I X 10-4 CM 
~ 1200 t-------+-----....;..,_-------l p00 = 10.0 VOLTS 
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Fig. 14-A. Distance to critical plane for various points of hill and valley checker
board. B. Potential energy at critical plane for various points of hill and valley 
checkerboard. 

are, respectively, ), !. !, - 1, - ! and - t. Then compute the P 
vs. z curve for the normals at the center of each subsquare. These 
are the curves shown in Fig. 13. Next compute the current for each 
subsquare assuming this tobe the same as it would be for an equal area 
of a large surface having the same work function as that for the center 
of the subsquare. This is equivalent to assuming that the effect of 
the velocity components in the x and y directions average out. Do 
this for various values of F. At each F, add up the currents for all 18 
subsquares and multiply this by 1/2b2, the nurober of pairs of squares in 
a cm.2 This will give the current per cm.2 of surface for various values 
of F. 

Figure 15 shows the values of the current for the various subsquares; 
more precisely it shows log i/iao vs . .Y F where iao is the current that 
would be obtained from an equal area at zero field for a surface covered 
with a charge density p which is the average value of the charge 
density for the entire surface. iao is equal to the current from the hill 
or active subsquares a t zero field, but the current from the valley 
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subsquares is usually less than iao· The reason for this is clear from an 
inspection of the curves in Fig. 12. Figure 15 alsoshowslog i/iao for the 
average current for 18 subsquares in a pair of hill and valley squares; 
more precisely, ifiao is the sum of the current for the 18 subsquares 
divided by the current that would be obtained if the charge density 
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were uniform and the applied field "·ere zero. As the field is increased 
the relative contribution to the sum current from the central hill square 
becomes larger and larger, while that from the valley squares becomes 
less and Iess. At very Iarge fields the curve for any subsquare ap
proaches a straight line whose slope is the Schottky slope; hence the 
sum curve also approaches a straight line having this same slope. 
The area which is now contributing most of the current is, however, 
considerably less than the entire area. Roughly speaking, one might 
say that at low fields something more than half the area is "effective" 
in emitting electrons; as the field increases the "effective" area de
creases; at large fie lds and high values of J.l., 50 per cent of the total 
current comes from about 5 per cent of the total surface; one might say 
that the "effective" area is approximately twice as large as this or 10 
per cent. The values of the "effective" areas depend on the value of 
f.1.: as J.1. increases the "effective" area decreases. 

Such average curves as the one shown in Fig. 15 depend on three 
variables, b, J.1. and T. This dependence is illustrated in Figs. 16, 17 and 
18; in each case two of the variables are kept constant. Figure 16 
shows log i/iao vs . ..J F for three values of b. This curve is similar to 
Fig. 9 for a single circular patch. All the curves still approach a 
Schottky line at high val ues of ..} F but because of the averaging 
process they do not start out from a common value when F = 0 and 
the initial slope is not equal to the Schottky slope. In both figures 
as the size of the patch decreases, the curves get less steep and the 
place at which the curves bend over toward the upper Schottky line 
moves to h igher values of F. Note also that beyond this bend, the 
curves are approximately straight but only approximately and that the 
values arestill somewhat below the theoretical Schottky line. 

This theoretical line has an intercept given by 

log is/iao = log (1/18)[exp J.l.e/kT + exp- J.l.e/kT 
+ 4(exp J.l.e/2kT + exp - J.l.e/2/?T) 

+ 4(exp J.l.e/4kT + exp- J.l.e/4/?T)]. (iJ) 

This equation which defines is is based on a subdivision of the hill and 
valley checker into 18 subcheckers. The exponentials contain the 
value of ß foreachtype of subchecker, in this case 1,? and {. If each 
checker were divided into a larger number of subcheckers the number of 
terms would be increased, but fortunatcly the value of log i s/iao would 
not be greatly affected. This is particularly true as long as J.l.e /kT is 
less than 5. Since efkT "'"' 0.1 this means that values of log t"sfi"o are 
esscntially correct for J.1. less than 0.5 volt. \Ve have plottcd log i~fi,w 
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vs. JJ.e /kT for 9 subcheckers and for 25 subcheckers. For JJ.e/kT = 5 
the former curve is only 4 per cent higher than the latter; for JJ.e/k T = 10 
the difference is about 6 per cent; for JJ.e/kT less than 5 the difference is 
negligible. This makes us feel that our average curves which are 
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based on 18' subcheckers are essentially the same as would be obtained 
for a much larger number of subcheckers. Equation (73) is analogaus 
to equation (69). Note that it depends on fJ. but not on b. 

Figure 16 might have shown log i/is instead of log i/iao· To convert 
it to this coordinate it is merely necessary to reduce all values of the 
ordinate by log i 8 /iao or by 1.44. The advantages of this ordinatewill 
become apparent when we compare theoretical and experimental 
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curves. For the latter it is quite easy to obtain log is but not so easy 
to determine log iao· 

In Fig. 17 we have th us shown log i/is vs . ..J F for constant b and T 
but varying J.L.. H ad log i/iao been plotted the curves would have been 
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close together at F = 0 but would have approached upper Schottky 
lines whose position varied greatly. As it is, all curves approach the 
same upper Schottky line but "fan out" toward lower values of .Y F. 
Note that the curves do not cross over as they do in Fig. 16; notealso 
that as p. increases the curves become steeper and the bend toward the 
Schottky line occurs at !arger values of .Y F. 

At first sight it might appear that by plotting T log i/is it would be 
possible to eliminate T as a parameter; while this is true for any one 
subchecker for which ß is a constant, it is not true for the average 
curves. This is illustrated in Fig. 18 which shows (kTfe) log i/is vs. 
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.Y F for constant band p. and varying T. Note that the departure from 
the Schottky law is more pronounced for the low temperatures. 

Comparison Between Theory and Experiment 

It has been found possible to choose values of b and p. such that the 
calculated average curve fits a given experimental curve over its entire 
range. The agreement is not perfect; but a perfect fit is not to be 
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expected when one considers that in an experimental filament the 
patches are not all of the same size and neighboring patches do not 
have the same differences in work function. One example is illustrated 
in Fig. 19 which shows (kT/e) log i/iao vs . .Y F for a thoriated tungsten 
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filament, 70 per cent of whose surface was covered with thorium. 
For this curve iao is merely an arbitrary constant, chosen so as to give 
the best fit with the computed curves. By comparing the experi
mental curve wi th calcu la ted curves in Figs. 16 and 1 7, we decided to 
try b = 3.0 X 10-·1 cm. and J..L = 0.50 volt.* The average curve for 
these values is shown in the figure . It appeared that b was too small 
and fJ. was too large and a new curve was computed and plotted 
assuming b = 4.5 X 10- 4 cm. and fJ. = 0.47 volt. The agreement is 
better. Probably a slightly better fit could be obtained with 
b = 4.0 X 10- 4 cm. and fJ. = 0.48 volt. For other thoriated tungsten 
filaments we have found values of b from 1 X 10- 4 to 1 X l0- 3 and fJ. 

values from 0.25 to 0.48 volt. 

*In choosing these val ues some nllowance badtobe made for the fact that the 
experimental curve was for T = 1380° K., while the calculated curves were for T 
= 1160° K. 
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An examination of a number of thoriated tungsten filaments with a 
microscope showed that the diameter of the tungsten crystals was 
of the same order as the values of b given above, namely 10- 4 to 1 o-3 cm. 
These filaments bad been given the customary heat treatment in a 
vacuum at temperatures near 2800° K . for times measured in minutes 
and at temperatures near 2100° K. for many hours. It was natural, 
therefore, to form the hypothesis that different crystals have different 
adsorptive properties and that consequently different crystals in the 
same filament should be covered with varying amounts of thorium. 
Different crystals will then have different work functions . The values 
of p. found by the above analysis are consistent with this hypothesis 
since 2p., which is the difference in work function between a hill checker 
and a valley checker, is always considerably less than 2.0 volts which 
is the maximum difference in work function between clean tungsten and 
thorium on tungsten. 
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Fig. 20-Experimentallog i vs . .Y F curves for thoriated tungsten for various values of 
f at 1270° K . f = fraction of surface covered with thorium. 

If this hypothesis is true, then as a thoriated tungsten filament is 
activated, the curves for the various stages of activation should all 
correspond to approximately the same value of b. Figure 20 shows 
such a family of experimental curves taken by \V. H. Brattain of these 
Iaboratories. Curves 3, 4, 5 and 6 were taken at T = 1270° K . ; cun'c 
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1 is extrapolated from data at T = 1650° K.; curve 2 is extrapolated 
from data at 1503 and 1650° K. The extrapolations were made by 
extending Richardson lines; curves 1 and 2 are, of course, not quite as 
certain as data taken at 1270° K. The currents at any Vor F vary by 
!arge factors as j, the fraction of the surface covered with thorium 
varies. In order to compare the curves more effectively log i/iv=1oo. 
has been plotted. This is equivalent to shifting the log i curves until 
they pass through a common point at V= 100 or .V F = 60.5. A 
comparison of this family of curves with the computed curves in Figs. 
16 and 17 shows a great similarity with Fig. 17 but not with Fig. 16. 
In Fig. 17, b was constant while p.. was varied. From this similarity 
it follows that the experimental curves in Fig. 20 are consistent with an 
approximately constant value of b but varying p... 

From the position and shapes of the curves in Fig. 20, we estimate 
that the value of b or the crystal size is about 4 X 10-4 cm. This value 
is probably too !arge for curve 1 and too small for curve 6 but unless 
a complete analysis were made, it is not desirable to discuss small 
variations in b. It is apparent from the figure that p.. changes with j. 
\:Ve have estimated the following values of p.., the second significant 
figure being in doubt: 

TABLE 111 

VALUES OF j, THE FRACTION OF SURFACE COVERED WITH THORIUl\1 AND VALUES OF 
p. IN VOLTS (EQ. 71) p. IN VoLTS = 1200rrp.l. 

f = 0.04 0.'33 0.5 7 0.86 1.0 1.11 
p.(volts) = 0.23 0.44 0.45 0.36 0.28 0.23 

These values of p.. are reasonable. Furthermore, the way in which 
p.. varies with J is tobe expected from the shape of the work function 'i'S. 

f curve which will be discussed later under adsorption. 
A particularly interesting test of the patch theory is furnished by 

Taylor and Langmuir's 25 electron emission from cesium on tungsten 
because in this case the crystal size of the tungsten is known. tn 
Figs. 11, 12 and 13 of their article they give log i vs. Vor .V V curves. 
Since the diameter of the filament is given as 2 mils, it is possible to 
convert values of V to values of Fand to obtain log i vs . .V F curves. 
\Ve have clone this for the curve for (} = 0.60 and have then analyzed 
it on the basis of the hill and valley theory. This analysis gave 
b = 0.8 X 10- 3 cm. and p.. = 0.20 volt. The article states * "the 
average grain size in these filaments was about one-fifth the diameter 
of the wire." So that the average grain size was about 1 X 1 o-a cm. 
which is about the same as the calculated value of b. 

* Taylor and Langmuir, referencc 25, page 431. 
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Another striking confirmation of the hypothesis that various crystals 
of a filament have different work functions and thus emit electrons 
with greatly varying intensities, is given by pictures of such filaments 
obtained by means of electron optics. * Figure 21 shows an electron 

Fig. 21-Eiectron-micrograph (above) and photo-micrograph (below) of platinum 
ribbon. 

and photo-micrograph t of a portion of a platinum filament. Cor
responding crystals have been labeled by 1, 2, 3 and 4. The reader 
can find more cases of correspondence. Of course, a perfect cor
respondence is not to be expected since two neighboring crystals may 
have the same reflection properties for light while the electron emis
sivities differ and vice versa. 

Fig. 22i-Electron-optical pictures at various stages of heat treatment for a nicke! 
surface coated with oxide. 

Figure 22 shows a series of electron-optical pictures taken by \V. 
Knecht 26 of part of a nicke) surface covered with Baü and SrO. The 

* For an interesting and instructive account of the technique and applications, see 
the book: Geometrische Elektronenoptik by E. Brüche and 0. Scherzer, published by 
J. Springer (Berlin, 1934). 

t I am gratefully indebted to Dr. C. ]. Davisson and l\1r. C. ]. Calbick of these 
laboratories for this figure. 

t We take this opportunity to thank the publishers of the Annalen der Physik for 
permission to reproduce this figure from Knecht's article in Annalen der Physik 20, 
180 (1934). 
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original magnification is 27 -fold. Several lines were scratched on the 
surface. The filament was mounted in a vacuum tube and activated. 
Picture "a" shows the electron emission from the various granules of 
the oxide. At this stage the cathode had the characteristic appearance 
of ordinary oxide coated filaments. The filament was then ftashed 
at a comparatively high temperature for successive intervals of time. 
After each interval another electron picture was taken. As a result 
of this treatment the oxide evaporated so that the filament had a 
metallic appearance. However, there is good reason for believing that 
metallic barium had been alloyed with the nickel, and the emission 
was much greater than that from clean nickel. The pictures show 
that when the oxide has disappeared, different areas emit electrons 
with greatly different intensities. The shapes and sizes of these areas 
are strikingly similar to those obtained in ordinary optical pictures. 
In fact Knecht states that the pattern is that of the nickel crystals. 

Numerous other pictures similar to Fig. 22 can be found in the book 
by Brüche and Scherzer referred to above. Some of these indicate 
that there is a fine structure non-uniformity inside of a single crystal 
as weil as the non-uniformity between crystals. 

The emission from thoriated tungsten has also been investigated by 
electron optics and while the pictures are not as striking as those for 
barium on nickel, they prove rather conclusively that the emission 
varies from one crystal to the next or from one region of a crystal to 
the next. Finally the emission from surfaces to which no impurity 
has purposely been added have been investigated. These too show 
patchy emissions. 

It has generally been feit and frequently stated that the emission 
from clean surfaces, particularly clean tungsten, varied with applied 
field according to the Schottky equation. \Yhile this is true at moder
ate and high fields, I have never seen data which showed agreement at 
low fields, but have seen data which showed disagreement. The 
deviation is less pronounced than it is for thoriated tungsten but in my 
opinion it is none the less real. This I have interpreted to mean that 
even in a polycrystalline surface of clean tungsten, individual crystals 
have work functions which vary by one-tenth or a few tenths of a volt. 
This interpretation receives strong support from the work of Farns
worth and Rose.27 They showed that a (111) surface of a single 
crystal of copper had a contact potential with respect to a (100) surface 
equal to 0.463 volt. The direction was such that the work function 
of the (111) surface was 0.463 volt less than that of the (100) surface. 
Even after heating thc ·crystals to about 900° C. for as much as 1000 
hours, the contact potential diffcrence was still 0.37R volt and had 
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remained practically constant during the last 700 hours. This decrease 
is ascribed to the formation of new crystal facets, which produce more 
nearly equal work functions for the two surfaces. That different 
crystal planes have different work functions also follows from the 
photoelectric work of Nitzsche 28 on single crystals of zinc. The work 
function for a surface normal to the hexagonal axis was found to be 
3.28 volts while that for a surface parallel to this axis was 3.09 volts. 
These observed differences in work function of different surfaces of 
single crystals are quite large enough to account for the deviations 
from the Schottky law for clean surfaces. 

Still another prediction of the patch theory is verified by experiment. 
In connection with Fig. 15 it was pointed out that at low applied fields 
something more than half the area is effective in emitting electrons; as 
the field is increased the effective area decreases until the log i vs. ~ F 
curves approach the Schottky Iine when the effective area attains a 
constant value whose order of magnitude is 0.1. From this it follows 
that if Richardson lines are obtained for a series of applied potentials, 
the intercepts or values of log A should decrease as V increases, but 
should approach a constant value for sufficiently !arge values of V. 
Experimental values of log A vs. V are given in Fig. 14 of Brattain and 
Becker's 29 article on thorium on tungsten. They show the predicted 
trend. Furthermore, the change in log A with V should be most 
pronounced for large values of J.L. It was shown above that the 
largest values of J.L occur in the neighborhood of f = 0.6 while near 
J = 1.0, J.L is comparatively small. The experimental curves show the 
largest dependence of log A on V for f = 0.6 and only a small de
pendence for f = 1. In this respect too, experiment confirms the 
theory. 

Non-uniformities on the cathode affect the shape of the retarding 
potential curves as was explained in a previous section. Here too, 
there is at least qualitative agreement between theory and experiment. 

In connection with the analysis of log i vs. ~ F curves we have, in 
the course of the last five or six years, developed a number of simple 
methods for computing approximate values of b and J.L. \Ve have also 
proved a number of useful theorems. If and when the interest in 
this subject warrants it, we intend to publish these methods and 
theorems. 

Checkerboard with Uniform Charge Distribution 

\Vhile the agreement between experimentallog i vs. ~ F curves with 
theoretical curves based on a hill and valley charge distribution over a 
checkerboard array is quite good, it is probable that even better 
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agreement could be obtained if the charge density over the black 
squareswas assumed tobe uniform and equal top+ ji while over the 
white squares it was assumed to be uniform and equal to p- }i.. In 
terms of the .previous notation, ß = + 1 for all points of the black 
squares while ß = - 1 for all points of the white squares. 

lf we use the coordinates indicated in Fig. llA, such a charge 
distribution can be represented by the following double Fourier series 

l6j; (- 1)<·V-1)/2 7rNX (- l)<K- 1)/2 7rKV ( -1 ' ) 
u = p + 7r2 :L ~,· N cos - b- LK K cos-b-, --t 

in which N takes on all values, 1, 3, 5, 7, etc., and for each N, K takes 
on all the values 1, 3, 5, 7, etc. lf such acharge distribution is located 
at a distance l above the surface while its image is located at a distance 
l below the surface, then the potential energy of an electron due to 
this double layer is given by 

p fe = - 300 X 47rpl - 300 X 65;;l LN LK (- 1)<N+K>f2 
u 1r NK 

. (- 1r(N2 + K 2)! ) N1rx K1ry 
X exp b z cos -b- cos -b- · (75) 

This formula is accurate provided l/b << 1, which is always fulfilled in 
any case in which one is likely to be interested. The electric field 
normal to the surface due to the double layer is 

~ dP(T = 300 X 64jjl LNLK (- 1)(N+K>f2(N2 + K2) ~ 
e dz b NK 

(
- 1r(N2 + K 2) ! ) 1rN 1rK 

X exp b z cosbx cosby. (76) 

Equations (74), (75) and (76) reduce to the corresponding equations 
for the hill and valley distribution if 16ji/7r2 is replaced by JJ. and if only 
the first term of the double series is used, i.e., if N = 1 and K = 1. 
See equations (70) and (71). 

Recently Mr. Albert Rose working with Professor L. P. Smith at 
Cornell University has made calculations for a checkerboard with uni
form charge distribution and has compared his computations with 
experiment. The agreement is as good as we have found and his 
computed values of b and J..l. are about the same as ours. 

Linford 6 in an excellent review on the external photoelectric effect 
has shown that a Checkerboard distribution of charge or potential 
satisfactorily accounts for a number of photoelectric phenomena 
observed with composite surfaces. His equation (42) is almost 
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identical with equation (7 5) above if his V0 = 81r~l, his 2j + 1 = N 
and his 2k + 1 = K. His equation is not quite as general as ours 
since he deals only with the case for which p = j.i. 

Compton and Langmuir *in 1930 presented an interesting discussion 
of the poor saturation in composite surfaces. They, too, proposed a 
checkerboard or patch distribution like the one we are discussing, 
and on page 151 of their paper they give an equation for the potential 
above such a surface. Unfortunately there is an error in this equation 
which was pointed out by Linford.6 They use only a single summation 
whereas a checkerboard distribution requires a double summation. 
However, since they use only the first term of their summation and 
since this first term is the same as the first term of the correct equation, 
this error is not serious in their case. Their formula, too, is less 
generat than equation (75) since they deal only with the case p = j.i; 

this is equivalent to assuming that the white squaresareclean tungsten 
and only the black squares are covered. 

They reject their patch theory because (1) "to obtain departures 
from the Schottky curve comparable to those observed, the patches 
must be assumed to contain many thousands of atoms," and (2) 
"the patch theory predicts a departure from the Schottky curve which 
is small with small fields and increases with large fields, whereas 
exactly the reverse is the actual case." t From what has been said 
above it is clear that their second objection is really tied up with their 
first one, for if larger patch sizes are assumed their statement is 
incorrect and quite good agreement is found with experiment. They 
assumed a value of b = l0-6 cm. whereas the · experimental curves 
require b ,.,..._ 10-4 cm. They feel that such "extremely non-uniform 
distributions" or "such large clusters of adsorbed atoms" are "very 
improbable." One reason for this belief is that "Becker has shown, 
for example, that a thorium layer at emission temperatures behaves 
like a two-dimensional gas on the surface." 

In my opinion these objections to the checkerboard or patch theory 
are not weil founded. It seems quite natural to me that various 
crystals on the surface or various crystal facets may have somewhat 
different adsorptive properties and that consequently different crystals 
would be covered to different extents with thorium and would thus 
have different work functions. It is probable that the size of the 
squares should be comparable to the crystal size which is of the order 
of 10-4 cm. This is still true if thorium migrates over the surface 
of the tungsten. The successes of the patch theory presented above 
far outweigh these objections. 

* Reference 1, especially pp. 146-160. 
t Reference 1, p. 157. 
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l\Iore than this, some of the very data presented by Campton and 
Langmuir support the generalized checkerboard theory as we have 
presented it, i.e., taking into account that both the black and the 
white squares may be covered with thorium but to different extents. 
On page 155, Campton and Langmuir discuss two log i vs . .Y F curves 
obtained by Reynolds 30 for thoriated tungsten. Curve A in their 
Fig. 4 is a ''normal" curve while curve Cis taken after the surface has 
been bombarded by positive ions. They state "this bombardment 
must have roughened the surface and there is evidence that it also 
fractured the surface layer of tungsten crystals." In our notation this 
means that b has been decreased because of the roughening and Jl 

has been increased because the amount of thorium removed in some 
spotswas larger than that removed in others. Now the decrease in b 
should shift the region at which the curve approaches the Schottky 
line to higher values of F or .Y F; while the increase in Jl should result 
in a steeper curve and should decrease log iao· (See our Fig. 16.) 
But this is precisely what curve C does. 

Reynolds 30 in discussing this same data says: "The effect of bom
bardment was a semi-permanent one. Subsequent activation and 
deactivation by temperature (below 2700°) shifted the curve along the 
current axis but did not otherwise a lter its unique character. Flashing 
at 2700° K. or higher, where rapid sintering of tungsten is known to 
take place, destroyed the effect of bombardment and subsequent 
activation produced normal log i vs. Vl curves." Every detail of this 
behavior is just what is to be expected on our view; the "semi-perma
nent" effect is caused by the decrease in b which does not become 
normal until the darnage to the crystals has been repaired by high 
temperature treatment; the shifting of the curves along the current 
axis is caused by changes in p and Jl brought about by activation and 
deactivation. 

On page 156 Campton and Langmuir 1 discuss Kingdon and Lang
muir's data for thoriated tungsten at various degrees of activation 
((} or f) and at various temperatures. Some of the results are shown 
in their Fig. 5 which is a plot of T log i ·vs. ,1 F. They pointout threc 
and only three distinctive features of these curves. All three support 
the checkerboard theory. They say: "At the highest field-strengths 
(about 10,000 volts/cm.) the curves are seen to approach the theoretical 
slope." Our analysis shows that this means that all surfaces have 
about the same b irrespective of (} and T. This is predicted by our 
theory since b is determined by the crystal size which is independent 
of fand T. In discussing curves for a constant f they say: "In cvcry 
case the departures from the Schottky linc become greater as thc 
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temperature is lowered, -." The theory predicts this as shown by 
Fig. 18. There may, however, be another reason: As T increases J.l. 

may decrease. If there are differences in concentration between 
neighboring crystals, and if the temperature is high enough for migra
tion to occur, Boltzmann's law would require that the difference in 
concentration should decrease as T increases. 

About the third feature they say: "These results indicate that with 
nearly complete thoriation of the surface (f = 0.91) and with a bare 
surface (J = 0.00) the approach to the Schottky curve is fairly close, 
but relatively large departures occur with incomplete thoriation." 
This fact which is abundantly confirmed by my experience not only 
with thorium on tungsten but also with cesium on tungsten, cesium on 
oxygen on tungsten, and barium on tungsten means that asf increases, 
J.1. increases at first, rises to a maximum and then decreases. Such a 
variation of J.l. with f is to be expected from the shape of the log i vs. f 
or <p vs. f curve which will be discussed more fully later on. As f 
increases, <p decreases rapidly at first, then more and more slowly until 
it passes through a minimum whenf = 1; beyond this point <p increases 
again. I t is natural to expect that ~j, the difference between f for the 
black and the white squares, should increase with J; ~f is probably 
nearly proportional to j. From this and the shape of the <p - f curve 
it follows that ~<p, the difference in <p between black and white squares, 
issmall whenj issmall; asj increases ~<p increases at first but later on it 
decreases; whenf approaches 1.0, ~<p approaches 0 and the surface has a 
uniform work function. Since J.l. and ~<p are proportional, J.l. should 
vary in the same way. Hence this feature of Campton and Lang
muir's curves as well as the first two is entirely in agreement with the 
predictions based on the checkerboard theory. 

Whether the uniform charge distribution or the hill and valley 
distribution gives better agreement with experiment has not been 
decided. This, however, is not very important or very pressing. In 
an experimental filament the distribution is probably neither one nor 
the other but something in between. Furthermore, it should be 
emphasized that in an experimental cathode the patches are not all of 
the same size nor is the contact potential between two neighboring 
patches a constant; both of these quantities fluctuate about a mean 
value. Nevertheless I believe that a sufficiently good case has been 
made out to show that non-uniformities play an important role in 
many thermionic experiments, and that the checkerboard theory can 
be used as a powerful tool in the study of adsorption phenomena, where 
non-uniformities almost always occur. 

This analysis of the effect of non-uniformities has brought out that 
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the work function is not a characteristic of a given substance but 
rather of a given surface of a given substance. Strictly speaking, one 
should not talk about the work function of tungsten but rather of the 
work function of a particular surface of tungsten. This is true even 
if the surface is clean tungsten. 

THE VALDES OF THE \VoRK FuNcTION FOR CLEAN SuRFACES 

The experimental determination of the thermionic work function 
or the heat function for clean meta! surfaces has been the subject 
of many investigations. In the case of a number of elements, the 
determinations by different investigators are not in accord. This is 
due, in most cases, to adsorbed layers of foreign material caused by 
either poor vacuum conditions or impurities in the meta] which have 
not been eliminated by a proper heat treatment. Although these 
measurements have been summarized and discussed in other reviews, 
it seems advisable that the summary be brought up to date and the 
most probable values selected from the existing data. Since the 
photoelectric work function is equal to the thermionic work function, 8 

the determination by photoelectric methods should also be included. 
A summary of the data is shown in Table IV. The values of the 

photoelectric work function and the thermionic heat function are 
expressed in volts. The reference for each value is indicated by the 
superscript. As discussed in an earlier section, the heat function is 
the slope of a Richardson line. The photoelectric work functions are 
mostly calculated from the long wave-length Iimit except in the case 
of recent determinations which are made by an analysis of the data 
by Fowler's 31 method. The photoelectric values listed in the table 
were selected as representative of values forthebest outgassing of each 
element. For a listing of all determinations see Hughes and Du
Bridge's book. In most cases, the heat function and the thermionic 
work function differ only by small amounts so that for practical pur
poses we can compare the photoelectric work function with the heat 
function. The most probable values of the heat functions tabulated 
have been chosen from the several determinations. 

Recently several attempts have been made to find an empirical 
t:elation between the work function and the atomic properties of the 
elements. Such a correlation, if applicable to all of the metallic 
elements, would be of value in predicting values of the work function 
for the cases in which the existing data are inadequate or no data are 
available. The work of Rother and Bomke 32 gives the best correlation 
thus far obtained. In their article they have given a summary of the 
early attempts at a correlation and therefore we will not consider 
them here. 



TABLE IV 
Cül\IP1LATION OF VALUES OF PHOTOELECTR1C AND THERMION1C \V.oRK FUN CTION S IN 

VoLTS AND THE VALUE oF THE HEAT FuNCTION 

PROBABLE VALUE 
ELEMENT PHOTOELECTRIC WORK FUNCTION THER!IIIONIC HEA T FUNCTION OF HEAT 

FUNCTlON 

Ag (4.58 to 4.75)61 (4.71 to 4.75)22 (4.08)25 4.7 
Al (2.99)39 3.0 
Au (4.75 to 4.84)42 (4.86 to 4.92)22 (4.32)2.1 4.8 
Bi (4.05)61 (3.74)7 (4.37)43 4.1 
c (4.72)28 (4.81)48 (3.93)36 4.7 
Ca (2 .76)60 (3.20)4> (3.02)2g (2.24)19 3.2 
Cb (3.96)67 4.0 
Cd (4.07)2 4.1 
Ce (2.84)46 2.8 
Co (4.12 and 4.25)4 4.2 
Cr (4.60)36 4.6 
Cs (1.67)60 (1.81)34 1.8 
C u (4.49)81 (4.08)39 (3.85)58 (4.33)26 4.1 
Fe (4.72)3 (4.77)2t (4.04)33 (4.77)62 (4.04)11 4.7 
Ge (4.85)80 4.9 
Hf (3.53)64 3.5 
Hg (4.53)18, 27, 47 4.5 
K ( 1.77)31 (2.0)32 1.8 
Li (2.21)50 2.2 
Mg (approx. 2.43)6 2.4 
Mo (4.15)16 (4.08)37 (4.39)56 (4.59)38 (4.44)20 (4.38)63 4.3 

(3.48)40 (4.14-4.17)16 (4.32)1 
Na ( 1.80)41 (2.25)44, 63 ( 1.94)60 1.9 
Ni (5.01)24 (4.4 1)33 (2. 77)61 (4.3 1)52 (4.63)11 (5.03)23 5.0 
Os (4. 7)8 
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In the preceding sections the thermionic work function W was 
shown to be equal to P - K where P is the diffe~ence in potential 
energy between an electron at rest inside and outside of the metal 
and K is given by equation (16). If we assume that there is one free 
electron per atom in the metal for all elements, then 

K/e = 25.9(D/11f)i, (77) 

where Dis the density of the metal and Af the atomic weight. 
From values of Kje given by equation (77) and experimental values 

of W je, Rother and Bomke calculated P Je for a number of elements. 
Their values of P Je were said to be in accord with the empirical 
equations 

P Je = 12.6(Dz/ Af)l for some elements (78) 

and 

Pje = 16.3(Dz/M)l for all other elements, (79) 

where z is the maximum chemical valence of the element. 
\Ve have computed values of Kje from equation (77) and with the 

most probable values of W/e from Table IV have determined the 
probable values of P je. Since the work function and the heat func
tion differ by only small amounts, it is justifiable to use the heat func
tions for W/e. To test equations (78) and (79) we have plotted log 
P Je vs., log (Dz/ M) in Fig. 23. According to equations (78) and (79), 
the points should fall on two straight lines in this plot. The two lines 
are shown in the figure and have a slope of l· The values of z used in 
this plot are those given by Rother and Bomke. The points lie in the 
generat neighborhood of the lines but there is no clear indication of a 
division into two groups. The deviations in about half of the cases are 
larger than the possible experimental error. 

Bomke 33 has recently found that his values of P Je (from calculated 
Kje and experimental Wje) plotted agairrst the compressibility gaye a 
smooth curve. The equation of this curve was 

Pje = 0.30k-l, (SO) 

where k is the compressibility. Unfortunately he plotted his data on a 
linear scale and most of the points on his plot were dustered near one 
axis where the curve was steep, making it diffi.cult to cstimate the 
deviations. A plot of log P Je vs. k which is similar to Fig. 23 showed 
that the deviations were of the same order of magnitude as the devia
tions in Fig. 23 previously discussed. Hence values of P Je calculated 
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from equation (80) will only be approximate. The approximation is 
about the same as computing Pfe fröm equation (78) or (79). Equa
tion (80) has the advantage that P je is given by a single function. 

20 

10 

(/) 8 

~ 
~ 6 

~ 5 
0. 

4 

3 

_.......... 

~~ 
1--

........ 
(2) ........-~ 
~ 1--V --~ (1) 

eK 

2 
0.01 0.02 0.03 0.040.05 

)c Pt"iit: 
Ag ~~".~co_ 

Hg Cd".......--. Zn _1 U --~ Pd :.=:pt; •Se ~Al Ta 
Li. f--~--"' Mg • ........ ~ •sb 

I-' ..... Ca~ ThSn . 
-~---" 

~I-'"' 

Sr 

0.1 0.2 0.3 0.4 0.5 

(~z) 
Fig. 23-Correlation of P with atomic properties. 

,.........f--"' 1---"r--

~;; 
1---"r--

r-Mo 
-r-
-r-

1.0 

Chittum 34 has related the work function to the bulk modulus of 
compressibility in a different manner than that used by Bomke. His 
computed values of the work function deviate from the experimental 
values by about the same amount as do the values computed from 
equations (77) and (80). 

From the fact that metals with large atomic spacing have a low P 
while those with small atomic spacing have a high P, it might be 
expected that P would depend on the spacing of the atoms in the 
surface layer and that different faces of a single crystal would have 
different work functions. In fact, Farnsworth and Rose 27 have shown 
that the contact potential for different faces of a single crystal of Cu 
varies by about 0.4 volt; and Nitzsche 28 finds the photoelectric work 
function of two planes of a single crystal of zinc different by about 0.2 
volt. Now the values of (D / A1) or of the cubic compressibility used 
in the above calculations do not take into consideration any dependence 
on the crystal face exposed and, therefore, we would not expect P tobe 
a single-valued function of these properties. This fact may explain 
the failure to correlate exactly the body properties of the metal with 
P or the work function. It is quite likely that a better correlation 
exists between the work function or P and the atomic spacing which 
prevails on the crystal faces which develop when a metal is heated in a 
vacuum. 
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F. CURRENTS LLMITED llY SPACE CHARGE 

Thus far we have only considered the effect of the surface a nd ap
plied fields on the number of electrons that escape from a cathode and 
reach the anode at a particular temperature. HoweYer, an electron 
traveling from the cathode to the anode is also subjected to a field 
due to all of the electrons in the space between the electrodes. lf the 
electron density in this space is !arge enough, the current that reaches 
the anode will be determined by these charges rather than by the 
work function and temperature of the cathode. The current is then 
said tobe limited by space charge. If, on the other hand, the applied 
potential is raised to a sufficiently high value, the current is no Ionger 
limited by the charges in the space but is then determined by the work 
function and temperature of the cathode. The current is then said 
to be saturated or limited by emission. The space charge and satu
rated emission regions are illustrated by curve 2 in Fig. 24 which is a 
plot of log i vs. log V. In the region to the left of point A, the current 
is limited by space charge and increases rapidly with the applied poten
tial. To the right of A, the current is limited by emission. Curye 2 
has been calculated from equations that will be discussed later. A 
sharp break point is indicated at A, whereas experimental cun·es 
usually show a gradual transition. This gradual transition is due 
to non-uniformities in work function. 

When the current is limited by space charge, the charges in the 
space increase the height of the potential barrier which electrons must 
cross in traveling from cathode to anode. The current is determined 
primarily by the applied potential and electrode geometry and second
arily by the temperature of the cathode and magnitude of the saturated 
em1sswn. The problern of relating the current to these quantities 
is very difficult but has been solved on the basis of certain simplifying
assumptions for several forms of electrodes by Child,38 Schottky.3 9 

Epstein,4° Fry,41 Langmuir 42
-

45 and others. These assumptions 
together with the solutions will be summarized in this section. 

In all of these solutions it is assumed that the maximum of the 
potential hill which is due to the surface forces and the applicd po
tential, occurs right at the cathode surface. Actually, in the absence 
of space charge, the maximum in the work distance curve occurs at a 
small but finite distance from the surface, about 3 X l0- 6 cm. for 
the image equation with moderate applied fields. The space within 
this distance has a much )arger density of electrons than if the potential 
had its maximum value at the surface. The above assumption, there
fore, neglects the influence of these excess charges on the space charg(:'. 



TIIERMIONIC ELECTRON EMISSION 4 71 

This has been justified by Schottky 36 and Laue 37 who concluded that 
the effect of these charges is negligible. For convenience, the zero of 
potential is taken not inside the metal but at a point where the electrons 
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have just overcome the surface forces. Because of the assumption 
made above, this point is taken at the cathode surface. 

In order to obtain a solution, some assumption regarding the velocity 
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distribution of the emitted electrons must be made. The simplest 
assumption is that the electrons are emitted from the cathode with 
zero velocity. From this assumption and the assumption discussed 
in the preceding paragraph it follows that the potential maximum 
always occurs at the cathode surface and the emitted electrons are 
accelerated everywhere in their path between cathode and anode. The 
current to the anode is determined by the potential distribution in 
the space. 

A better assumption is that the electrons are emitted with a ::\Iax
wellian velocity distribution. For this case the potential maximum 
occurs at some distance from the cathode. The position and value of 
the maximum depends upon the work function and temperature of the 
cathode, the geometry of the electrodes and the applied potential. 
In order that an electron shall reach the anode, its initial velocity 
normal to the surface must correspond to an energy which is equal 
to or greater than the potential maximum. 

For parallel plates and cylindrical electrodes the following solutions 
have been obtained for the two assumptions in regard to the velocity 
distribution of the emitted electrons. 

Electrons Emitted with Zero Velocity 

For infinite parallel plates: 

(81) 

where i is the current to the anode in amp. per cm.2 ; x the distance in 
cm. between cathode and 'anode; and V is the applied potential in 
volts corrected for the contact potential; e and m are the charge and 
mass of the electron, respectively. 

For long coaxial cylinders: 

i = (2.V2/9) (e/m)l( Vi /Rß2) = 1.48 x 1 o-sc V! /Rß2), (82) 

ß is a function of R/r0 where Rand r 0 are the radii of anode and cathode, 
respectively, Table V shows a few values of ß2 as a function of R/ro 

TABLE V 

\'ALUES OF ß2 

R /ro ...... 1.0 2.0 5.0 7.0 10.0 20.0 40.0 
ß2 ...•.... 0.000 0.279 0.767 0.887 0.978 1.072 1.0Q5 

1< /ro ..... . 70 100 200 400 1000 5000 00 

ß2 . • ••••.• 1.088 1.078 1.056 1.036 1.017 1.002 1.000 

taken from a tablc givcn by Langmuir and BlodgctL""' 
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The equation for coaxial cylinders only applies to an equipotential 
cathode. Ordinarily the cathode is a filament and the potential varies 
along its length because of the heating current. I t is of interest to 
examine the modification of the equation due to this effect. I t can 
be shown that for V P > V1 

i = (2~/9)(e/m)l(VP!JRß2) 
X [1 - 3 V1/4 Vp + 3/24(V1/Vp) 2

• • • ], (83) 

where VP is the applied potential between anode and negative end of 
the filament and V1 is the total potential drop along the filament. 

For the case in which V P < V1 

For concentric spheres: 

where a2 is a function of R/ro and has been tabulated by Langmuir and 
Blodgett.45 a 2 increases with Rjr0 • For R/r0 = 5.0, a 2 = 1.141; for 
R/r0 = 10, a2 = 1. 777; for Rjr0 = 100, a2 = 3.652. 

Electrons Emitted with ~{axwellian Velocity Distribution 

For infinite parallel plates the space charge limited current is given 
by 

i = ({2j97r)(e/m)!((V- Vm)ij(x- Xm) 2) 

X [1 + 2.66(kT/(V- Vm)e)!] 
= 2.33 X 10-6((V- Vm)lj(x- Xm) 2) 

X [1 + 2.48 X 10-2(T/(V- Vm))l]. (86) 

In this equation 

Vm = (- 2.3Tkje) log (i,ji) = - 1.98 X 10-4T log (isli) (87) 

and (88) 

where V is the potential applied between cathode and anode corrected 
for the contact potential; Vm is the value of the potential maximum 
measured with respect to the zero of potential previously defined; x 
the distance between cathode and anode; Xm the distance from the 
cathode to the potential maximum; T the temperature of the cathode; 
and is the value of the saturation electron emission. SI is a function 
of In (is/i). Table VI gives a few values of SI as a function of ln 
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In (i./i) . ...... : .... 0.00 
r~ ................. o.ooo 
In (i,fi) ........... . 3.4 
r~ ................. 2.293 

TABLE VI 

VALt:ES OF r1. 

0.30 0.60 
0.979 1.312 

4.5 7.0 
2.404 2.511 

1.00 
1.600 

10.0 
2.544 

1.60 2.40 
1.881 2.117 

15.0 25.0 
2.553 2.554 

(is/i). The values listed in the table were selected from a more 
extensive table given by Langmuir.43 From equation (87) it follows 
that space charge acts as if the work function of the surface were in
creased by V m· 

An expression for i as a function of V could be obtained by eliminat
ing Vm and Xm between equations (86), (87) and (88). Because of the 
nature of these equations an analytical expression for i cannot be 
given. However, for any temperature and electrode spacing it is 
possible to calculate i as a function of V. The effect of introducing the 
:\Iaxwellian distribution of velocities can be seen by comparing curves 
calculated from equations (86), (87) and (88) with equation (81 ). 
Such a comparison is made in Fig. 24. Equation (81) gives a straight 
line with a slope of 3/2 on such a plot and is represented by curYe 1. 
Curves 2 and 3 were calculated from equations (86), (87) and (88) for 
parallel plates of tungsten spaced 1 cm. apart at 2000 and 3000° K., 
respectively. The introduction of the l\Iaxwellian velocity distribu
tion causes the currents to be somewhat higher than predicted by the 
simple 3/2 power law, especially at low applied potentials. Further
more, at applied potentials considerably less than necessary for 
saturation, the slope of log i vs. log V is less than 3/ 2. Near the break 
point, the slope is practically 3/2. 

For long coaxial cylinders, Schottky 39 and Langmuir 43 • 44 haYe 
pointed out that the effect of introducing the l\'laxwellian velocity 
distribution is less important than its introduction in the plane parallel 
case. Langmuir 43 has discussed an approximate formula for this case. 

Effert of Fermi-Dirac Velocity Distribution 

The introduction of the newer theory that the free electrons in the 
meta! have a Fermi-Dirac velocity distribution requires no modification 
of the space charge equations clcduced on thc assumption of a :\Iaxwcl
lian distribution. This is because of the fact that thc electrons which 
escape across the potential barricr at thc surface have a l\Iaxwellian 
distribution , as was shown in connection with Fig. 1. In this con
nection it is of interest to compare some calculations by BartJett "16 as-
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suming a Fermi-Dirac distribution in the metal at 3000° K . with 
calculations based on a l\laxwellian distribution. This comparison 
also is shown in Fig. 24, curve 3. The circles were taken from a curve 
by Bartlett and the line was calculated by equations (86), (87) and 
(88). The two calculations agree, thus indicating that the assumption 
of a Fermi distribution in the metal Ieads to the same result as the 
assumption of a l\1axwellian distribution. 

G. M ISCELLANEous ToP I es 

In ordernot to lengthen unduly this review we have omitted a discus
sion of a number of topics. Such topics have either been adequately 
treated in the reviews and books referred to in the introduction or eise 
no significant advances have been made recently. Some of these 
topics are: Secondary electron emission, high field emissions, thermi
onics as related to photoelectricity and contact potential,* and cooling 
and heating effects accompanying the emission or absorption of elec
trons. In connectio~ with the last topic we feel that a critical analysis 
of how the quantities determined by experiment are related to the 
work function and heat function should be made. l\1ost of these 
experiments were performed before the day of the Fermi-Dirac
Sommerfeld contributions and should thus be reinterpreted. 
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Radio Propagation Over Spherical Earth * 
By CHAS. R. BURROWS 

The paper shows how vVatson's Solution for the propagation of electro
magnetic waves over perfectly conducting spherical earth merges into the 
Abraham solution for propagation over a perfectly conducting plane for 
shorter distances. 

The effects of refraction by the lower atmosphere and of the imperfect 
conductivity of the earth are taken into consideration. The magnitude of 
the former, which is appreciable, is obtained. The latter is relatively un
important for ocean water and frequencies of the order of a megacycle and 
less. 

The theoretical solution for radio propagation over perfectly conducting 
spherical earth with atmospheric refraction is in agreement with available ex
perimental data for propagation over ocean water for frequencies below a 
few megacycles. 

Eckersley's extension of Watson's solution to take into account the effect 
of the imperfect conductivity of the earth by the phase integral method 
is found to contain approximations which render its results questionable. 

THEORY 

T HE electrical disturbance at the surface of the earth due to a 
vertical dipole has been calculated by G. N. vVatson 1 and 

others. The results for the case of a perfectly conducting spherical 
earth with transmitter and receiver both situated on the surface may 
be reduced to the form: 

(1) 

where Pn and ßn are constants whose values have been calculated as 
follows: 

P1 =0.8083 
n Pn/ Pl ßn~2n/a2 

1 1.000 0.00376 
2 3.188 0.01199 
3 4.74 0.0178 
4 6.047 0.0227 
5 7.236 0.0272 
6 8.336 0.0313 

* Published in I. R. E. Proc., 1\Iay, 1935. Presented before U. R. S. I. meeting, 
vVashington, D. C., April 26, 1935. 

1 G. N. vVatson, "The Diffraction of Electric \Vaves by the Earth," Proc. Roy. 
Soc. (London) A95, 83-99, October 7, 1918. 
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and 
11 is the effective height of the transmitting antenna in kilometers, 
I is the transmitting anterrna current in amperes, 
A. is the wave-length in kilometers, 
a is the radius of the earth in kilometers ( = 6370), 
d is the distance between transmitter and rcceiver in kilometers, 
8 is the angle a t the cen ter of the earth subtended by radii to trans

mitter and receiver ( = d/a), and 
E is the received field strength in volts per kilometer. 

Pn and ßn were evaluated for n = 1, 2 and 3 by H. M. l\1acdonald,2 

while the remaining values have been calculated by the present author. 
For distances for which this solution would be used (i.e., where the 

effect of the ionized region of the upper atmosphere may be neglected) 
sin 8 very nearly 3 equals 8 so that the above formula reduces to the 
following: 

(2) 

This equation may be reduced to a form more readily comparable 
with the Abraham 4 solution for the field strength over a conducting 
plane, 

Equation (2) then becomes 

E 

where 

and 

E = 1201r!!J 
A.d 

1201rlflf( ·) 
Xd X' 

X= d/~. 

(3) 

(4) 

(5) 

(6) 

The constant before the summation sign is equal to 0.1136 when thc 
earth is the sphere under consideration. 

2 H. M. Macdonald, ccThe Transmission of Electric \Vaves Araund thc Earth's 
Surface," Proc. Roy. Soc. (London) A90, 50-61, April I, 1914. 

3 This approximation introduces an error of lcss than one-tenth of a decibcl for 
distances less than 2250 km. 

4 M. Abraham, "Die Strahlung von Sendcdrähtcn," Theorie der Rlecktrizität, \'ol. 
2, 2nd edition (190R), 283- 294, and "Elektromagnetische Wellen," J~uc. der mallz. 
Wissen., vol. 5, pt. 2, 482- 538, March 18, 1910. 
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Equation (4) states that the field strength at a point on the surface

of a conducting sphere is less than that on the surface of a conducting

plane by a factor which is a function of the quotient of the distance

along the surface by the cube root of the wave-length.

This factor is plotted in Fig. 1. For small values of x = (f/Vx it

approaches unity so that the Watson solution for radio propagation

over the surface of a perfectly conducting sphere merges into the

Abraham solution for propagation over a perfectly conducting plane

at short distances. In order to depict this graphically the curves that

result from neglecting all terms except the first, first two, first three,
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In obtaining the solution for the propagation of radio waves over

the surface of the earth, besides assuming the earth to be a perfect

conductor, Watson assumed that the electromagnetic properties of

the air were independent of the height above the earth's surface.

Data to be presented later indicate that neglecting refraction in the

lower atmosphere introduces the greater error for certain frequencies.

Fortunately in such cases, it is simpler to extend the solution to take

into account atmospheric refraction than the imperfect conductivity

of the earth.

It is known ^ that for electromagnetic waves propagated along the

surface of the earth, the optical effect of the existing changes in refrac-

tivity with height in the lower atmosphere is the same as the effect

that would be produced if the earth's radius were increased. If this

" effective radius " is substituted for the actual radius in equation (5)

the resulting equation for the ratio of the field to that received over a

perfectly conducting plane becomes

f{y) = 0. 1 136 V3; Y\ —V- e-^-^'^-i-' y, (7)

where

y = x/^Y^ = d/yl^^' (8)

and K is the ratio of the effective radius of the earth to the actual

radius.

From this it can be seen that the effect of refraction is to multiply

the distance at which a given reduction in the field due to the earth's

curvature occurs by a factor which is equal to the two-thirds power of

the ratio of effective to actual radius of the earth. The analysis of

the available meteorological data in the aforementioned article "

indicates that this radius ratio is about 4/3 on the average. This

results in an increase of 1.21 times in the distance at which the reduc-

tions in fields occur.®

The ratio of the field received over perfectly conducting spherical

earth with refraction by the lower atmosphere to that which would

be received over a perfectly conducting plane is shown in Fig. 2.

Watson ^ has pointed out the relation of the empirical Austin-Cohen

^ T- C. Schelleng, C. R. Burrows and E. B. Ferrell, "Ultra-Short-Wave Propaga-
tion," Proc. I.R.E. 21, 427-4:63, March, 1933 and Bell Svs. Tech. Jour. 12, 125-161,
April, 1933.

" The increase in range is not as great as this due to the inverse distance factor.

This advantage would not be realized for waves greater than a certain length. This
Hniit occurs when that part of the atmosphere for which the refractive index no
longer decreases at the assumed rate becomes important in the propagation of the
waves.

' G. N. Watson, "The Transmission of Electric Waves Arounil the Earth,"
Proc. Roy. Soc. {London) APS, 546-563, July 15, 1919.
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100 » 500 1000 5000 10,000

y = d/\/XK2 (dg,XlN KILOMETERS)

Fig. 2—Ratio of the field received over perfectly conducting spherical earth
with refraction by the lower atmosphere to that over perfectly conducting plane
earth.

formula for long-distance long-wave communication,

120x7//E
\d

g-0,0015d/Vx
(9)

to the above diffraction formulas. He showed that this formula, (9),

could be obtained by considering the earth surrounded by a conducting

shell some 100 km. above the earth's surface. He also showed that

the factor X~^'- instead of X~^/'^ occurs only when the effect of the upper

atmosphere becomes important. Equations (1), (2) and (4) apply

only for distances in which the effect of the upper atmosphere may be

neglected.

Experiment

In Figs. 3 and 4 the theoretical curve of Fig. 2 has been superimposed

upon experimental data^ obtained for 0.8 and 4 mc. transmission

respectively. Theoretical curves are shown for radius ratios of 1,

4/3 and 1.45. The latter gives the best fit with the experimental data.

The curve for a ratio of 4/3 estimated from available meteorological

data is in fair agreement with the data, but since this is only an

estimate of the average value of the ratio it is possible that 1.45 is a

better value for the conditions of the experiment. It is doubtful,

* All experimental points that represented transmission affected by the ionosphere

have been excluded.
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however, whether the precision of the experiment would justify dis-

tinguishing between these two values. It will be noted that the effect

of refraction is appreciable and that the agreement between experi-

ment and theory is greatly improved by taking the effect of refraction

into account.

As an indication of the effect of the finite conductivity of ocean

water, the theoretical curve for propagation over imperfectly conduct-

ing plane earth has been added in each case. Curve 4 for imperfectly

conducting plane earth is substantially the same as that for a perfectly

conducting plane for 0.8 mc. (Fig. 3), indicating that the effect of the
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Data published by Bion and David * to show the inadequacy of

Sommerfeld's solution for the propagation over sea water in the wave-

length range 150 to 700 meters, have been plotted in Fig. 5. While

only eight points are shown they represent data taken at regular

intervals on a ship whose distance from the transmitter was con-

tinuously increased up to 1050 km. so that their precision is far superior

to that possible with single measurements. The points have been

plotted against the parameter y = d/yI\K^ using 4/3 for the value of

K. The points lie close to the theoretical curve, substantiating the

theoretical curve and indicating that atmospheric refraction was

sufficient to increase the effective radius of the earth by the factor 4/3

for radio propagation (in this frequency range) over the Mediterranean

Sea in January and February, 1932.

Effect of Imperfect Conductivity

Due to the complications introduced into the problem of the propa-

gation of electromagnetic energy around the surface of the earth by

the effect of imperfect conductivity, no rigorous solution has been

made to date. The approximate solution due to T. L. Eckersley,^"- ^^

however, has been used ^" to calculate the field strength of the ground

wave at distances beyond those for which the solution for transmission

over an imperfectly conducting plane applies. The results of this

solution will be compared with the rigorous solutions of special cases,

leaving a discussion of some of the approximations made and the un-

certainties introduced thereby for the appendix.

Theoretical curves obtained by various methods for propagation

over the surface of the earth are presented in Fig. 6 for comparison.

Curve A is for perfectly conducting spherical earth based on Watson's

solution. Curve B is based on Eckersley's solution for a spherical

earth whose conductivity is small enough so that its magnitude is

unimportant but large enough so that it is essentially a conductor

rather than a dielectric. ^^ Curves C and D result from using the coef-

ficients given by Eckersley corresponding to the values of a^^'^X^^^

indicated on the curves. Curves E, F, G and // are for imperfectly

^ J. Bion and P. David, "Sur L'Affaiblissenienl des Ondes Moyennes et Inter-

mediaires se Propageant de Jour sur Mer," Comptes Rendus 194, 1723-1724, May
17, 1932.

'" T. L. Kckersley, "Radio Transmission Problems Treated by Phase Integral

Method," Proc. Roy. Soc. {London) A136, 499 527, June 1, 1932.
" T. L. lickersley, "Direct Ray Broadcast Transmission," Proc. LR.E. 20,

1555-1579, October, 1932.

'-See for example, "Report of Committee on Radio Propagation Data," Proc.
LR.E. 21, 1419 1438, October, 1933.

'^P"or detailed explanation of this curve see the appendix.

1
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conducting plane earth based on the solution by Sommerfeld/''

Weyl/^ Wise ^^ and others and evaluated by Rolf,^^ for the corre-

sponding values of a^'^X^""' indicated on the curves.'^ The part of

curve // shown also coincides with the solution for perfectly conducting

plane earth as determined by Abraham.* This indicates that for

conductivities greater than those for which a^'^X^'^ = 10"'' the earth

may be regarded as a perfectly conducting sphere.

The fact that the plane earth solution for values of the parameter

of the order of 10~'^ and less (curves E and F) gives lower fields than

Eckersley's solution for spherical earth indicates that the approxima-

tions made introduce large errors in these regions of the solution.

This inconsistency between the Eckersley solution and the rigorous

solution for plane earth in itself would indicate that the solution is

!^ 20

\n 30

5 90
o
Q 100
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not valid for values of a^'^X''"'' less than 10"'^. While no glarinij incon-

sistencies are evident from Fig. 6 for values of the parameter somewhat

greater than this it is the writer's opinion that implicit faith should not

be placed in the results without experimental verification due to the

nature of the approximations made in obtaining the solution. ^^ Com-
parison of curves D and A shows that the Eckersley modification of

the Watson solution for values of the parameter of the order of 10"*'

is small which is consistent with the results for plane earth, curve G.

It is in this region that Eckersley presents experimental data to sub-

stantiate his solution.
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Here the abscissa is chosen so that all of the Sommerfeld-Rolf curves

coincide. If the effect of imperfect conductivity were unimportant,

the curves for spherical earth would begin to depart from unity at the

points A, B, C, etc. The effect of imperfect conductivity is to move
these points to A\ B', C, etc., on the present Eckersley theory. The
horizontal motion was calculated by the approximate phase integral

method, while the vertical motion is the result of this recent assump-

tion. It can be seen that for the poorer conductivities the recent as-

sumption causes a greater change in the value of the field strength

than that calculated by the phase integral method. While this assump-

tion has removed the most obvious inconsistency in the results, the

writer believes that they still require experimental verification before

reliance should be placed in them.

APPENDIX
The rigorous solution for the perfect conductivity case, equation (1),

may be expressed in the form,

£ = 2] ^"CosX„, (10)

where An and X,, are functions of p„. By his approximate phase

integral method Eckersley was able to evaluate Xn in the above ex-

pression. He found the same relationship between X„ and p„ as

Watson. The p„'s he obtained, however, differed from those obtained

by W^atson. The values of p„ as determined by Eckersley may be

expressed

Pn = (11)

where rj depends upon the ground constants, being zero for perfect

conductivity, an is a constant independent of n whose value Eckersley

found by comparison with Watson's results to be 3/4. Herein is one

of the inaccuracies introduced by the approximate method, for to

obtain the correct values of p„, a„ must be allowed to vary with n.

While the necessary variation is small '^^ for the case of perfect con-

ductivity, without further proof we have no assurance that it is not

much larger for the more general case.

Eckersley's method does not tell us anything about the magnitude

of .4 „ in equation (10). He tacitly assumed ^„ to be independent of

=1 a, = 0.7819, a. = 0.7577, a, = 0.7544, a^ = 0.7530, a, = 0.7523, and a^ = 0.7519.

For larger values of n, u,, approaches 0.75 more closely.
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the conductivity. An equally logical assumption leading to a dif-

ferent result would be that the functional relationship between An
and pn be independent of the conductivity. Both are undoubtedly

incorrect but the error introduced may not be large for the better con-

ductivities.

In obtaining curve B of Fig. 6 the values of a„ given in footnote 21

were used so that Eckersley's solution would be consistent with

Watson's solution for the perfect conductivity case. The values of

An were calculated on the assumption that the functional relationship

between An and pn be independent of the conductivity. If the mag-
nitude of ^ „ were assumed independent of the conductivity, curve B
would be raised approximately 7 db.



A Single-Sideband Short-Wave System for Transatlantic

Telephony *

By F. A. POLKINGHORN and N. F. SCHLAACK

This paper describes the construction of a short-wave single-sideband
reduced-carrier system of radio transmission. It also reports the results of
comparisons made between this system and an ordinary short-wave double-
sideband system between England and the United States. It was found that
the single-sideband system gave an equivalent improvement in radiated
power over the double-sideband system averaging 8 db. This is in good
agreement with the theoretical improvement to be expected.

Introduction

THE single-sideband suppressed-carrier method of transmission

has been used to effect economies in the power capacity required,

energy consumed, and space in the frequency spectrum on carrier

telephone circuits for over fifteen years. On the basis of equal peak
amplitudes in a transmitter a single-sideband suppressed-carrier

system gives a possible theoretical improvement of 9 db in received

signal-to-noise ratio over a double-sideband and carrier system. Six

db of this improvement is obtained by omitting the carrier and
utilizing the entire available amplitude capacity of the transmitter for

the sideband. The other 3 db is obtained by reducing the band
width of the receiver to only that required to pass one sideband, thus

reducing the noise energy at the receiver output by one-half.

In order that speech may be transmitted without undue distortion

over a single sideband system, it is necessary that the carrier frequency

at the receiver be within about ± 20 cycles of the correct value. For

the transmission of music a much higher precision is required. The
practical construction of a single-sideband radio system at frequencies

of the order of 60 kc, such as is used in the long-wave transatlantic

telephone circuit, requires only a careful application of known tech-

nique to obtain the desired degree of stability of the oscillators. At
the short-wave transatlantic radio telephone frequencies of from 5,000

to 20,000 kc, however, the very best crystal oscillators, such as are

now used only for the very highest quality laboratory standards,

would be required at both transmitter and receiver to obtain the

degree of synchronization required.

This high degree of frequency stability can be dispensed with by

* Published in Proc. I.R.E., July, 1935.
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transmitting a pilot frequency over the channel. For this purpose the

carrier frequency serves as well as, if not better than, any other fre-

quency since it is easily obtainable at the transmitter and is readily

utilized at the receiver. If a single-sideband transmitter is fully

loaded by two equal* side frequencies and a carrier of amplitude 10 db

below one of the side frequencies, the power in the carrier is only about

5 per cent of the power in the side frequencies. If the peak voltage in

the transmitter is kept the same, each side frequency could be 1.3 db

greater when no carrier is transmitted. Practically, it is found that

since distortion rather than peak voltage is the limiting factor, the

presence of the carrier 10 db down has no appreciable effect on the

permissible sideband amplitude. By using a very narrow filter at

the receiver to pass the carrier, the same carrier-to-noise ratio can be

obtained with the reduced carrier as is ordinarily obtained with a

common double-sideband receiver receiving a carrier of full strength.

After passing through this narrow filter the carrier may be used to

synchronize automatically a local carrier, or by amplifying to a

greater extent than the sideband and recombining with the sideband,

it may be used for direct demodulation of the sideband. When used

in the latter manner it will be called "reconditioned carrier."

In 1928, after extensive tests of short-wave double-sideband trans-

mission had been conducted ^ and while the short-wave transatlantic

telephone channels between the United States and England were under

construction, some preliminary trials of a short-wave single-sideband

system were made under the direction of Mr. R. A. Heising between

Deal, New Jersey, and New Southgate, England, using a local carrier

supply at the receiver. The local carrier was produced by beating

the output of a variable-frequency tuned-circuit oscillator with that

of a crystal oscillator. It was necessary to adjust the oscillator

continuously in order to keep the oscillator frequency in the proper

relation to the incoming sideband.

Notwithstanding the limitations of the equipment, encouraging

results were obtained and study of the problem was continued, al-

though along a slightly different line. Receivers were built which

were capable of separating the sidebands and carrier of an ordinary

double-sideband and carrier transmission in such a manner that single-

sideband and other types of reception could be simulated. The carrier

could be separately filtered and reconditioned so that even with

' Reports of some of these tests were contained in the following articles: "Some
Measurements of Short Wave Transmission," R. A. Heising, J. C. Schelleng and
(i. C Southworth, Proc. /. R. El., October, 1926. "Transmission Characteristics of a

Short-Wave Telephone Circuit," R. K. I'otter, Proc. /. R. E., April, 1930. "The
Propagation of Short I'iadio Waves over the North Atlantic," C. R. Burrows, Proc.

J. R. E., September, 1931.
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considerable selective fading a satisfactory carrier was continuously

available. Tests made with these receivers showed that the elimina-

tion of one sideband at the receiver did not affect the intelligibility or

quality of reception to any extent if allowance were made for the

reduction in the received power.

Description of Apparatus

For the purpose of obtaining more complete quantitative informa-

tion on the improvement to be realized from single-sideband operation

and a better understanding of the requirements of commercial single-

sideband equipment, apparatus was constructed for a trial of a short-

wave single-sideband system across the Atlantic. Tiansmitter input

equipment was constructed which was capable of delivering a single-

sideband signal to the input of the water-cooled amplifiers used in the

short-wave double-sideband transmitters. This input equipment was
sent to Rugby, England, and with the cooperation of the British

Post Office installed in conjunction with one of the transatlantic

transmitters. For comparison purposes the normal double-sideband

output of this same transmitter was used. A single-sideband receiver

having a number of novel features was also constructed and installed

at the transatlantic receiving station at Netcong, New Jersey. During

the latter part of 1933 and the early part of 1934 comparative tests

of double and single-sideband transmission were conducted between

the British Post Office Headquarters in London and the Bell Telephone

Laboratories in New York City.

Transmitting Input Equipment

Figure 1 shows a rear view of the transmitting input equipment. The
equipment is mounted on three bays of panels in two welded steel

cabinets, each panel being the width of the usual telephone relay rack

panel. A schematic of the input equipment is shown in Fig. 2. The
incoming speech is applied to the balanced modulator No. 1, to which

is also applied voltage having a frequency of 125 kc, obtained through

a multivibrator from a 625 kc. crystal oscillator. The low-frequency

filter following the first modulator is of the lattice type of construction

and uses quartz crystals as elements ^ in order to obtain the necessary

attenuation to the carrier frequency and one sideband while passing

the other sideband. This filter passes frequencies from 125.1 kc. to

130 kc. The unwanted sideband is suppressed from 40 to 60 db and

^ For information on the construction of such filters, see article by W. P. Mason,
"Electrical Wave Filters Emplo\ing Ouartz Crystals as Elements," Bell Sys. Tech.
Jour., Vol. XIII, No. 3, July, 1934.
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the carrier is suppressed approximately 20 db in the modulator and about

15 db more in the filter. In order to obtain a variable amplitude of

carrier for experimental purposes, an arrangement was provided for

by-passing a variable quantity of the carrier around the first modulator

and low-frequency filter. The single-sideband voltage obtained from

Fig. 1—Rear view of single-sideband transmitting input etiuipnient.
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the low-frequency filter, together with the reintroduced 125 kc.

carrier, is impressed on the input of balanced modulator No. 2. A
2,500 kc. carrier voltage, which is obtained from the 625 kc. crystal

oscillator by means of a harmonic generator, is also supplied to the

input of the second modulator. The intermediate frequency filter

which follows the second modulator passes the upper sideband gener-

ated in the second demodulator (from 2,625.1 to 2,630 kc.) and sup-

presses the other sideband and the carrier approximately 50 db. The

single sideband thus obtained is then amplified before it is impressed

on the input of the third modulator. The circuits up to and including

the intermediate amplifier are fixed and do not have to be adjusted

in order to change the final output frequency of the equipment. The
third modulator is of the unbalanced type and both the output of the

intermediate frequency amplifier and a third carrier are applied to its

input. The third carrier is obtained from a high-frequency crystal

oscillator through two harmonic generators in tandem. The fre-

quency of the carrier applied to the third modulator depends on the

output frequency desired and since either sideband may be selected

the carrier frequency must be 2,625 kc. greater or less than the desired

final output carrier frequency. In order to cover the range from

4,700 kc. to 21,000 kc, the carrier must range from 7,v325 to 18,375 kc.

No filter is required in the output of the third modulator since the

output tuned circuits are narrow enough to exclude the third carrier

and the unwanted sideband, which are respectively 2,625 and 5,250

kc. away from the desired sideband. The output circuit of the third

modulator is the first point in the equipment where the final frequency

to be transmitted is obtained. The output voltage of the third modu-
lator is applied to the input of a series of four amplifiers in tandem,

which serve to increase the amplitude of the single sideband and the

reduced carrier to a value which will excite to full capacity the power

amplifiers of a regular double-sideband transmitter. Receiving type

screen-grid tubes are used in all but the multi-vibrator, crystal oscil-

lator and the final amplifiers. Amplifiers 2 and 3 consist of one 75-

watt screen-grid tube each and amplifier 4 consists of two 1-kw.

screen-grid tubes in push-pull.

Transmitting Monitor

It is extremely important in operating the single-sideband ecjuip-

ment to know that the distortion is within reasonable limits. With
the ordinary double-sideband type of transmission it is possible to

simulate the receiving equij)ment with a very simple rectifier, thus

allowing local distortion tests to be made on the transmitter. With



A SINGLE-SIDEBAND SHORT-WAVE SYSTEM 495

single-sideband transmissions in which the carrier is either totally or

partially suppressed such a simple receiver is not adequate, as the

distortion produced in a simple rectifier would be excessive. It is

necessary that a carrier of the right frequency and of an amplitude

considerably greater than that of the sidebands be present in the

rectifier. After a study of the situation it was decided to build up the

carrier for monitoring purposes from the same crystal oscillators used

in the transmitter. The monitoring device, a schematic of which is

shown in Fig. 3, consists of two detectors and a harmonic generator

HIGH FREQUENCY
CRYSTAL OSCILLATOR

INPUT ^ HARMONIC
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amplitude which may be present due to fading or modulation. This

reconditioned carrier is then used for obtaining automatic frequency

control of the beating oscillator and synchronization of the local

Fig. 4—Fronl view of single-sideband receiver.

carrier oscillator, or it may be applied directly to the second detector

for demodulation purposes.

By using an intermediate frequency band of moderate width, an

ordinary double-detection receiver for double-sideband operation
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may be built which will require tuning of the beating oscillator at very

infrequent intervals, perhaps only two or three times a day. For

receivers in which the carrier is to be separated from the sideband by

a narrow filter, a much higher degree of frequency stability is required

in both the transmitter and the receiving beating oscillator if fre-

quent or almost continuous tuning is to be avoided. Rather than

endeavor to obtain the high-frequency stability required, it was de-

cided to arrange that the incoming carrier automatically tune the

beating oscillator of the receiver in such a manner that the carrier at

intermediate frequency would always pass through the narrow crystal

filter in a satisfactory manner. The manner in which this is accom-

plished is shown in Fig. 6. The reconditioned carrier is introduced

BALANCED
MODULATORS

WATTHOUR
METER

Fig. 6—Schematic of automatic tuning device.

in push-pull fashion on the grids of a balanced modulator system.

The same carrier is passed through a circuit having a 90-degree phase

shift, through a narrow band suppression filter, and applied to the same

two grids in parallel. A small 60-cycle voltage is also applied to the

grids in parallel. The 60-cycle output voltage of the balanced modu-

lators is applied through a transformer to the rewound current coils

of a watt-hour meter. When the carrier frequency is that of maximum

suppression for the narrow filter, equal voltages e\ and e^ will be applied

to the grids of the two tubes forming the balanced modulator. If the

carrier frequency shifts from this position, the voltage applied to each

grid will be the vector sum of ei or ei, and a voltage of variable magni-

tude and phase e^, which appears in parallel on the two grids. The
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magnitude of e^ voltage increases as the frequency of the carrier at

intermediate frequency departs from its proper value, causing the

voltages on the two grids to change, one becoming higher than the

other as shown by^^i + e^ and 62 + e* of Fig. 7. As the ampHtude of

LOCUS OF 61 + 6(1) FOR

+ VALUES OF (t)

LOCUS OF 6(1) FOR
+ VALUES OF d)

LOCUS OF 62+6(1) FOR

+ VALUES OF (J)

LOCUS OF 61 + 6(1) ^Of^

VALUES OF

LOCUS OF 6(1) FOR

- VALUES OF

LOCUS OF 62+ 6
(J)

FOR

- VALUES OF

Fig. 7—Vector diagram of input voltages to balanced modulators of the automatic
tuning device.

the applied radio frequency voltage increases, the mutual conductance

of the modulator tube decreases and consequently a greater amount
of 60-cycle current flows in the plate circuit, the phase of which depends

upon which tube has the higher mutual conductance. The voltage

coil of the watt-hour meter is permanently connected to the supply

lead. When the frequency of the carrier at intermediate frequency

is too high, the phases will be such that the watt-hour meter runs in

one direction, and when the frequency of the carrier is too low the

watt-hour meter runs in the other direction. A very small condenser

is substituted for the registering mechanism of the watt-hour meter.

This condenser is connected to the beating oscillator circuit and the

whole circuit arranged in such a manner that the watt-hour meter runs
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until the beating oscillator gives the proper frequency, when the

action stops.

Since this automatic tuning unit holds the carrier at intermediate

frequency in a fixed relation with respect to a crystal filter, which may

drift slightly in resonant frequency from time to time, and not in

synchronism with a local carrier oscillator, it is necessary that a sepa-

INCOMING CARRIER
400 Kc.

LOCAL CARRIER
400 Kc. + A

90° PHASE
SHIFTER

AMPLIFIER AMPLIFIER AMPLIFIER AMPLIFIER

BALANCED
MODULATOR

AOO

BALANCED
MODULATOR

TWO PHASE
SYNCHRONOUS

MOTOR

)IC
ON I.F.

OSCILLATOR

+ B

Fig. 8—Schematic of automatic synchronizing equipment.

rate mechanism be provided for synchronizing the local carrier if a

local carrier is to be used. A schematic diagram of the circuit for

doing this is shown in Fig. 8. The reconditioned carrier at inter-

mediate frequency is introduced through amplifiers to two balanced

modulators. The output of the local carrier oscillator is introduced

to the same modulators, to one of them directly and to the other

through a device which shifts the phase 90 degrees. The phases of
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the outputs of these balanced demodulators will be in quadrature and
the frequency will be the beat frequency, A, between the incoming and
local carriers. These voltages operate a variable reluctance type

synchronous motor ^ which is mechanically connected to a condenser

which forms a part of the local carrier oscillator circuit. The motor
operates until the frequency of the local carrier oscillator is exactly the

same as the carrier at intermediate frequency, when the frequency

applied to the two-phase motor becomes zero.

For distortion testing the receiver can be used as an harmonic ana-

lyzer, the frequency of the beating oscillator being shifted so that only

the desired distortion product passes through the narrow crystal

filter. Measurements made in this way when the transmitter and
receiver were close together checked very well with measurements

made using the monitoring unit previously described.

A balanced second demodulator system was used, as the distortion

is much less than with other types. No attempt is made to separate

the incoming carrier from the sideband in the second demodulator, the

amplitude of the reconditioned carrier or the local carrier supplied to

the second demodulator being several times the amplitude of the

carrier transmitted with the sidebands.

Experimental Results and Discussion

To determine experimentally in a quantitative manner the relative

merits of two radio systems, such as the single and double-sideband

systems, is a matter of considerable difficulty. However, as a practical

matter, the percentage of increased commercial time and the increased

satisfaction which a customer may obtain are of great interest. Three

types of tests have been used in the past for rapidly obtaining in-

formation on the performance of radio circuits. They are: (a) deter-

mining the signal-to-noise ratio, (b) articulation tests, and (c) ob-

servations of circuit merit.

A measurement of the signal-to-noise ratio is made by modulating

the transmitter a given amount and measuring the tone at the receiving

point. The tone is then removed and the noise measured with the

same equipment. When fading conditions are severe a considerable

degree of skill is needed to obtain consistent measurements.

Articulation tests may be made in the manner which has been

described by Fletcher and Steinberg.-* They may consist of the reading

and recording of meaningless syllables, carefully chosen words inserted

3 U.S. Patent No. 1,959,449.
* "Articulation Testing Methods," H. Fletcher and J. C. Steinberg, Bell System

Technical Journal, October, 1929.
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in a variety of sentences, or a simple list of words chosen at random

and inserted in a common phrase.

In the routine operation of the transatlantic channels, the operators

record a value of "circuit merit" which is a composite figure rep-

resenting the operator's judgment of the commercial value of the

circuit. All three of these types of test were used in comparing the

single and double-sideband systems.

All observations were made on 9,790 kc. with an audio-frequency

band of from 250 to 2,800 cycles. The carrier during single-sideband

transmissions was 10 db in amplitude below one of two equal side

frequencies which loaded the transmitter to its maximum amplitude

capacity. Only a single tone was used to modulate the transmitter

when measuring signal-to-noise ratios. The degree of modulation of
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missions for 9-minute intervals. A reconditioned carrier was used at

the receiver most of the time on account of the time required to syn-

chronize the local oscillator when changing from double to single-

sideband reception. The signal-to-noise ratio as well as the articula-

tion was found to be the same for either reconditioned or local carrier

except when the fields were very low, at which times the local carrier

was found to be more satisfactory. Since it was convenient to use a

slightly different degree of modulation on double-sideband than on

single-sideband transmissions and the filter on the single-sideband

receiver passed only 1.2 db less noise than the double-sideband receiver

rather than the theoretically possible 3 db, a theoretical difference of

8.1 db instead of 9 db in signal-to-noise ratio was to be expected.

Each point shown on Fig. 9 represents the signal-to-noise ratio

which was observed on the single-sideband system at a particular
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on the single-sideband system was 10 db higher, and when the signal-

to-noise ratio on the double-sideband system was 40 db the average

signal-to-noise ratio on the single-sideband system was 5 db higher.

The lesser improvement with the single-sideband system for the

higher signal-to-noise ratios was probably due to limitations in the

maximum signal-to-noise ratio obtainable from the transmitting

equipment.

Figures 10 and 11 are plots of the average signal-to-noise ratio

versus field for the single and double-sideband systems. Only double-

sideband fields were measured and the average single-sideband

signal-to-noise ratios are plotted against the average of the preceding
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Upon occasions, advantages considerably higher than the average

were obtained for the single-sideband system. Reeves ^ has shown
that at times the two sidebands of a double-sideband radio system are

likely to be shifted in phase relative to each other and the carrier in

such a manner that the demodulated audio-frequency components
add at random rather than directly in phase. Under such circum-

stances the received signal-to-noise ratio of the transmissions would

be reduced by 3 db, and in comparison with the single-sideband

system the latter would show a correspondingly greater improvement.

Further, under bad fading conditions, some advantage might be

expected from using a receiver in which provision is made to insure

an adequate carrier in the second detector at all times. The single-

sideband receiver used in these tests had such provision while the

double-sideband receiver did not.
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. . .
". Native English callers were used at the transmitting end of

the circuit almost exclusively and experienced articulation observers

were used at the receiving end. Figures 12 and 13 show the articu-
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of 3 is only just commercial and one having a circuit merit of 2 is

useful only as an order wire. It will be noted that the difference

between the curves for a circuit merit of 3 is about 8 db, for a circuit

<
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Outside of the general observation that, as might be expected, the

improvement in signal-to-noise ratio at times when the circuit was

poor was greater than at times when the circuit was good, no particular

FIELD STRENGTH IN DECIBELS ABOVE ^^-

Fig. 15—Plot of circuit merit vs. field strength on double sideband.

connection was found between the improvement obtained by the use

of single-sideband and transmission conditions. Only one magnetic

storm of any consequence occurred during the test and the transmis-

sion was so poor on that day that no results were obtained, and,

therefore, no conclusions can be drawn as to the effect of magnetic

storms.



Mutual Impedances of Parallel Wires *

By RAY S. HOYT and SALLIE PERO MEAD

This is a theoretical paper relating to circuits of straight parallel wires
traversed by alternating currents under such conditions (frequency of the
alternating currents, diameter and spacing of the wires) that the resulting
non-uniformity of the current distribution is sufficient to play an important
part in determining the mutual and self impedances. The paper deals
primarily with the mutual impedances; but incidentally the self impedances
are dealt with almost as fully, except that no numerical calculations are
made for them.

Part I is mainly a discussion of the physical nature of the mutual and self

impedances in the generalized manner necessitated by the non-uniformity
of the current distribution. It deals with wires which are short enough com-
pared with the wave-length so that the complicating effects of propagation
are negligible and so that the current in each wire can be regarded as an ag-

gregate of filamentary currents.

Part II establishes, by recourse to electromagnetic wave theory, calcula-

tion formulas for the mutual and self impedances per unit length of a pair

of long straight parallel transmission circuits forming a square array.

Values of the mutual impedance are calculated over a frequency-range of

1 to 1000 kilocycles per second, for three cases of the circuits, and are com-
pared with measured values.

Introduction

^
I
^HE concept of the mutual impedance per unit length between two

-*- straight parallel filamentary conductors is well understood by

engineers, and its calculation formula is simple. This mutual im-

pedance is a pure reactance (directly proportional to the frequency),

the induced electromotive force being in phase quadrature with the

inducing current.

In the case of open-wire circuits, even when operating with carrier

currents of very high frequency, the mutual impedance can be calcu-

lated with high accuracy by regarding the wires as filamentary.

For cable circuits, however, the foregoing statement is not true,

because of the close juxtaposition of the wires. In such circuits the

wires may be termed "thick," meaning that their diameter is ap-

preciable compared with their interaxial separation. Depending in a

complicated manner on the conductivity, permeability, diameter, and

interaxial separation of such wires, the frequency may easily be so

high as to render the filamentary formulas for the mutual impedance

of even straight wires quite inaccurate and unreliable. In such cases

it is necessary to consider the current distribution over the cross-section

* The two parts of this paper are distinct, though complementary. Part I

was written by Ray S. Hoyt, Part II by Sallie Pero Mead.

509
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of the wires. ^ When this is done it is found that the mutual impedance

comprises not only a reactance component, which is no longer propor-

tional to the frequency, but also a resistance component, which does

not vary in any simple way with the frequency. Both of these com-

ponent departures of the mutual impedance from its simple fila-

mentary value increase the difficulties of balancing out crosstalk, and

the resistance component has also an important effect on the attenua-

tion at carrier frequencies. These matters have recently assumed con-

siderable importance on account of the rapidly increasing interest in the

possibilities of communication transmission over non-loaded cable

circuits with the aid of carrier currents having frequencies high com-

pared with those of speech. As an approximate guide to the behavior

of twisted circuits in cables the theory and formulas for straight wires,

as developed in this paper, have proved to be of considerable service.

The present paper deals with the mutual impedances of two or more

straight parallel wires from two aspects: In Part I the physical theory

is developed and expounded. The current in a wire is there regarded

as made up of an indefinitely large number of parallel filamentary

current elements. On this basis it is shown (among other things) that

the current distribution over the cross-section of each conductor is

necessarily non-uniform, and that this non-uniformity gives rise to a

mutual resistance term in the mutual impedance, besides a change in

the mutual reactance term. In Part II electromagnetic wave theory

is applied to develop formulas for the mutual and self impedances of a

pair of long straight parallel transmission circuits in close juxtaposition.

Calculations of the mutual impedance made with these formulas over

a very wide range of frequencies (1 to 1000 kilocycles per second) are

found to be in very satisfactory agreement with available experi-

mental results.^ In both parts of the paper an endeavor has been

made to bring engineering concepts and formulas into closer relation-

ship with electromagnetic theory.

'The convenient term "proximity effect" when applied to the distribution of

the current over the cross-section of a given conductor means the deviation of this

distribution from the "intrinsic distribution," the latter meaning the distribution

when the given conductor is far enough from all other conductors so that the distri-

bution in it is sensibly unaffected by them.
When the given conductor is a straight uniform wire of circular cross-section, its

"intrinsic distribution" is of course axially symnietrie^al.

Not every axially symmetrical distribution is the same as the corresponding
intrinsic distribution, as is evidenced by the case of two coaxial conductors, where the
proximity effect in the outer conductor may be large although the current is axially

symmetrical in each conductor.
2 See the paper by R. N. Hunter and R. P. Booth, in the April issue of this

Journal, entitled "Cable Crosstalk—Effect of Non-Uniform Current Distribution in

the Wires," which includes the results of some rather extensive sets of measurements
of the mutual impedance of straight wire circuits, and also of twisted circuits in

cables, and a brief physical discussion with particular regard to the effect of non-
uniform current distribution.
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PART I

Physical Theory

The Physical System; Analysis of the Wire Currents into Filaments

Since the mutual impedance between any two parallel circuits can be

expressed wholly in terms of the mutual impedances between the

various wires composing the circuits,^ it will suffice in Part I to discuss

the mutual impedance between the two wires A and B in Fig. 1.

These are each of uniform cross-section, but they need not be alike in

cross-sectional shape and area nor in material.

The wires in Fig. 1 will be assumed very long compared to the dis-

POSITIVE DIRECTION

__P__^ Jl_^_ ^__^ ^-^_..,-,

B
m^NUMBER OF "FILAMENTS" IN A n = NUMBER OF"FILAMENTS" IN B

Fig. 1—Two "thick" straight parallel wires, p, q designate any two "filaments"

of wire A; <l>, d any two of B.

tance between them, so that the end-effects* in the current distribu-

tion will be negligible, yet short enough compared with the wave-

length so that the charging current will be a negligible fraction of the

total current and therefore the current in each wire of sensibly the

same value throughout its length.^ These circumstances enable the

current in each wire to be treated as an aggregate of filamentary cur-

rents which are purely longitudinal, and correspondingly enable the

mutual and self impedances of the wires to be described and formulated

in terms of the mutual and self impedances of such filaments, thus

correlating well with the familiar treatment of a system of fine parallel

wires. This treatment by analysis into filaments has been chosen

^ For example, the mutual impedance Zab between two circuits a and b, of which
a comprises wires 1 and 2 and b comprises 3 and 4, is given by Zab = Zn — Zu — Zn
-f Z24. However, since the wires are in general "thick," the value of each nmtual
impedance (also each self impedance) must depend on the presence of all four of the

wires.
* These consist in the currents not being purely longitudinal near the ends of the

wires.
^ Negligibility of the charging current does not by any means imply that the

distributed charges on the surfaces of the wires are negligible as regards the voltages

which they produce, for extremely small charging currents suffice to establish charges

which can produce relatively large voltages.

For a discussion of this very important fact and other underlying concepts of

circuit theory, the reader is referred to a paper by John R. Carson, "Electromagnetic
Theory and the Foundations of Electric Circuit Theory," published in this Journal
for January, 1927.
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because it lends itself well to a physical exposition and to the derivation

of the simple formulas needed in that exposition.

Since in general the various filamentary currents in a wire are not

in phase the total, or resultant, current in the wire, which is the com-

plex algebraic sum of the filamentary currents, must be less than the

arithmetic sum of the filamentary currents. An extreme instance of

this fact is presented by a wire, short compared with the wave-length,

which is on open circuit and is situated in the field due to other cur-

rents; for although the total, or resultant, current traversing any cross-

section of this open wire must be zero, the individual filamentary

currents are not zero.

Tlie Two Parts of a Voltage, and Their Resultant ^

For clearness in describing and formulating the mutual and self

impedances of the wires, even when these are filamentary, it is neces-

sary to recognize that the voltage along any specified path (which

may, in particular, be a filament in a conductor) is in general the sum,

or resultant, of two voltages which are simultaneously present along

the path, namely the voltage due to all charges, and the voltage due

to all currents; for brevity, these two parts of the total voltage will be

called merely the "charge voltage" and the "current voltage" re-

spectively—or, somewhat more fully, the "charge-produced voltage"

and the "current-produced voltage." They will be denoted by V and

U respectively, and their resultant by W, so that W = V -\- U.

The two parts of a voltage have the sharply contrasting properties

constituting principles "1" and "2" in the following set of four

principles, all of which are of much importance for the understanding

of electric circuit theory and transmission theory.

1. A "charge voltage" (F) has exactly the same value along every

path between any two fixed points, and hence is zero around every

closed path.

2. A "current voltage" (U) has in general unequal values along

any two different paths between any two fixed points, the difterence

in these values being accounted for by the time rate of change of the

magnetic flux in the space between the two paths; thus a "current

voltage" is in general not zero around a closed path.

3. The total, or resultant, voltage {W) must evidently have the

same properties as the "current voltage" (U) in " 2."

4. For any current filament / in a conductor the product of the

resistance R/ of the filament and its current // is, by Ohm's law, equal

''This section is based on certain fundamentals of electromagnetic theory sum-
marized in an appendix placed at the end of the whole paper.
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to the total, or resultant, voltage along the filament; that fs i?/// = Wf
= F/ + Uf. Hence Vf = Rflf — Uf, which is the most convenient

form in many applications, particularly those involving inductances.

Before taking up (in the next section) the more complicated subject

of the mutual and self impedances of "thick" wires, some of the fore-

going principles will be illustrated by applying them to the simple

system represented by Fig. 2, which comprises two filamentary wires

POSITIVE DIRECTIONS

H

ooooo(^ ]G V

K

Fig. 2—An illustrative circuit of two "filamentary" wires, H and K.

II and K forming a loop. The dotted line G is merely a geometrical

path traced directly between the initial terminals of the two wires.

The first form of principle "1," when applied to the two separate

paths G and IIK between the initial terminals, gives:

Vg = Vh + (- Vk). (1)

The following two equations result from the last form of principle

"4," when supplemented by the definitions of the self and mutual

inductances of filamentary wires, which enable the U's to be expressed

in terms of the /'s

:

Vh = RhIh — Uh ^ RhIh + i^Lnln + ioiLnKlK, (la)

Vk = RkIk — Uk = RkIk + icoLkIk + icoLkhIh, (lb)

where Lh denotes the self inductance of wire H, Lhk the mutual in-

ductance '' between // and K, co = It times the frequency, and

i = ^|— 1. Further, on account of the choice of positive directions

shown in Fig. 2, Ik = — Ih- Accordingly, replacing Ik by — In and

substituting the resulting values of Vh and Vk into equation (1)

gives

:

Vg = {Zhh + Zkk - 2Zhk)Ih, (Ic)

where Zhk = io^LnK = iccLKii = Zkh, Zhh = Rh + iooLn, etc. It

will be observed that while the "current voltages" have been elimi-

nated (through the self and mutual inductances and the currents),

the "charge voltages" remain and play the role of "applied voltages."

For wire H (Fig. 2), the equation (la), when written in the form

RhIh = Wh = Vh -\- Uh = Vh - MLh - Lhk)Ih, (2)

'The first subscript designates the "disturbed" wire, the second the "disturb-

ing" wire ("inducing" wire).
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and its "vector diagram" (Fig. 3) both show that, in the hmiting case

of a perfectly conducting wire {Rh = 0), Vn and Uh would exactly

balance each other, their values being exactly equal and opposite;

Uh =

"CURRENT
VOLTAGE

"

Fig. 3—Vector diagram relating to wire H of Fig. 2.

and that, in the case of an actual wire of low resistance, Vh and Uu
nearly balance each other, their values being nearly equal and nearly

opposite, so that their resultant Wh = RhIh is a small residual voltage,

although Vh and Uu individually may be very large compared with

Wh.

The Mutual and Self Impedances

The mutual impedance (and similarly the inductive part of each

self impedance) of the wires A and B (Fig. 1) cannot be defined as the

negative of the voltage induced in either by unit current in the other,

because the induced voltage necessarily has unequal values along the

various filaments of which the disturbed wire may be regarded as

composed. Thus in general this definition, which might be called the

elementary definition, is applicable only to the individual filaments
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composing the wires, or to wires which themselves are fine enough to be

regarded as filamentary.^

The self and mutual impedances of the wires could be formulated

in terms of the self and mutual impedances of their filaments by

eliminating the filamentary currents. However, without such elimi-

nation it is possible to obtain a type of formulation which is simpler,

more compact, and in many ways more enlightening, as will now be

shown by aid of the foregoing section:—Considering, in Fig. 1, any
filament p of wire A, let Rp denote the resistance of that filament and

Ip the current through it; then, by Ohm's law, the product Rpip is

equal to the total voltage Wp along p. But Wp is the resultant of the

"current voltage" Up due to all of the wire currents, and the "charge

voltage" Vp due to all of the charges; however, Vp is equal to Va, the

"charge voltage" along wire A as a whole, since the "charge voltages"

along all of the various filaments in a wire must be equal. These

various facts are expressed by the equation ^

i?p/p =Wp^Up+Vp^Up+ Va. (3)

But, from the definitions of the filamentary self and mutual impedances.

Up ^ ^ pJ- p ^^ pql q 2^^ p<i>^<i>y \^)

where Zp = iwLp denotes the inductive part of the self impedance

Zpp = Rp + iojLp of filament p, Zpq — icoLpg the mutual impedance^

between p and any other filament qof A, and Zp^ = iooLp^ that between

* The case where one wire is "thick" and the other filamentary is on the border
line, the elementary definition of the mutual impedance being applicable when the
"thick" wire is the disturbing wire but not when it is the disturbed wire.

The generalized definition, to be formulated later herein, must of course be such
that the mutual impedance between any two wires will have exactly equal values
in the two directions.

' The distribution of V over the cross-section of the wire being uniform, equation

(3) shows that if U is non-uniform I also must be, and conversely. This is exem-
plified in skin efTect and proximity effect.

By averaging the whole set of equations, of which (3) is typical, relating to all of

the filaments in wire A, and denoting the total current in this wire by / and its

direct current resistance by i?," we find that

R^I =W = U +V = U + V,

a bar indicating an average value over the cross-section. The relation 7?°/ = W
appears sufficiently useful and interesting to justify its enunciation in the form of a
theorem, as follows: When the varying current in a single piece of uniform wire, which
may have any cross-sectional shape, has sensibly the same total value I throughout the

length of the wire, whose direct current resistance is R", the product R'^I is equal to the

cross-sectional average W of the total, or resultant, voltage W along the wire between its

two ends. For a wire which is fine enough to be regarded as filamentary, the above
equation reduces to RI = W = U -\- V. For a wire carrying direct current, it

reduces to R^I = V = V.
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filament p oi A and filament <^ of B. On substituting (4) into (3) we
get for filament p the "voltage equation:"

Vr, = ZZpJ, + HZj^h = Va. (5)

Next we multiply this equation through by Ip, add together the w
such resulting equations corresponding respectively to the tn filaments

of wire A, and introduce the condition that the sum of the filamentary

currents in A is equal to Ia- Finally, we divide the resulting equation

through by Ia and denote the current-ratios Ip/Ia, IqJIa, mia by

Jp, J^, J^ respectively, each / thus denoting the ratio of a filament

current to the total current in the wire to which that filament belongs,

so that J may be called a "relative filamentary current." We thus get

the equation

P Q P <t>

Comparison of this with the equation

Va = ZaaIa + ZabIb, (6a)

which is the "voltage equation" for wire ^ as a whole, yields the

following formulas for the self impedance Zaa of wire A and the

mutual impedance Zab to A from B (Fig. 1)

:

Zaa — ^^Z pqJpJg, (7) Zab = YizlZ,^JpJ^. (8)
P Q P ')>

Similarly, for wire B,

Zbb = Z-j^lZ^eJ^Je, (9) Zba = zlzlZ^pJ^J p, (10)
<j> d <t> p

Zba denoting the mutual impedance to B from A. It will be recalled

that p, q designate any two typical filaments of wire A, and <^, d any

two of B.

The presence of the relative filamentary currents (the J's) in these

equations accounts for the fact that the self impedance of a wire

depends on the current-distribution over its cross-section, and the

mutual impedance between two wires on the current-distributions

ov^er their cross-sections. The self and mutual impedances of two

wires, such as A and B, must thus depend on the currents in any other

wires that may be present, because the voltages induced in A and B
by these other currents will partly determine the current-distributions

in A and B. Although the values of the summation expressions in

equations (7) to (10) depend on the currents in any other wires that
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may be present, nevertheless the forms of these expressions do not.

Thus, so far as the forms of the expressions are concerned, the two
wires A and B need not be alone but may be any two of a system of

parallel wires A, • -, B, • •
, D carrying arbitrary currents Ia, • • -,

Ib, •
, Id respectively; still further, A and B may even be any two of

the parallel longitudinal parts of which any wire may arbitrarily be

regarded as composed.

Equations (8) and (7) respectively show that the mutual and self

impedances of "thick" wires have the following significance:

The mutual impedance between two wires is equal to the sum of the

weighted mutual impedances from every filament in one wire to every

filament in the other, the weighting factor of any filamentary mutual im-

pedance being the product of the corresponding two relative filamentary

currents (the Ts)}'^

The self impedance of a wire is equal to the sum of the weighted mutual

impedances from every filament to every other filament, including the

weighted mutual impedance from every filament to itself, the weighting

factor of any filamentary mutual impedance being the product of the

corresponding two relative filamentary currents (the J's)}^

Or, more briefly, the self impedance of a wire is equal to the sum of the

weighted mutual impedances from every filameyit to every other filament

and to itself.

Several matters of interest regarding the "thick" wires A and B
(Fig.l) will next be discussed, mainly from the physical viewpoint

corresponding to equations (7) to (10).

Reciprocity of the Two Mutual Impedances

Since Zp^ and Z^p are unquestionably equal, because they relate to

filaments, comparison of formulas (8) and (10) shows that the mutual

impedances Zab and Zba between the wires A and B are equal. The
same conclusion follows also from the first italicised paragraph above,

which is based on formulas (8) and (10).

Complex Nature of the Mutual and Self Impedances

Although every mutual impedance between different filaments is a

pure reactance which is directly proportional to the frequency, never-

theless the mutual impedance Zab between the wires A and B has in

1" In other words, the mutual impedance of two wires is equal to the sum of the

weighted mutual impedances between all of the various filaments taken in pairs

each pair consisting of one filament from each wire.
'1 In other words, the self impedance of a wire is equal to twice the sum of the

weighted mutual impedances between all of the various filaments taken in pairs,

plus the sum of the weighted self impedances of the filaments. (The weighting

factor of the self impedance of any filament is evidently the sc|uare of its relative

filamentary current.)
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general not only a reactance component which is not quite proportional

to the frequency, but also a resistance component which does not vary

in any simple way with the frequency. On the basis of formula (8)

these facts are to be accounted for by the consideration that in general

the various filamentary currents in a wire are not only not in phase but

have no simple phase relations. Thus if (8) is written in the form

Zab — icoJ^Y^L p4,JpJ^ = Rab + IwLab, (11)

then Rab is not zero, and Rab and Lab vary with co although Lp^ does

not.

That the self impedance Zaa of the wire A is not a pure reactance

can be accounted for similarly, with the additional reason that the

self impedance of each filament is complex, because of its resistance.

Thus if (7) is written in the form

Zaa = HiRp + io^Lp)// + icoE E LpJpJ, = Ra + io:LA, (12)
p p Qy^p

then Ra is not zero, and Ra and La vary with co although Rp, Lp, Lpg

do not.

It may be noted that in the idealized case of perfect conductivity

the mutual and self impedances of the wires would be pure reactances

and directly proportional to the frequency; for in this case the fila-

mentary currents in any wire would all be in phase and their distribu-

tion would be independent of the frequency. (The current dis-

tribution would be the same as the charge distribution and hence

purely superficial.)

Case of Negligible Proximity Effect

The case here considered is that in which the wires A and B are of

circular or of annular cross-section (but external to each other) and

are far enough apart so that the proximity effect > is negligible and so

that therefore the current distribution over the cross-section of each

wire is sensibly axially symmetrical.

For this particular case the mutual impedance Zab = Zba is not

complex but is pure reactance, being equal to the mutual impedance

Za'b' = Zb'A' between two filamentary wires A' and B' having the

same interaxial spacing as the given " thick" wires ^ and B. Although

this statement is clearly true when only one of the wires is "thick," it

really needs a proof in the general case where both are "thick." The

following simple proof depends on the fact that everywhere (except

near its ends) outside of a long straight wire, of circular or of annular

section, carrying an axially symmetrical current the magnetic field

produced by that current is the same as though the current were con-
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centrated in the axis, and the proof also utilizes the reciprocity relation

for the mutual impedances in the two directions between the two
wires involved; thus/

Zab — Zab' = Zb'a — Zb'A' = Za'H',

Zba = Zba' — Za'b — Za'B' — Zb'A'-

The statement at the beginning of this paragraph is thus proved.

PART II

Mathematical Theory and Calculations

The theoretical investigation of the self and mutual impedances per

unit length of two long parallel pairs of wires in space is an application

l3=-l2 \ l2

Fig. 4—Cross-sectional diagram of 4-wire sjstem.
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of two dimensional wave propagation theory. The specific case of

four wires in a square array was selected as the basis of a comparison of

measured and theoretical values of mutual inductance. The configura-

tion with four equal wires is shown in cross section in Fig. 4 where
wires No. 1 and No. 4, centered at 0] and d and carrying currents

I\ and — /i, respectively, form the first pair or primary and wires No. 2

and No. 3 at Oi and O3 and carrying currents I^ and — h, respectively,

0.7
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form the second pair or secondary. We have

O1O3 = O2O4 = 2c

and

O1O2 = OxOi = ^[2c.

The notation for the dimensions and coordinate systems is shown in

Fig. 4. The theoretical values of mutual inductance are calculated

from the geometry and electrical constants of this system by means of

the formulas which will be derived herein, while the measured values

are those obtained for this system by R. N. Hunter and R. P. Booth. '^

Numerical Results

A close agreement between the values of mutual inductance com-

puted on the basis of the approximate formulas derived below and

the experimental results is shown by the curves in Figs. 5 and 6.

In fact, for No. 18 gauge wires, in which case the proximity effect is

comparatively small, the computed and measured values are indis-

tinguishable in Figs. 6A and 6B. Evidently the error introduced by

the fact that actually the line is comparatively short while theoretically

we assume it of doubly infinite length, is inappreciable. The drawings

give relative values of the real and imaginary components of the com-

plex mutual inductance M = Ma + iMb, for 74 inch lengths of wires

with vertical and horizontal interaxial spacing of 0.14 inch over a

frequency range of 1 to 1000 kilocycles per second. (The value

0.565 X 10~'^ emu. is assumed for the conductivity of the wires and

unit permeability for both wires and dielectric.) The solid curves

represent computed values and the dotted curves measured values.

The values shown are the ratios of Ma and Mh to the value of Ma at

1 kilocycle. In Figs. 5A and 6A the frequency scale is linear, while in

Figs. 5B and 6B it is logarithmic. The computed curves of Fig. 5

(obtained from formula (13) below) assume a pair of No. 10 A.W.G.

wires (0.102 inch in diameter) as the primary and a filamentary

secondary. Actually the secondary was a pair of No. 28 A.W.G. wires.

In the two cases shown in Fig. 6, computed from formula (14) below,

both pairs of conductors are of the same size; namely, No. 10 and No.

18 A.W.G. wires, respectively (the latter being actually 0.0410 inch in

diameter).

It will be observed that we have the relation

M = Zm/icO,

Z,n denoting the mutual impedance, oj/lir the frequency and i the
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cularly symmetrical. Physically this is equivalent to assuming the

concentration of the current on the axes of the secondary as if it were

filamentary so that the proximity effect in this pair is eliminated.

Thus equation (13) formulates the solution of the case which is

represented in Fig. 5. Regarded as an approximation to the solution

when both pairs of wires are of large cross-section, it will be seen

that these values account for about 50 per cent of the departure

of the final results from the d.c. value. (This is 0.261 microhenry for

the square arrangement.) The second approximation (formula (14))

takes into account the circularly unsymmetrical components of the

field due to the unsymmetrical distribution of current density in the

wires of the secondary as well as of the primary and so adds the prox-

imity effect due to the thickness of the secondary. A summary of the

formulas for mutual inductance follows:

Formulas
With the notation

X = ajlc

a = radius of wires in centimeters

2c = diagonal interaxial separation of wires in centimeters

<T = conductivity of wires in emu.

/ = u/2ir = frequency

and denoting by M'-^'' the complex mutual inductance per unit length

of two circuits, one of wires of large cross-section and one filamentary

or, from the other point of view, a first approximation to the mutual

inductance of two circuits of wires of large cross-section and, by AI,

a second approximation to the latter, we have

ilf(o) = 4(iog^ V2 - ^i), (13)

M = M(«> - 4{h - 7ki' + ^h), (14)

where

h

Tl

T2

- 2X2ti

- 12X^2

2 ber' x -\- i bei' x
-\-t

X ber X -\- i bei x

V -\- iv when x ^ «

. 8 4 ber x + i bei x

.r^ X ber' x -\- iheV x

- 2v -\- i2v when x

aV47ro-co = V2/1',

/(27raVjV).
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For values of ber x, bei x, ber' :x; and bei' x see Jahnke u. Emde, " Funk-

tionentafeln." M^"^ and M are given above in emu. per centimeter.

We assume M'-^'' and M proportional to the length and multiply by

0.1880 to obtain michrohenries per 74 inches.

No assumptions with respect to frequency are made in formulas

(13) and (14) but terms of the order of magnitude with respect to

unity of 9y^i^
~ 9X^ or smaller are neglected. That is, the accuracy of

(13) and (14) is limited by the dimensions rather than by the frequency.

But for frequencies of about 100 kilocycles or higher and not too small

wires (that is, when x ^ about 10) formulas (13) and (14) may be

expressed in interpretable form; namely,

ilf (0) = lf„(o) -I- iMfaC) (15)

and

where

M„^o) = 4(log. V2 - ^-^, + 3-^,

M = Ma + iMb, (16)

X2 . X2

Mb^o) = - 4
X2

1 - 4X

M„=M.co)-4(^,-3Vj+4.^^^^,-6X^

M, = M,(o) - 4:u( Y^^2 - 6X^

The asymptotic values (when / or o- or both approach infinity) are,

therefore,

M(«> = 4(log, V2 -
^ ^^2x0 ' (17)

M= M(«) - 4 ^
^'2X^

- 3X^^ (18)

and the d.c. value (when / approaches zero) is, of course,

ikT = 4 log, V2.

Thus M is real (i.e., Mb = 0) when the frequency is either zero or

infinite.

Formal Solution

The following derivation of these results is an application of the

general method of calculating the self and mutual impedances in a

system of parallel wires which is outlined in Section V of John R.

Carson's paper "Rigorous and Approximate Theories of Wave Trans-

mission along Wires," B. S. T. J., Jan., 1928. This method of solution
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has proved valuable in investigating a variety of problems in wave
propagation along parallel conductors. Reference may be made to

the paper itself for a fuller exposition of the underlying theory, much
of which is omitted from the present analysis.

In terms of a vector potential A and a scalar potential V, the elec-

tric and magnetic forces E and // per unit length in the dielectric are

given by the relations,

E = — grad V — iuA
and (19)

nH = curl A

,

where n is the permeability of the dielectric. Assuming that the wave
varies as exp {io:t — yz) and putting F = iwA,, the axial electric force

E^ (omitting the subscript 2) may be written

E= -yV - F, (20)

where 7 is the propagation constant per unit length of the system.

Now, as we shall show below, the electric force E inside of the con-

ductors and the wave function F in the dielectric may be expressed as

linear functions of the conductor currents. That is, at the surface of

the jth conductor, for example, we may write

E; = eijli + eijh + ezji + e^jU
and (21)

where ejk and fjk are determined by the geometry and electrical con-

stants of the system. (F,-, the potential at the surface of the 7th

conductor, is determinable from the geometry of the conductors as a

linear function of the conductor charges, Qu Qi, • • •
; that is, F, may

be written

Vi = puQi + p2,Q2 + ps^Qs + PM,

the p coefificients being the Maxwell potential coefficients of the system.

These, however, are not required in the present problem.)

But relation (20) must hold at the surface of the conductors. Thus,

since the electric force is continuous at the surface of the conductors,

relations (20) and (21) give

Zii/i + Z21/2 + Z31/3 + ZiJi = 7F1 ^ El -\- F, ri = a,

'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'. (22)

Z14/1 + Z24/2 + ZsJi -f Z44/4 = 7F4 = Ei -\- F, ri = a,
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where

and
Zjj = Zkk,

the Z coefficients being the self and mutual impedances of the indi-

vidual conductors. The required self and mutual impedances, Zs and

Zm, respectively, however, are the impedances of the circuits 1-4 and

2-3. Owing to the relations, I\ = — h and h = — Is, of the cur-

rents, Zs and Z„i are given by

Zs = 2{Z\i — Z41)

and (23)

Zm = 2(Z21 — Z31).

Thus, from equations (22) and (23), we have

ZJi + Z„j2= 7(Fi - F4) = 2(£i+ F), n = a. (24)

The problem is then reduced to the determination of E and F in terms

of /i and I2.

The function F must satisfy Laplace's equation in two dimensions

and may be resolved into four waves centered respectively on the axes

of the four wires, each satisfying Laplace's equation. Thus, at any

point {rj, Qj) in the dielectric, F may be written

F = Fi -f 7^2 + F3 + F,, (25)

where

Fj = Aoi log Tj -\- Z ( A ni ^ „ + Bnj
^ „ I , J = 1, 2. 3, 4.

w = 1 \ ' J ' J /

The arbitrary constants Aoj are determined by the relations

But owing to the specific configuration and to the conditions

U^ - U and /s = - I2, (27)

the 8m arbitrary constants Ani, Bnj may be reduced to 4». Thus, we

have
An\ = — Ani = ^n, B n\ = B ,,4 = B n,

(28)
An2 — ~ An^ = C „, Bn2 = -6„3 = /^rii

and also

Aui = — Aiu = — 2iuicx}Iu Ao2 = — Ai):i = — Ifjiicol-i.
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Inside of the conductors the axial electric force Ej must satisfy the

wave equation in two dimensions. It may, therefore, be expressed

as the Fourier-Bessel series,

00

Ej = gojJoirjz/a) + E Jn{rjzla){gnj cos nSj + //„; sin ndj). (29)
n = I

The constants go; are given by the relations

r'^^ / dE\
ATTfxJo}!]- =

I (
-^ I addj,

or
Jo{rjz/a)

Zj being the internal impedance per unit length of the jth. conductor

with concentric return. Here iic is the permeability of the conductor,

Jn{z) is the Bessel function of the first kind of wth order and argument

s = aiViTTOTMw and the arbitrary constants g„/ and /?„;• are to be

determined by boundary conditions; it is evident, however, that we

must have
gnl — ~ gni, hnl — «n4» /t<\

gn2 = — gn3, /?«2 = ^n3.

At the surfaces fj = a, the boundary relations are

dF _ _^dE
drj Mc drj

and (32)

dF _ _dE
dej~ ddj'

Hence, introducing (25) and (29) in (32), applying (32) at the two

surfaces n = a and r2 = a and equating harmonic coefficients, gives 8«

equations in the 8w arbitrary constants An, Bn, C„, J9„, g„i, g„2, //„i,

hn2- This procedure requires that F be expressed in terms of ri, 9i and

of r2, 02 by suitable transformations of coordinates. ^^ Thus, for all

points in the neighborhood of ri = a, for example, F may be written

F = Ifiiouli log — + liiiwh log— — Y.\ ~- -t) ^^
Ti C'l n=l \ ^C /

w=l \ C2
cos'-^) (/!„ - C„) -f ( sin"^) (5„ - Z)„)j

+ Z (cosw0i)(^„Vi" + 5„Vi-") + E (sin«0i)(C„Vi"+Z)„'rr"), (33)
n=\ n=l

1' The necessary formulas for these transformations are derived in Note II of

the paper "Transmission Characteristics of the Submarine Cable" by John R.

Carson and J. J. Gilbert, Journal Franklin Institute, December, 1921.
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where An , B,/, C'n and Dn are expressible in terms of An, Bn, Cn and

Dn and of the currents, electrical constants and dimensions of the

system. In the neighborhood of ^2 = a, F is given by a similar ex-

pression in the coordinates ^2, di. The application of the boundary

relations at ri = a and ri = a then, as explained above, leads to a set

of equations which determine the arbitrary constants in terms of the

currents, electrical constants and dimensions of the system. When
these equations are solved and the arbitrary constants are known,

equation (24) becomes

C2
ZJy + Z„J2 = 2 Zi + 2MtC0 log- + ^s]h

+ llliiiu^Xogj^+lAl., (34)

where

A Ji + A,„/2
.?.

-^' ^"

C2
COS^

]
{An - Cn)

+ (sin'^)(5„ - Z)„)j

The formal solution is then complete, Aj/i + ^mli representing the

correction in the series voltage drop of the primary circuit due to the

proximity effect.

Solution by Successive Approximations

As the set of simultaneous equations, upon which depends the de-

termination of the arbitrary constants An, Bn, Cn and Dn, involves

an infinite number of unknowns, a direct solution is, in general, im-

possible. Consequently, some method of successive approximation is

required. The convergence of the harmonic sequences indicates the

practicability of the following procedure in the present problem.

(1) Determine first approximations .4 „^°^ and Bn^^^ by boundary con-

ditions at ri = a, neglecting the summations in C„ and D„. For the

first approximation only ^/"^ and ^i^") will be required and the series

may be represented by their leading terms.

(2) Determine C„(') and Dn^'^ in terms of ^,/») and S„(»^ by con-

ditions at ^2 = a.
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(3) Determine An^'^^ and Bn^^^ in terms of C„^^^ and ZP„(') by con-

ditions at Tx = a.

Then, we have, for example,

Z (
- ^j C„ = E (

- ^ j
(Cn^o) + C„(i) +• C„(2) + • • •) (35)

and similar expressions for the other summations. Now, putting
(7„(o) = i;)„(o) = 0, the first approximation to the proximity effect

is given by
^,(0) ^ (0)

A/»)/i + A,.(o)/o =^ +^ . (36)

Next, since, for example, ^2^^7(2^)^ is of the same order of magnitude

as ^1^^7(2^), the increment due to C„^^^ and Dn^^^ will be

yl/') 5/^) P/i)
a, ix ^ ^m 11

2c ^ 2c 2c

HoW) Cp^') D9<1)

(2c)2 (2c)2^ (2c)2-
^^'^

Then a second approximation to A^/i + A,„7'2 will be

(A,(o) + A,(i))/i + (A^(°> + A„.(i))/2

and, in general,

AJi + A„,/2 = E (A.(»)/i + A«(")/2). (38)

Applying this method we assume unit permeability for wires and

dielectric. Then putting the first approximation in equation (34)

gives equation (13) above for M^^'^ . Neglecting terms containing

\\ we find Ci(2)/2c and i^i(2)/2c ignorable. In B2^'^l{2c)\ C2^'^/{2cy

and D^^^^ jilcy we require the first terms. We then have

^,^'Ul + Aj'^h = - 2io:h(ki - 6kx^ + • • • + 1^2 + • • •)

- 2io}h{kx - Iki" + • • • + 4/C2 + • • •). (39)

Hence

Z„. = Ua>i\og V2 - 2y^i + Jki" - •' - 4^2 + • • •) (40)

and

Z, = 2Zi + 4ico
C
log^ - Ski + 6ki'' - ••• -^ko-\-\ (41)
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where

Ri =

h =

1 - 2X2ti
'

XV2

1 - 12X^2
and '

2w /„(?")
1 -

z /„_i(z)

The relations

Joi'z) — ber .r + i bei jc

and
1

/i(s) = :^^ (ber' X + i bei' .v),

where

z — xV— -i

give the expressions in equations (13) and (14) for t\ and T2.

For the asymptotic values we have

• — I, when .r —» 00

,

so that

or

and

where

Also,

In

Ti —> 1 — V -\- iv

T2 ^ 1 — 2v -\- i2v,

1 - 2X2 V 1 _ 2x2; ' "(1 - 2X7'^'

U2 X^ { ,
2. \

,
. 2X4,/

and
(1 - 2X2)2 V 1 - 2X2/ ' "(1 - 2X2)3'

;
X^ /, 2v \ ,

2\'v

1 - 12X4 V 1 - 12XV (1 - 12X4)2

Thus equations (15) and (16) readily follow.

In addition, the high frequency value of the self impedance, Z„ is

given by

vm ov /1 ,

4X2 \
, ,. /, V2c 2X2 "2X2^ \

Z/°> = 2Z>^l+^-^j+4;..(^log— --^-^^^+-p:,4^,j
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and

Z. = Z/«> + 2Zi (^-^^, - 6X^)

-''-^Y^^-l^'-^Y^^-'^'
iheve

a \ cr

APPENDIX*

Production and Properties of Electric Field Intensities and
Voltages

This appendix gives a summary of certain points in fundamental

electromagnetic theory which are necessary for a thorough under-

standing of some portions of Part I of the paper.

Precisely defined, "voltage" (W) means the line-integral of the

electric field intensity (-E) along a specified path (s) between two

specified points. ^^ Thus

W = I Esds =
I
Eds. (1)= I Esds = j Eds.

At any point, in a dielectric or in a conductor, the total electric

field intensity E is the resultant of a part Eq due to all charges and a

part Eu due to all currents; thus E = Eg -\- Eu. {Eg and £„ might

be called the "charge electric intensity" and the "current electric

intensity" respectively.)

Precisely stated, the phrases "due to all charges" and "due to all

currents" have the same meanings respectively as in the formulations

of the "retarded scalar potential" ^ and the "retarded vector poten-

tial" A of electromagnetic theory, as summarized in the following

paragraphs. "All charges" and "all currents," respectively, include

polarization charges and polarization currents in a dielectric, thus

allowing (indirectly) for a specific inductive capacity of any specified

value. Furthermore, "all currents" include also such additional cur-

rents (current whirls) as would account for a magnetic permeability of

any specified value. On the other hand, displacement currents are not

included and should not be, for they do not play the role of true

* This appendix relates to Part I.

" The "electric field intensity" (or, briefly, "electric intensity") is often called the

"electric force."
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physical "causes" when "retardation" is allowed for in the formula-

tion of the effects.^^

It is of course possible to give, in a single step, formulas for Eq and

Eu in terms explicitly of the charges and currents to which they are

respectively due. However, it is much preferable, both mathe-

matically and physically, to proceed in two steps, of which the first

consists in giving the formulas for the two potential functions, S^ and A
,

and the second in giving the formulas expressing £, and £„ in terms

of ^ and A respectively. For convenience these four formulas will

now be given together. For completeness the formula for the mag-

netic field intensity // will be added, although it is of only secondary

interest here and in Part I of this paper; further, the formula for the

relation between ^ and A will be included, since it underlies the

formulas for "^ and A. These six formulas, which are classical,

follow. The functional notation g(/ — rjc), in formula (2), indicates

that the charge-density q is to be evaluated at the time / — r/c, as

discussed in the next paragraph; similarly for the current-density u

in (3).

^^ pA^dv, (2) A
=1J

dv, (3)

1 f)A

E,= - grad ^, (4) £„ = _ _ ^ , (5)

H = cur\A, (6) div^ + ^^=0. (7)

Although usually the application of the first two of these formulas to

specific cases is difficult and laborious, their physical meaning is

rather simple, as will shortly appear in the following description and

discussion of them.

The six formulas in the above set constitute a complete explicit

solution of Maxwell's differential equations of the electromagnetic

field, and form the connecting link between those differential equations

and electric circuit theory. They express the potentials (^, A), and

thence the field intensities (Eg, Eu, H), at a specified point P and time

/, due to all of the distributed charges and currents contemplated.

The point P may be anywhere, in a dielectric or in a conductor; and

the time t is that observed at P. dv is a fixed element of volume or of

surface (as the case may be ^®) at any typical point in the contemplated

'^ For a mathematical treatment relating to the various matters touched on in

this paragraph reference may be made to the appendix of the paper by John R.
Carson cited at the end of footnote 5.

•» For brevity the term "volume-element" will throughout be used generically to

include "surface-element" as a limiting case, with "charge-density" being inter-

preted as "volume charge-density" and "surface charge-density" respectively.
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system of charges and currents; r is the distance between dv and P;

and c is the velocity of Hght in free space. q{t — r/c) and u{t — r/c)

are the charge-density and the vector current-density, respectively,

in dv, not at the time / but at the slightly earlier time / — r/c, allowance

thus being made for the time of propagation of the effect from dv to P.

Thus in (2) the integration, made at the time t, which is that observed

at P, must include every volume-element dv which contained any

charges at the time / — r/c, whatever the motions of those charges; and

in (3) the integration must include every volume-element dv which

contained any current (moving charges) at the time / — r/c; moreover,

associated with each volume-element dv is a corresponding value of r.

r denoting distance, ^ and A are called "potentials" because of

their inverse dependence on r and their direct dependence on the charge-

density q and the current-density u respectively. ^ is called the

"scalar potential" because it does not have direction in space; A
the "vector potential" because it has direction. These potentials

are qualified as being "retarded" potentials'^ because the values to be

taken for the charge-elements and current-elements are not their

actual values at the contemplated instant / but their "retarded"

values, that is, their values at the earlier instants i — r/c. (It is to

be remembered that the time t is that observed at the point P where

^ and A are to be calculated.)

In the way of a summary statement regarding the set of formulas

(2) to (7), we may say that electric charges, whether stationary or

moving, produce a scalar potential ^ calculable from (2), and thence

an electric field intensity Eq calculable from (4) ; and that if the charges

are in motion, thus constituting currents, they produce also a vector

potential A calculable from (3), and thence an additional electric

field intensity Eu calculable from (5) and a magnetic field intensity

H calculable from (6). Thus the total, or resultant, electric field

intensity E = Eq -\- Eu'is calculable from

E= - grad ^ -
^ ^ • (8)

If the contemplated point P for which E is calculated is in a conductor,

of resistivity p, where the current-density is w', there exists the addi-

tional relation E = pu' , in accordance with Ohm's law.

Of the important contrasting principles enunciated in the section

entitled "The Two Parts of a Voltage, and Their Resultant," principle

" 1 " is an immediate consequence of equation (4) of this appendix, and
"2" is a consequence of (5) and (6) together.

1" Sometimes called "propagated" potentials.



An Unattended Ultra-Short-Wave Radio Telephone System *

By N. F. SCHLAACK and F. A. POLKINGHORN

FOR several years attention has been directed by Bell Telephone

Laboratories toward determining the characteristics of ultra-high

frequencies and their possible application to the telephone plant. This

led to the belief that ultra-high-frequency radio might find a useful

field as an adjunct to the wire telephone plant in crossing natural

barriers where other means might prove difficult or expensive.

Map

In order to make the new facility practicable for use in as many as

possible of the situations for which it is technically adapted, it is

necessary to keep the total operating costs low. By designing the

* Digest of paper presented at Annual Convention of the Institute of Radio
Engineers in Detroit, July, 1935. The paper will be published in full in the Proc.

J. R. E., October, 1935.
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equipment to include certain features over and above the basic require-

ments, it is possible to reduce to a minimum the attendance necessary

to assure continuous operation. Further economies are effected by using

equipment capable of continuous operation out-of-doors.

Since ultra-high-frequency radio circuits are normally quite stable

and comparatively free from noise, it is possible to omit volume regula-

tion and voice operated devices such as are used on transatlantic circuits

at a considerable saving in cost. Under this condition it is necessary,

however, to provide a radio transmitter of somewhat higher power

capacity than would be required if volume regulation were used, but the

cost of this additional power is small compared to the cost of the fea-

tures required to provide for regulated volume operation.

CRYSTAL
OSCILLATOR
8.I2SMC

FIRST
HARMONIC
GENERATOR

SECOND
HARMONIC
GENERATOR

FINAL FREQUENCY
AMPLIFIERS
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circuit between Green Harbor and Provincetown, Massachusetts, as

indicated on the map. Sand dunes near Provincetown, rising about 80

feet, make it possible to secure an optical path across the bay. The

Fig. 2—Ultra-short-wave transmitter mounted in metal
container suitable for pole mounting.

radio circuit is extended by wire from Green Harbor to Boston to form

a direct Boston-Provincetown toll circuit. It is used as one of a group

of terminal circuits and is operated at the normal overall net loss for
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this type of circuit, namely, 9 decibels. Transmission from Green
Harbor to Provincetown is accomplished on a frequency of 65 mc. and
in the reverse direction on 63 mc. This does not represent the minimum
possible frequency spacing for this equipment, but was a convenient

one for the experiment.

At Boston and at Provincetown the circuit appears at a jack in the

switchboard beside the jacks of wire toll circuits. As far as the oper-

ator is concerned, switching and ringing operations are performed in the

same manner as for other similar grade toll circuits and there is nothing

to designate that this toll circuit has a radio link. The insertion of a

cord into the jack starts the radio transmitter at that end of the circuit.

CRYSTAL
OSCILLATOR
8325 KC
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of beating frequency. A small amount of automatic volume control

is provided to compensate for slight variations in received voltage

caused by variation in humidity and other factors. The receivers are

capable of delivering 0.3 watt of undistorted power to a 600-ohm

Fig. 4—Ultra-short-wave receiver mounted in metal container

suitable for pole mounting.

impedance. This is well in excess of the power required during normal

operation.

The transmitting and receiving antennas are identical and each is
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Fig. 5—General view of antennas and pole mounted radio
equipment at Green Harbor terminal.
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mounted on a single wooden pole about ninety feet high. Horizontal

exciter and reflector elements are supported on standard cross-arms.

Four pairs of half-wave exciter elements, each comprising two half-

wave conductors, are spaced one-half wave-length apart in a vertical

Fig. 6—Open view of ultra-short-wave transmitter.

plane on one side of the pole. Four pairs of half-wave reflector ele-

ments are similarly arranged on the opposite side of the pole. The

spacing between exciters and reflectors is one-quarter wave-length.

These antennas when mounted as shown in Fig. 5, give a gain, measured
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at the other end of the circuit, of 12 db over a simple half-wave element

with the same power input, at the same mean height. This type of

antenna was used as it gave the highest gain and directivity which

could be conveniently mounted on a single pole. High directivity was

desirable not only as a means of increasing the received signal but also

to exclude automobile ignition and other noises originating near the

receiving stations. The transmitters and receivers are mounted on the

poles with their respective antennas.

Daily observations of the circuit loss have not shown variations

greater than ± 4 db from the normal value. Noise from local thunder

storms has never prevented the circuit from being utilized in the

normal manner. The several months of trafihc operation to which the

circuit has been subjected have disclosed no important technical

difficulties with this type of system. It has been found that the radio

apparatus can remain in operation over periods of several weeks with-

out attention or adjustment.



Around the World by Telephone

THE first two-way telephone conversations completely encircling

the earth took place at New York City, during April, 1935. The
two telephone instruments used were located in separate rooms on the

26th floor of the Long Distance Building at 32 Sixth Avenue, New
York. In connection with these tests. Air. Gifford, President of the

American Telephone and Telegraph Company, spoke with Vice-

President Miller, and a number of other persons conversed over this

around-the-world circuit for some thirty minutes on April 25th.

These world-encircling conversations were made possible by the very

close cooperation of the several communication interests involved,

including the British Post Office, the Netherlands Telephone Adminis-

tration, the Netherlands Indies Telephone Administration, and the

Bell System.

The circuit used was completely four-wire and was made up of a

cable and open wire carrier telephone circuit from New York to San

Francisco, a radio link from San Francisco to Bandoeng, Java, a radio

link from Bandoeng to Amsterdam, the Netherlands, a land and sub-

marine cable link from Amsterdam to London, England, and another

radio link back to New York.

The approximate lengths of each type of facility and the radio

frequencies used in each radio link are indicated in the table below:

Circuit Sections
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ent times of the day. At New York the time was 9:30 in the morning

and at San Francisco 6:30 in the morning. Between San Francisco

and Java the voice went from April 25th into April 26th and back
reaching Java at 10:00 o'clock at night on April 25. At Amsterdam
the time was 2 :50 in the afternoon and at London 2 :30 in the afternoon.

A total of about 980 vacuum tubes were used and of this number 515

weie in the United States. In all, the above vacuum tubes produced a

gain of about 2000 decibels in each direction of transmission. The
total delay in the transmission of speech over this circuit was about one

quarter of a second. While this was not particularly noticeable to the

talkers at the two ends of the circuit, at one time during the conversa-

tions telephone receivers located near one of the talkers were connected

to the opposite end of the circuit. With this arrangement the delay

between the speech from the talker as heard by the short cut and that as

heard over the circuit was very marked. It is of interest to note that

while the land line links accounted for only about 15 per cent of the

total distance traversed by the voice, they were responsible for about

55 per cent of the delay.



Abstracts of Technical Articles from Bell System Sources

Receiver Band-Width and Background Noise} C. B. Aiken and

G. C. Porter. In doubling the band-width of a radio receiver, it

might be supposed that the apparent noise level would increase about

3 db since the noise energy brought in should be doubled. However,

the high-frequency components of noise may be very much more

troublesome from the standpoint of the listener than the low-frequency

components. An experimental study shows that this is actually the

case. Thus, if the noise level is low, as it should be whenever an effort

is made to employ high fidelity reception, the dependence of the

signal-to-noise ratio upon band-width is very apparent. While there

are many variables involved, it seems safe to conclude that in doubling

received band-width, the required increase in field strength may even

be as much as 8 to 10 db.

Cable Sheath Corrosion—Causes and Mitigation} J. B. Blomberg
and NoRVEL Douglas. The causes and mitigation of telephone

cable sheath corrosion are dealt with in this paper, which describes

particularly a method of applying a counter potential to the cable

sheath for the mitigation of corrosion from localized currents. This

method, although not new, has had but limited application. It may
find extensive future use for controlling corrosion on intercity toll

cables, and in localities where street railways have been abandoned.

In addition to a unique application of this method, there is also de-

scribed the method of correcting by current drainage a particularly

bad case of corrosion from stray current.

The Detection of Frequency Modulated Waves} J. G. Chaffee.

The comparative ease with which pure frequency modulation can

be produced in electron oscillators at ultra-high frequencies has led

to an examination of the problem of detecting a frequency modulated

wave. In this region of frequencies the high ratio of frequency shift

to modulating frequency gives rise to a very large number of side

bands in the spectrum representing the modulated wave. Detection

is usually accomplished by distorting the spectrum by means of a

' Radio Engg., Mav, 1935.

2£/ec. Etigg., April, 1935.

^Proc. I. R. E., May, 1935.
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selective network and then impressing the output voltages upon the

grid of a detector. This process is treated analytically and formulas

are given which permit the calculation of low-frequency detection

products in terms of the transmission characteristic of the distorting

network and the maximum frequency shift during modulation.

Measured detection products produced in such a system are com-

pared with values calculated by means of the formulas which are

given, and the results are shown to be in substantial agreement over

the region in which certain simplifying assumptions are justified.

Acceptance-Rejection Requirements in Specifications .''^ H. F. Dodge.

Specifications for quality of materials and finished products impose

requirements for individual quality characteristics to distinguish

between what may be considered satisfactory for a given purpose and

what may not. For many characteristics, 100 per cent inspection or

testing is not feasible; hence reliance must be placed on sampling a

part of the whole. Under these conditions, 100 per cent conformance

with requirements cannot be achieved with certainty and errors arising

from sampling fluctuations cannot be avoided.

The sampling clauses included in specifications often provide criteria

for the acceptance or rejection of lots of a product. These clauses

constitute interpretations of the intent of the basic quality require-

ments and serve as a basis for action. With sampling, certain risks

are assumed by both the consumer and the producer. One kind of

risk is discussed, and the relationship between (1) the distribution of

the risk between producer and consumer, and (2) the choice of accep-

tance criteria and sample size, is indicated for certain conditions.

Selection and Development of Teachers for Communication Engineering

Instruction.^ O. W. Eshbach. One of a symposium of papers pre-

sented at the Conference on Electronics and Electrical Communication

at the Ithaca meeting of the S. P. E. E. commenting on normal

procedure in the selection and training of teachers, the trend of

development in instruction in electronics and communication, attitudes

characteristic of good teachers, responsibilities toward young in-

structors, and the means through which broadening of knowledge may
be accomplished. Selection of the right individual, development of

effective teaching technique, and the enhancement of knowledge and

experience are emphasized as fundamental to successful teaching.

* Proc. Amer. Soc. for Testing Materials, Vol. 34, Part II, 1934.
^ Jour. Engg. Education, April, 1935.
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The Correlation of Distillation Range with the Viscosity of Creosote ^

(Part V of series, "Chemical Studies of Wood Preservation"). C. J.

Frosch. The results of viscosity measurements of a series of creosotes

distilled from a sinp;le tar are given. It was found that these creosotes

are truly viscous solutions, which permits the designation of the data

as absolute viscosity. The viscosity-temperature data conform to two

equations, one an empirical relationship previously found in an anal-

ogous series of crude oils, the other developed from theoretical con-

siderations. It is remarkable that in spite of the complex nature of

creosote, the viscosity data permit one to regard the material boiling

below 355° C. as solvent and the residue above that temperature as

solute. This is not true for any other temperature limit customarily

used in creosote analysis.

An Electron Diffraction Camera.'' L. H. Germer. An experimental

apparatus is here described for obtaining and photographing electron

diffraction patterns from solid substances. It is designed for the

study of the crystal structures of thin films and of superficial layers on

massive blocks. Electrons from a hot tungsten filament are acceler-

ated within an evacuated metal container by a potential difference

of 50 or 60 kv. They are stopped down by appropriate slits to form a

narrow beam which strikes the material under investigation. Elec-

trons scattered by this material form a diffraction pattern character-

istic of the crystal structure. This pattern is registered directly upon

a photographic plate in the path of the scattered electrons.

The Motion of a Bar Vibrating in Flexure, Including the Effects of

Rotary and Lateral Inertia.^ W. P. Mason. In this paper a complete

theoretical solution is given for a bar vibrating in flexure taking ac-

count of rotary and lateral inertia. The solution shows that the

frequency of a bar free to vibrate on both ends, is asymptotic to the

frequency given by the usual solution, neglecting rotary inertia, when

the ratio of width to length is small, and approaches the frequency of a

bar in longitudinal vibration when the width becomes comparable to

the length. The theoretical frequencies have been compared with

the published results of Harrison on the frequency of a quartz crystal

vibrating in flexure, and have been found to agree within one per cent

for a crystal whose width is less than half its length.

6 Physics, May, 1935.
' Rev. Sci. Inslruments, May, 1935.
* Jotcr. Acous. Soc. Amer., April, 1935.
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Probability in Engineering.^ E. C. Molina. The purpose of this

paper is to emphasize the practical value of probability theory in

engineering. For this purpose a short introduction on probability

theory as such is followed by a discussion of three problems from the

domain of engineering with which the author is most familiar, namely,

telephony.

The first problem deals with the switching, or trunking, of telephone

calls. It illustrates the part played by probability theory in deter-

mining the amount of equipment an engineer must install in anti-

cipation of deviations from normal or average service demands.

The bearing of probability theory on problems wherein one is

confronted with the cumulative effect of a multitude of small indepen-

dent discrepancies is indicated by the second problem presented in the

paper. A long distance telephone circuit equipped with repeaters at

several points is analyzed with reference to the cumulative effect of

slight voltage variations in the battery supply at each repeater station.

The third and last problem is one on sampling. It introduces the

engineer to the practical significance of inverse or a posteriori prob-

ability.

Direct- Current Amplifier Circuits for Use with the Electrometer

Tube}^ D. B. Penick. A number of balanced, single-tube, direct-

current amplifier circuits are compared, which are applicable to the

four-element, low grid-current vacuum tube. The balance equations

are stated for the most generally useful circuit, and magnitudes of the

tube characteristics involved are given for the Western Electric No.

D-96475 Tube. Experimentally determined values of circuit con-

stants observed under balance conditions are also given. The sta-

bility of the circuit is discussed, and a convenient procedure for

obtaining a balance by experimental methods is suggested.

Infernal Dissipation in Solids for Small Cyclic Strains. ^^ R. L.

Wegel and H. Walther. This paper presents the results of in-

vestigations of dissipation of energy in vibrating solids, mostly metals,

by means of longitudinal and torsional vibrations of cylindrical rods.

The amplitudes of strain used have been kept between 10~^ cm./cm. and
10~* cm. /cm., in which range the dissipation of energy is proportional to

the square of the strain. The specific dissipative property of a material

is expressed in three dififerent ways : (I) Equivalent viscosity or the ratio

9 Elec. Engg., April, 1935.
^^ Rev. Set. Instruments, April, 1935.
" Physics, April, 1935.
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of Stress to dissipative component of strain rate; (2) hysteretic constant

defined as the area in ergs of the cycHc stress-strain diagram; and (3)

elastic phase constant defined as the ratio of specific elastic reactance

to equivalent viscosity. Within a range of frequencies 100 to 100,000

cycles per second the results show that the hysteretic constant is

proportional to some power A of the frequency, the numerical value of

the exponent A varying between the limits —}/^ and +3^, depending

on the kind of material and its internal structural condition. Meas-

urements made with longitudinal and torsional vibration indicate

that dissipation is associated with dilatation as well as with pure shear.

Preliminary studies are described showing the correlation between

internal dissipation in metals and temperature hardness effects of

annealing and aging.

Broadcasting Studio Acoustics}^ S. K. Wolf and C. C. Potwin. It

is now of fundamental importance that studios be designed to provide

an acoustic transmission characteristic that will insure the fullest

benefits from the many recent improvements in transmitting and

receiving systems. For this reason, the traditional "dead" studio,

which was so common in the early days of radio, is no longer suited

to the present technique of broadcasting.

This paper deals with improved methods of analysis and treatment,

particular consideration being given to the problems of the small

studio. A description of the high-speed level recorder, its operating

characteristics and application to studio analysis, are included. The

increased accuracy of instrumental measurement over computational

methods in the solution of the problems of reverberation, multiple

reflection and room resonance at various frequencies is explained.

The factors governing the proper selection and distribution of acoustic

materials are discussed and supported by actual measured data taken

with the level recorder in studios designed in accordance with the

methods advocated.

Two typical studio designs are illustrated, one suggesting sound

reflective angular wall and ceiling surfaces adjacent to the performers,

a moderate sound absorbent on the intermediate surfaces and a highly

efficient absorbent on the surfaces adjacent to and surrounding the

microphone. Distant pickup employed in this type of studio is

briefly described.

Quantitative Studies on the Singing Voice}^ S. K. Wolf, D. Stanley

and W. J. Sette. The field of singing has been handicapped by the

^^ Communicalion and Broadcast En^ineerifig, April, 1935.
^^ Jour. Acotis. Soc. Anier., April, 1935.
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lack of suitable quantitative means for simply evaluating the various

voice factors. With the aid of recently developed acoustic instru-

ments, the authors have investigated physical characteristics of vocal

tones, including attack, quality, vibrato, and power as a function of

pitch. Measurements have been made and repeated on more than

fifty singers in various stages of development. On the basis of the

results, it is possible partially to evaluate and criticize a singer's

technical equipment, and determine by periodic tests whether the

voice is improving or deteriorating.

Better singers were found to attack a tone more vigorously and

sustain it more uniformly, to possess a vibrato with a rate of about

six per second, and to excel in those phases of artistry dependent upon

proper control. They are also capable of producing relatively high

amounts of acoustic power over wider singing ranges, the power in-

creasing gradually with increasing pitch. Harmonic analyses, with

the intensity levels of individual partial tones each averaged over an

interval of about .5 second, have as yet failed to reveal consistent

differences between good and bad voices.
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Dr. George A. Campbell

By F. B. JEWETT

/^N the first of December next, after thirty -eight years of active

^^ and unusually productive service as a mathematical physicist

and inventor, Dr. George A. Campbell retires from active membership

on the staff of the Bell Telephone Laboratories.

As the history of an art can often be written most effectively in terms

of the personalities who have been responsible for its upbuilding, I feel

that I am not departing from the objectives of the Bell System Technical

Journal in bringing to the attention of its readers a brief note con-

cerning one of the chief artificers of telephone transmission. Dr.

Campbell's achievements in this field entitle him beyond question to

rank first among his generation of theoretical workers in electrical

communication. Yet, in common with many truly great minds, it has

been his nature to avoid publicity, so that outside the circle of his

immediate associates and a few of the more mathematically gifted

students of his chosen branch of electrical science, his fame is far from

being commensurate with his achievements.

In 1897, thirty-eight years ago, the art of telephone transmission was
in its infancy. Circuits of even a few hundred miles' length were rare,

and the longest distance over which communication had been held was
that separating New York and Chicago. It was at this time that

Campbell, as a young man, after graduating from Massachusetts

Institute of Technology and spending four years in graduate study at

Harvard, Gottingen, Vienna and Paris, joined the staff of the American

Telephone and Telegraph Company to engage in research. Familiar

with the work of Rayleigh and Heaviside, Campbell's early studies

sought some method of mitigating the attenuation, which levied heavy

toll upon the voice currents and formed a theretofore unyielding

barrier against telephone communication over very long distances.

Heaviside had suggested that inductance, if properly applied in a

553
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long telephone circuit, should diminish rather than increase the

attenuation. Campbell followed this suggestion and developed a

theory of loading, but in his case there occurred one of those coinci-

dences—fortunately rare in the history of science—of two investigators

arriving at substantially the same result at the same time. Inde-

pendently of Professor M.I. Pupin, he worked out a complete theory

of the telephone loading coil. They both applied for patents, with

the result that an interference was declared, and Pupin was able to

establish a slightly earlier date of conception. The loading coil inter-

ference was decided in Pupin's favor and the famous patents issued

to him. The fact should be recorded, however, that Campbell's

analysis of the problem—actually more detailed than Pupin's—led

him to formulate rules for the design of loading coils and their spacing

which were, from the very beginning, the only ones employed in

this country.

As the effectiveness of telephone instruments increased and the

lengths of circuits grew, noise and crosstalk became an outstanding

obstacle to telephone advance. It had been shown that this crosstalk

was a complex effect resulting partly from electromagnetic and partly

from electrostatic induction. In unpublished memoranda written

between 1903 and 1907, Campbell pointed out the importance of

Maxwell's capacity coefficients in the calculation of crosstalk and

coined the much-used term "direct capacity," now modernized to

"direct capacitance." It was also at this time that he designed his

well-known "shielded" balance, which in one form is a bridge for

measuring direct capacities. He showed in these early memoranda

that crosstalk between two circuits depends, to a considerable extent,

and particularly in the case of loaded circuits, on a function of the

various direct capacities between the wires of two circuits. He termed

this function the "direct capacity unbalance." This work led to the

invention of the well-known capacity unbalance test set, hundreds of

which have been used in countless measurements in the manufacture

and installation of toll cables.

This study of Campbell's marked an important advance since, for

the precise but unwieldy theory of crosstalk, it substituted a simple

approximation—an approximation which was to remain adequate until

the advent of carrier systems with their higher frequencies and shorter

wave-lengths.

As control was gradually extended over the characteristics of

telephone circuits, both from the standpoint of their transmission

effectiveness and their freedom from crosstalk and noise, the art

reached the point at which development emphasis shifted to the
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telephone repeater. Here, an entirely new line problem arose,—

namely, that of avoiding singing when repeaters are adapted to two-

way amplification. Up to 1912, the only type of repeater circuit used

was the so-called 21-type, in which a single repeater element ampli-

fies messages which reach it from both directions and which requires

that the two associated sections of line have very similar character-

istics. A well-known limitation of the 21-type repeater is its tend-

ency to "sing" when line unbalance or amplification exceed certain

rather low limits.

On the other hand, the 22-type repeater has two amplifying elements

and two artificial lines, one to balance each associated section of actual

line. While the basic idea of the 22-type was old, it remained for

Campbell, in a memorandum dated March 7, 1912, to reveal its prop-

erties of inherent stability. He points out that "singing will not be

introduced by any possible unbalance however large, in either of the

lines, provided the unbalance of the other line does not exceed a certain

critical magnitude." Also his words, "the use of a compensating

device such as an artificial line, to reduce the amplification at the

resonant frequencies to the level of the amplification at other telephonic

frequencies" suggest broadly the idea of equalizing for amplitude-

frequency distortion which is brought in by the selective characteristics

of the line circuits or other apparatus in a long system. Furthermore,

"if it became necessary merely to eliminate certain frequencies lying

outside of the range required for telephony, the use of an artificial

selecting circuit" is definite anticipation of the use, subsequently

common in all repeaters, of low-pass filters to cut off frequencies outside

of the band transmitted and thus minimize line balance difficulties.

Campbell also indicated that the stability of a circuit as regards

singing could be improved if the amplification were distributed among
a number of properly spaced points along the line rather than concen-

trated at a single point.

Moreover, the great amplification made possible in telephone circuits

by the perfection of the vacuum tube and its associated circuits

permitted the use of cables for long distances with manifest advantages

for congested routes. The great amplifications required for the longer

cable circuits, however, could most effectively be handled by the use

of "four-wire" circuits both for voice frequencies and later for carrier

systems. Campbell was the originator of this type of circuit. In the

same memorandum of 1912, which discussed the 22-type repeater, he

suggested it as the logical extension of the one-way paths in the 22-type

repeater, each path containing as many one-way amplifiers and line

sections as desired.
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The present situation in transmission, particularly toll transmission,

is characterized by the growing^ use of high frequencies, the trans-

mission of broader frequency bands and the use of the so-called

"carrier" method. This we find in the most advanced form in the

proposed very broad band cable circuits of the coaxial and other types.

Transoceanic telephony and broadcasting are other outstanding uses.

The electrical wave-filter in its many forms is one of the most important

elements in all such systems. The filter appears as a means of sharply

separating the currents of different continuous bands of frequencies in

carrier telephone and telegraph systems, for sharp selectivity in radio

systems and for various other uses in these and other forms of trans-

mission such as telephone repeaters, telephotography, composite sets

and testing apparatus. Indeed, the filter has, within the last few

years, become almost as ubiquitous as the vacuum tube. The funda-

mental conception of the electric wave-filter arose out of Campbell's

analysis of loaded lines. The patent was issued to him in 1917. It is

evident to one reading his famous paper on "Loaded Lines in Tele-

phonic Transmission," published in the Philosophical Magazine of

1903, that even at that time he had begun to envisage the high-pass

and low-pass wave-filters.

Effective station sets are fundamental to all good transmission. In

a memorandum dated October 8, 1906, Campbell disclosed the single-

transformer anti-sidetone station circuit which is achieving almost

world-wide acceptance. Later, he carried out a comprehensive and

conclusive piece of work in revealing all of the possible circuit arrange-

ments for doubly conjugate branches and in setting down the im-

pedance relations of the line, network, transmitter and receiver of these

various branches. This systematic analysis of the problem greatly

facilitated a comprehensive survey, giving assurance that all types of

circuits would be considered and that those which best fitted the

available transmitters and receivers would be selected. The work

was summarized in an extensive paper entitled "Maximum Output

Networks for Telephone Substation and Repeater Circuits" by

Campbell and Foster in the A. I. E. E. Transactions of 1920.

It would appear that Campbell also originated the articulation test

which now finds a use wherever telephone development work is in

progress. In a paper entitled "Telephonic Intelligibility," which ap-

peared in the Philosophical Magazine of January, 1910, he describes

how, in connection with tests he had been conducting, he made up

and employed successfully articulation lists consisting of meaningless

monosyllables.

This brief note is intended only to enumerate without elaboration
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the more outstanding of Dr. Campbell's contributions to the art of

electrical communication as they fit into the history of that art.

Their diversity is such as to establish the unusual versatility of Camp-
bell's genius. His is a career unusually productive of discoveries,

inventions and patents. Many of his important memoranda, however,

were never worked up in the detailed form which would render them
suitable for publication, and still reside only in the Company's engi-

neering files. It would be regrettable to pass this occasion by without

some notice being taken of these unpublished documents, and perhaps

as fitting a commemoration as any is to print a few of the briefer ones

just as they were written. Choosing somewhat at random, we are

selecting the above cited memorandum of March 7, 1912, in which

the 22-type repeater and the four-wire circuit are suggested, and

two memoranda of earlier dates discussing capacity unbalances and

crosstalk. The memorandum on repeaters is perhaps particularly

interesting because of its historical flavor. Written twenty-three

years ago, it refers to the measurement of attenuation in miles of

cable, not decibels, and to such considerations as the natural period

of the mechanical repeater diaphragm.



Dr. Campbell's Memoranda of 1907 and 1912

Introductory Note

AS mentioned in the preceding article by Dr. Jewett, the first and

second of the three following memoranda were the basis of

methods of designing transpositions for voice-frequency circuits. They

applied particularly to non-loaded circuits but the theory was readily

extended to cover loaded circuits. In an earlier and more general

study written in 1904, Dr. Campbell considered the involved equations

necessary to an exact solution of the crosstalk problem and deduced

simplifying approximations and convenient artifices for avoiding

lengthy derivations.

He first assumes a line having the circuits substantially perfectly

balanced to each other by means of very frequent transpositions.

He then considers the effect of an unbalanced condition in a short

length of line such as might arise from an irregularity in wire or

transposition spacing or an unbalanced series impedance which might

be due to a poor joint. Dr. Campbell refers to such effects as "slight

alterations in the impedances, mutual impedances and admittances of

the system." He shows how the crosstalk can be readily computed if

these alterations in impedance and admittance are known.

He then considers the case of a short untransposed length in which

the coupling between circuits is systematic rather than accidental.

He shows that the crosstalk in such a short length can be computed in

terms of mutual impedances and admittances in just the same manner

used for accidental coupling in a short length nominally perfectly

balanced. He shows that the mutual impedance per unit length

(which is substantially proportional to the mutual inductance) is a

measure of the crosstalk effect of the magnetic field of the disturbing

circuit and can be computed from a knowledge of the spacing and

diameters of the wires of the disturbing and disturbed circuits. The

mutual admittance per unit length is a measure of the crosstalk effect

of the electric field of the disturbing circuit and is shown to be pro-

portional to the "direct capacity unbalance" which may readily be

measured or computed from measurements of the individual direct

capacities. This notion of direct capacity unbalance which was

deduced in the earlier memorandum of 1904 has been of the greatest

usefulness in crosstalk problems both in open wire and in cable. The

mutual admittance defined in this way takes account not only of the

558
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charges on the wires of the disturbing circuit but also of the charges

induced by the disturbing circuit on all other wires. Thus, the electric

shielding effect of other wires is taken into account. Magnetic
shielding is ignored since this is unimportant with a line transposed at

intervals very small compared with the wave-length. Dr. Campbell
gave data for comparing the relative importance of the electric and
magnetic components of the disturbing field and showed that for

severe exposures both effects are of importance.

The equations given in the latter part of the memorandum of

September 14, 1907, formed a basis of transposition design. They
show how the crosstalk in a long transposed line may be computed
with sufficient accuracy by simply summing up the effects computed
individually for each short element of line. This important approxi-

mation is discussed in some detail in the earlier memorandum of 1904.

Dr. Campbell prophetically says, "It must, however, always be borne

in mind that we are working only with a first approximation and that

in certain cases it may be necessary to continue the investigation to a

higher order of approximation." In making the approximation. Dr.

Campbell was, of course, thinking of voice frequency telephone

circuits and at such frequencies, if the interval between transpositions

is sufficiently short to guard against noise due to irregular power

exposures, that interval will be but a very small fraction of the wave-

length and it is unnecessary to consider the second approximation or

as Dr. Campbell says to calculate "crosstalk-of-crosstalk."

When transpositions were designed for carrier frequency operation

up to 30 kc. it was obviously impracticable to make a transposition

interval a very small fraction of the wave-length and "crosstalk-of-

crosstalk" could not be ignored. In other words, it was necessary to

consider the crosstalk in each short element of line from the disturbing

circuit into all the other wires on the line, the propagation of these

crosstalk currents (and charges) along the line, and their effect in

inducing currents in the disturbed circuit in other short elements of

line. This effect has been termed interaction crosstalk since it

takes account of the interaction between elements of line instead of

simply summing up individual effects in each element. Thus it

indeed proved true that "in certain cases" it was necessary to continue

the investigation to a higher order of approximation.

I. Crosstalk Formul.^ for Non-Loaded Circuits*

Take first the simple case of two perfectly symmetrical uniform

circuits having the same transmission constants, which terminate at

* Memorandum dated September 14, 1907.
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the same places in sets having the same impedance as the h'nes.

Transmission upon either circuit can then give rise to no crosstalk

upon the other circuit. Circuits such as two well transposed pairs on

a pole lead are here to be understood; that is, there may be any number

of circuits in the system but the mutual impedances and admittances

between conductors connect points which are equi-spaced with respect

to the impedances in each conductor.

Now suppose that at a point distanced x from the transmitting end

of the circuits, slight alterations are made in the impedances, mutual

impedances and admittances of the system. The effect of each change

will be small and the total effect will be approximately equal to the sum
of the individual results. That is, we may neglect the second-order

terms, or crosstalk of crosstalk. Furthermore, unbalancing one of

the given circuits alone cannot produce crosstalk. It is necessary that

both circuits be unbalanced simultaneously by a single change in the

system. Now, adding impedances to either side of one of the given

circuits or to any third circuit will not unbalance both of the original

circuits. Mutual impedance or admittance between the two sides of

any circuit does not unbalance the circuit. Mutual impedance or

admittance, added between either of the given circuits and any third

circuit of the system, will not unbalance both of the given circuits.

This leaves admittance shunted directly from one given circuit to

the other given circuit and mutual impedance between the two circuits

as the only source of crosstalk.

Let the admittances added between the two circuits be a, b, c, d

connected between conductors 1 and 3, 3 and 2, 2 and 4, 4 and 1,

respectively, where conductors 1/2 form one circuit and conductors

3/4 formi the other circuit. These admittances may be resolved into

the sum and difference of four admittances, as shown by the following

table

:

_ {a+b-\-c-\-d)
,

{a-{-b-c-d) (a-b-c-\-d) {a-h+c-d)
lto«5a-

^
-i-

^
-h

^
-h

^

3 to 26= + - -
2to4c= - - +
4 to 1 ^ = - + -

By the principle of superposition the effect of the given admittances

a, b, c, d will be practically the same as the sum of the effects of the

four component admittances taken individually. The first component

admittance (a + 6 -f c + rf)/4 is added symmetrically between the two

wires of one circuit and the two wires of the other circuit. This will

not disturb the symmetry of either circuit and will, consequently, not
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give rise to crosstalk. The second admittance is added between the

conductor 3 and conductors 1/2 and subtracted between conductor 4

and conductors 1/2. This does not destroy the symmetry of circuit

1/2, and it can in consequence not give rise to crosstalk. The third

admittance {a — h — c -\- d) j^ \s added in the same way as the second

with an interchange of circuits. It will also not give rise to crosstalk.

Crosstalk due to the added admittances, a, h, c, d, must therefore be

due to the last component (a — b -\- c — d)l4: = F/4 where Y is

what we may call the direct admittance unbalance.

In order to determine the crosstalk occasioned by this admittance

unbalance F, when the electromotive force E is impressed upon one

of the circuits, we may proceed as follows:

The circuits are connected as shown by Fig. 1. This is equivalent

Fig. 1.

to the bridge of Fig. 2. For if the unbalancing admittances F/4 were

removed circuit 1/2 would be clear. Then as the e.m.f. E acts through

an impedance k upon a line whose impedance is k, the potential

difference at the sending end of the line would be E/2 and in traversing

a distance x this would be attenuated by the factor g—i'^. The im-

Fig. 2.

pedance of each end of circuit 1/2 at the point x will be k and therefore

the entire circuit with its two ends in parallel will have the impedance

k/2. We may therefore replace circuit 1/2 of Fig. 1 by a branch in
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Fig. 2 having the impedance kjl and containing an e.m.f. Ee—*''j2.

Similarly circuit 3/4 will be replaced in Fig. 2 by a branch having the

impedance kjl. As the current reaching circuit 3/4 will divide

equally between the two ends of the line and the part reaching the be-

ginning of the line will be further attenuated by the factor e'f' the

termination k in Fig. 1 is to be replaced by the receiver in Fig. 2 which

indicates only e~'*''l2 of the current flowing through it. Substituting

these values in the expression for the galvanometer current in a bridge *

we find for the crosstalk current

FY
AT = — z^e-'^yx 1

_
6̂4

or approximately

EY
A/„ = rz^

6"^"^^ as Y is very small.
"^ 16

This Is the current at the end corresponding to the transmitting

station. At the other end the attenuation factor will be that corre-

sponding to transmission over the entire length of line /—making the

crosstalk
FY

It will be noticed that the crosstalk at the farther end of the line is

independent of the position of the admittance unbalance, while the

crosstalk at the transmitting end of the system will diminish as the

point of unbalance is moved farther from this end. In one case

the wave must traverse the entire distance between terminal stations;

in the other it must travel down the line to the point where it is carried

across from one circuit to the other and then back from this point to

the beginning of the line where the crosstalk is received.

The mutual impedances between the four conductors composing the

two circuits may be treated in a manner similar to that which has been

employed for the admittances between these conductors. Assume that

any four mutual impedances are added and then divide them into

four components, of which three may be shown to give rise to no

crosstalk. The remaining component is the mutual impedance un-

balance Z/4 and the crosstalk due to it may be found as follows.

The circuit is shown by Fig. 3, which may be replaced by the trans-

1 Maxwell I, §347.
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eWk

4. 1

r'\A.

4/

Fig. 3.

former circuit of Fig. 4. If there is no unbalance Z so that we have

the original uniform system the current E/lk starts out on 1/2 and at

the point of mutual impedance unbalance it becomes Ec'^'^llk.

Circuit 1/2 therefore behaves like a primary of impedance 2k (for the

two ends of the line are in series) containing e.m.f. Re~~^''. The circuit

Ee- 2k 2ke"

Fig. 4.

3/4 acts as a secondary of impedance Ik. If the mutual impedance

between the two lines is now made Z without any other change the

current on 3/4 at x is

U^ - Z2

'

which is attenuated by the factor e'"^"" in reaching the transmitting

end of the line, making the crosstalk

F7
^^

Ak'

or approximately

1

1-
4̂k^

EZ
AI, = —7TT, e~^^^ as Z is small.

4:k^
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At the farther end of the listening circuit, the approximate expression is

The total crosstalk due to the admittance and mutual impedance
unbalance Y and Z is thus:

A7 =

A7' = + £

Y
16
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It will be noted that the two are of about equal importance for the

cases of most severe static exposure. For 5/6 and 15/16, which is

quite a severe exposure, the magnetic is twice as important as the

static. For the pairs which are so far removed as to bring in con-

siderable static shielding from the other wires the magnetic crosstalk

may be still more important relatively. Thus for 5/6 and 25/26 it is

eight times as great as the static.

At the sending end of the system the static and the magnetic cross-

talks combine, while at the other end they tend to cancel each other.

In practice, therefore, the summation is the more important case.

If both unbalances are pure reactances, the one being pure capacity

and the other pure inductance, and the line has approximately the same
impedance at all frequencies, the character of the crosstalk will be

the same whether it is produced by capacity or mutual inductance.

This will be approximately the case on well insulated open-wire lines.

On non-loaded cable circuits the line impedance decreases as the fre-

quency rises. On cables, therefore, the crosstalk due to mutual

impedance will have the higher frequencies more strongly pronounced

than the crosstalk due to capacity.

For a transposed line we find the total crosstalk by integrating the

crosstalk throughout the entire length of the line. We will assume

that the lines are infinitely long and that the transpositions give the

system a periodic structure of lengths. Let x be the distance to

the first transposition, a, b, c, d---s, the distances from the trans-

position to the others in the periodic section.

V 7 \ f*^' ^' ^+*' ^+''' •)r*x, X, 1+6, X

«7 0, x-\-a, x+a,

— — ( — 4- —\ (1 — 2e-27:r I 2g-27U+a)

- 2e-2T(-+«) + •••),

since the periodic section 5 must contain an even number of trans-

positions.

27 \16 ' 4/feV \ 1 - ^"^"^

or approximately

^=-i(Ts + s^)^'-2['-2^- + v.^:i
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2y{a - 6 + c- • • ) - 27'(a' - 6' H ) + ^' (a' - i' + • • •
)

X
2ys — 27V +

--I
y^s^

But the sum of alternate intervals in the transposition periodic

section 5 must equal 5/2. Therefore a — b -\- c- • • — a -\- {c — h)

-\- {e — d) -\- • •
' = 5/2, and to the same approximation,

(fa + ^O' 1 - [1 - 2t-x + 2tV]
£ / Y
27

1 - ^ (a2 - fe2 + . . .) + tl (^3 _ ^3 ^ . . .)

^
1 - 75 + 27V/3 - • • •

J

£/7_ Z^\ Ff 2x 2{a? -h''+ '-')
\

1 2x ,
2^2 ^ / , 2x \ a2 _ ^,2 ^_ . .

.

+
13 5+52 \^ s )

+ 4(«^-^^+ --oIt^]353

It will be noticed that the crosstalk varies linearly with the distance

from the first transposition, approximately, and that by a suitable

choice for this distance the crosstalk may be reduced to zero to the

first approximation. This is, however, not a matter of especial

practical importance, for incidental irregularities contribute to the

crosstalk in practice. As soon as the crosstalk due to the regular

transposition system is reduced to the order of that due to the acci-

dental irregularities further reduction of this crosstalk is not a matter

of commercial importance. The accidental irregularities in the dis-

tribution of the wires therefore set a limit to the extent to which it is

worth while to reduce the length of the transposition sections.

If there are but two transpositions in the periodic interval a = s/2,

b = c ^ • =

2 116^4/^2
1 2jc \ X / . 2x\

1 . .—r)~^(l —T I
y^

\

approximately.
2 s / s \ s

If X = 5/4, I vanishes as to first order terms. If x = s/2 or 0, / has its

maximum value,
,

E/ Y .Z_\ s

16
"^ 4F
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II. Crosstalk Formulae for Phantom Circuits*

There may be crosstalk between two phantom circuits, between a

phantom and a distinct two-wire circuit, or between a phantom and

one of its own side circuits.

In the first case we may assume that each side of both phantoms is

perfectly balanced with respect to every part of the system, as we are

not here concerned with the crosstalk on the side circuits. The two

wires forming the side of a phantom may then be treated as a single

conductor. The sources of crosstalk will therefore be direct ad-

mittance unbalance and mutual impedance unbalance exactly as for

ordinary pairs. The capacity unbalance in formula? ' is found from

the 16 direct capacities between the two sets of four wires, and the

mutual impedance unbalance is found from the 16 mutual impedances

between the same wires, but this is to be divided by four in order to

allow for the division of the current between the two wires on each

side of both phantom circuits.

In the second case each side of the phantom circuit may be assumed

perfectly balanced. In the computation of the capacity unbalance,

8 direct capacities enter. There are also 8 mutual impedances involved

in the mutual impedance unbalance, and these must be divided by 2 in

order to allow for the division of the phantom circuit current between

the two wires.

The crosstalk between a phantom circuit and one of its side circuits

differs materially from the others, as the use of the same conductors to

form the side circuit and one side of the phantom circuit introduces

two additional sources of unbalance. These are: unbalance in the

impedance of the two conductors forming the side circuit, and un-

balance in the direct admittance from the two conductors forming

the side circuit to the system outside of the phantom conductors.

The assumed distribution of unbalances is shown by Fig. 1. Insert

r

AAAr"T-r^^^^ ajblcjcl

rx
u

A^Ar

Fig. 1.

* Memorandum dated October 31, 1907.
1 See September 14 memorandum.
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an e.m.f. (£) at the sending end of circuit 1-2. Then at distance x

conductor 1 will be at the potential Eg—^^/4 and carry the current

Ee~"^'J2k before the unbalances are introduced. The potential of 2

and the current carried by 2 will be the same with sign reversed.

Conductors 3, 4 and all others (S) in the system will be at potential

and carry no current. It follows at once that the impedances in 3 and

4 (/, m) and the admittances between these conductors and the con-

ductors (2) of the system (g, h) will contribute nothing towards the

crosstalk between 1-2 and the phantom. As equal impedances in-

serted in 1 and 2 will not unbalance the side circuit, the crosstalk

must depend upon the difference between r and s and in consequence

we may substitute {r — s)/2 for r in 1 and the negative of this in 2

without altering the crosstalk. Similarly, the effect of e and /depends

entirely upon their difference, and we may substitute ± (e — /)/2 for

e and /. The direct capacities (a, b, c, d) may be resolved into four

components,^ and of these only the third unbalances both 1-2 and

the phantom. The same applies to the mutual impedance unbalance.

It follows that the crosstalk depends solely upon

X = {r - s),

Y" = (a - b - c + d),

Z = {m — n — p + q),

as indicated in Fig. 2.

4 4

X

AAAr
X
2

AAAr
z_ z
,4 4

xrr

-l—L

Y" Y"
4 4

X'

Fig. 2.

Substituting e.m.f. and currents for these in accordance with the

rules for small changes, we have Fig. 3. This system is perfectly

symmetrical with respect to the two wires in each side of the phantom

and we may now treat the two wires on each side as one conductor,

as in Fig. 4. The total e.m.f. around the phantom is Ee~'''{X + Z)/Ak

and the impedance of the two ends of the phantom in series is 2K_

^ See September 14 memorandum.
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of the system is:

A/ = £ ( ,rL + — )

g-(T+nx at the sending end,
okK. 16

M'
A' + Z
UK

where X = (r — s),

16
g-l(.y-v)x+ri] at the distant end,

Y = 2(a -b - c + d) + (e-f),
Z — {m — n — p -\- q),

and the positive direction in both circuits is the same as in con-

ductor 1.

III. Repeater Circuits *

The following points seem to merit an experimental trial.

1. A Two-way Repeater Circuit Including Two Repeaters, Each Operating

as a One-way Repeater Only, as Illustrated by the Following Sketch

With this circuit the allowable unbalance is about double that with

our present standard circuit. In addition to this, singing will not be

introduced by any possible unbalance, however large, in either of the

lines, provided the unbalance of the other line does not exceed a certain

critical magnitude. Furthermore, the two lines connected together

may differ radically in character since each is balanced separately

against its own artificial line.

The present standard circuit or any one of several other repeater

circuits may be substituted in place of the basic circuit shown in this

sketch.

Although the circuit requires that all of the repeating apparatus be

duplicated and that two artificial lines (of which at least one must be

a close copy of the corresponding actual line as regards telephonic

* Dated March 7, 1912.
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sending end impedance) be added, it still seems to me probable that

the improved performance of the circuit will prove in this extra

equipment.

2. The Use of Repeaters of Small Amplification at Periodic Intervals

along the Line
I

Theoretically, a given total amplification can be secured with a

larger singing margin if it is distributed among a number of properly

spaced points along the line rather than concentrated at a single point.

For example, four equally spaced repeaters each giving an amplification

of five miles might be substituted for a single repeater giving twenty

miles. If the circuit suggested by the above sketch were employed

this would mean a total of eight repeater elements of which four would

be used, one after another, as one-way repeaters in each direction.

This raises the old question as to whether equally good quality can be

obtained when several repeaters are used in securing a given amplifica-

tion. This point seems worth further direct experimental investi-

gation; one step in the right direction has probably been made by

raising the natural period of the diaphragm.

3. The Use of a Compensating Device Such as an Artificial Line to

Reduce the Amplification at the Resonant Frequencies to the Level

of the A mplification at Other Telephonic Frequencies

In the sketch, equalizing artificial lines are shown at AA ; obviously

the same result may be secured by introducing them at any of a number

of other points in the circuit. In this way the singing margin can be

increased and the quality be somewhat improved, without materially

reducing the telephonic amplification. But on general principles it

would seem desirable to carry the equalization as far as possible in the

repeater itself. The variability of the repeater sets a limit to what

may be accomplished by any compensating device which reduces the

total amplification by an invariable amount at each frequency and

thereby increases the percentage variation. If it became necessary

merely to eliminate certain frequencies lying outside of the range

required for telephony, the use of an artificial selecting circuit would

seem to present no difficulty.

The variation as well as the average amplification obtained from

repeaters should be investigated. When these data have been ob-

tained for the best type of repeater it will be possible to determine

whether any material benefits can be derived by the introduction of

compensating circuits.
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4. Use of Two Lines for a Portion of the Route

The circuit shown above enables us to switch two-way transmission

from a single line to a pair of lines and vice versa, since any amount
of line may bie inserted at BBBB. In connection with these lines any

number of additional one-way repeaters may be inserted. The
operation of the system is left unchanged beyond the change in the

effective amplification which is equal to the difference between the re-

peater amplification and the attenuation of the inserted line. In case

the total attenuation of the pair of lines exceeds the total amplification

of all the repeaters at every frequency the system cannot sing whatever

lines be connected at the ends. Practical applications will hinge upon

the possibility of securing good quality from a number of repeaters

used in sequence.

Suggestions 1 and 2 seem sufficiently promising to warrant some

experimental work at an early date.

I am preparing a discussion of the general repeater circuit including

any number of repeating elements and shall present the theoretical

deductions applicable to the above suggestions in that memorandum.



Some Aspects of Low-Frequency Induction Between Power
and Telephone Circuits *

By H. R. HUNTLEY and E. J. O'CONNELL

This article discusses the phenomena involved in low-frequency induction
between power and telephone circuits and describes a demonstration which
has been developed to illustrate certain of them.

Introduction

TN the practical problem of inductive coordination between power
-* and telephone circuits, there are two aspects to be considered

:

1. Induction within the frequency range used in transmitting speech

which may result in disturbing noise in telephone receivers.

This phenomenon is usually associated with the normal opera-

tion of power and telephone systems although abnormal con-

ditions in either system may result in a large increase in the

noise.

2. Induction at the fundamental frequencies used in the transmission

of power. This is commonly referred to as "low-frequency

induction" and in some cases may reach such magnitudes as

to interrupt telephone service, constitute a hazard to telephone

employees and produce other detrimental effects. Induced

voltages of magnitudes sufficient to cause operating difficulties

in telephone circuits occur usually only under abnormal power

circuit conditions which produce large currents in the earth.

Under normal circuit conditions, three-phase power circuits are

so nearly balanced with respect to ground at their fundamental

frequency that induction at this frequency is rarely sufficient

to seriously affect well balanced telephone circuits.

Both types of induction have been and are being intensively studied

cooperatively by the power and telephone industries. Much of this

work has been handled through the Joint General Committee of the

National Electric Light Association and Bell Telephone System which

was formed in 1921 and it is now being carried forward by the Joint

General Committee of the Edison Electric Institute and Bell Telephone

System.

* This paper appeared in somewhat different form in Amer. Railway Assoc. Proc,

June, 1934, under the title "Demonstration of Low-Frequency Induction Between
Power and Telephone Circuits" by H. R. Huntley.
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Since the inductive coordination of power and telephone plants

inherently involves the characteristics of both systems as well as the

physical relations between them, problems can be effectively handled

only by joint consideration in each specific case. As pointed out in a

previous article dealing with noise induction/ effective cooperative

action depends upon an adequate mutual understanding of the

principles involved in coordination. Many of these principles can be

demonstrated using comparatively simple apparatus.

This article describes a demonstration that has been developed to

illustrate some of the more important factors concerned with low-

frequency induction between power and telephone circuits, together

with a discussion of this subject along the lines which would be followed

in presenting the demonstration.

Demonstration Apparatus

The demonstration apparatus consists of two separate arrangements

as follows:

(a) For many of the demonstrations, a miniature inductive exposure,

consisting of a three-wire power line and a two-wire telephone

line can be used. The power line is energized at a compara-

tively low voltage from a three-phase bank of transformers.

The telephone line can be grounded at either or both ends and

by means of a voltage measuring device, consisting of an

amplifier and a projecting meter, a qualitative indication of

the voltage along it or between it and ground can be obtained.

{h) For other demonstrations, a fairly high voltage in the telephone

circuit is required, but since it is impracticable to secure this

voltage using the miniature inductive exposure, it is necessary

to use an iron core transformer. In order to improve the safety

conditions when using this higher voltage, the miniature lines

are not used and the circuit is entirely separate from that used

in the low-voltage demonstrations.

A power supply frequency of 60 cycles per second is used. The
phenomena illustrated are, however, applicable for all other frequencies

commonly encountered in power transmission and distribution circuits.

In a demonstration of this kind, where the exposure is compressed

into a small space and where the amount of power available is limited,

it is obvious that the results can have no quantitative significance.

This demonstration, therefore, is designed only to provide qualitative

illustrations of some of the principles involved.

* "Some Theoretical and Practical Aspects of Noise Induct ion," by R. F. Davis
and H. R. Huntley, published in Bell System Technical Journal, October, 193.?.
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FUNDAMENTALS OF PROBLEM- 1\iAGNETIC I NDUCTION 

Induction arises due to the fact that any wire transmitting electricity 
is surrounded by electric and magnetic fields which may cause voltages 
to appear on other wires in these fields. The relative strengths of 
the electric and magnetic fields depend on the characteristics of the 
circuit, the former being a function of the voltage on the circuit and 
the latter a function of the current in it. Induction due to electric 
fields is commonly called "electric induction" while that due to 
magnetic fields is called "magnetic induction." 

\Vhen a ground occurs on a power line there are two factors which 
influence the induction into neighboring telephone circuits: ' 

(a) The residual voltage is increased, which increases the electric 
induction. 

(b) The residual current is increased, which increases the magnetic 
induction. 

Both from theoretical analyses and experience it is known that mag
netic induction is more important than electric induction in most cases 
of low-frequency induction. Consequently, the demonstration is con
cerned o~ly with magnetic induction, i.e., induction due to the power 
system currents. 

The magnetic field about a wire faulted to ground and carrying fault 
current is shown in Fig. 1. This magnetic field varies in proportion 

Fig. 1-Process of induction from currents. 

to the current in the wire causing it. 1f other conductors, such as 
the pair of telephone wires shown in Fig. 1, Iie within this field there 
are induced along them voltages proportional at every instant to the 
time rate of change of the magnetic flux which links the wires. 



576 BELL SYSTEM TECHNICAL JOURNAL 

Consider first that the inducing circuit carries direct current. In 
such a case, as long as the magnitude of the direct current does not 
change, the magnetic flux is constant and no valtage will be induced in 
a paralleling telephone wire. However, if the current in the inducing 
wire changes suddenly, the flux about it changes in the same proportion 
and valtage is induced momentarily in the paralleling wire. The 
magnitude of this impulse of valtage will be proportional to the rate 
at which the flux changes and the valtage will last only as long as the 
flux is changing. Rapid changes in the current in direct current 
circuits, with consequent valtage impulses on paralleling telephone 
circuits, may occur when power apparatus is turned off or on. Also, 
of course, if a short circuit occurs, the current may rise very rapidly 
and then fall very rapidly as the circuit breaker operates. \Vhile the 
consideration of these direct current phenomena are important in some 
situations, they are not included in this demonstration and will not be 
further considered. 

In the alternating current case, the current in the inducing wire is 
continually alternating so that the flux about it is continually alter
nating. Consequently, there will be induced in a paralleling wire, an 
alternating valtage proportional to the inducing current. I t should be 
noted particularly that the induced valtage acts along the wire rather 
than bet\veen the wire and ground. 

GENERAL NATURE OF PHENOMENA 

In applying these principles of magnetic induction to the low
frequency induction problem, only the conditions which exist when a 
power circuit is faulted to ground and before the current is interrupted 
(usually by the operation of circuit breakers) need be considered. 
The current of interest during this timeisthat which flows out over the 
power line wires and returns through the ground, called "residual" 
current. The valtage induced is along the telephone wires in parallel. 
Since the telephone circuits are metallic, the talking paths over them 
are usually not seriously affected by the fundamental frequency valtage 
unless this valtage causes the telephone protectors to operate. Service 
over grounded telegraph circuits may, however, be impaired e\·en if 
the induced valtage does not reach values high enough to operate 
protectors, and the telephone circuits under this condition may bc 
made noisier than usual. 

I t can be seen that the electrical phcnomena in which "·e are in
terested will be affected by three basic factors. The first of these is 
concerned with the "magnetic coupling" between the po"·er ancl 
telephone lines, considered with ground return for the reasons pointed 
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out above. This coupling is a function of the strength and frequency 
of alternation of the flux set up at the Iocation of the telephone Iine 
by a given amount of ground return current in the power Iine. The 
second factor is concerned with the amount of ground return current 
in the power circuit at the time of a ground fault since, for a given 
coupling, this will determine the strength of the magnetic field. The 
third factor is concerned with the conditions in the telephone plant 
which determine its reactions to a given induced voltage. Each of 
these three factors is taken up individually in the following dis
cussion. 

Since Iow-frequency induction between power and telephone circuits 
involves a series of separate and distinct occurrences, it is evident that 

POWER LINE 

TELEPHONE LINE 

METER 

Fig. 2-Demonstration of nature of low-frequency induction. 

POWER 
SUPPLY 

the frequency with which ground faults occur on the power Iines, thc 
Iocations and circumstances of the various faults, the particular 
conditions in the telephone system at the time of such faults, etc., 
are also important. These matters are all subject to fortuitous 
variations so that there are many probability factors that must be 
considered in the study of any Iow-frequency induction problem. 
These probability factors cannot be demonstrated with the apparatus 
available. 

In order to illustrate the general nature of the electrical phenomena, 
Fig. 2, which shows paraiiel power and telephone systems with the 
power line supplying a Ioad, has been simulated using the miniature 
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lines. The Ioad current may be substantial in magnitude but is 
normally confined to the line wires and is commonl:v called "balanced 
current." Under this condition, the induced valtage is small. If, 
now, one of the power conductors is grounded, current will flm,· to 
ground at that point. This current is the "residual current" men
tioned previously. \Vhen this is done in the demonstration in such a 
way that the residual current flows through the exposure, the valtage 
induced along the telephone circuit rises very materially. Also, since 
the induced valtage acts along the telephone circuit, opening the ground 
connection at the far end of the telephone line reduces the valtage 
shown by the meter to a very small amount. 

That the power current causing the induction is unaffected by trans
positions in the power circuit, can be shown by transposing the power 
circuit in the set-up. No appreciable change in the induced valtage 
occurs when this is done. Likewise the induced voltage, since it is 
induced along the telephone wires in parallel, is unaffected by telephone 
circuit transposition, as can be shown by transposing the telephone 
circuit. Consequently, the matter of power or telephone circuit 
transpositions can be neglected in the further analysis. 

CouPLING F ACTORS 

Using the demonstration arrangements, some of the basic factors in 
coupling can be observed. For example, since the valtage is due to 
magnetic induction and accumulates along the telephone circuit, the 
coupling should be proportional to the length of the (uniform) exposure 
through which the fault current flows. This can be observed by noting 
the reduction in induced valtage as the fault on the power line is moved 
from the end of the exposure toward the supply end. (In the demon
stration, the fault current is the same regardless of the location of 
the fault.) 

Likewise, if the valtage accumu.lates along the telephone circuit, the 
longitudinal valtage measured should be proportional to the length of 
telephone circuit exposed. This can be observed by again placing 
the fault on the power line at the end of the exposure and moving the 
measuring point along the telephone line. As this point is moved 
toward the grounded end, the indicated valtage goes down. 

Another basic factor in coupling is its relationship to the separation 
between the lines. Generally speaking, the greater the separation, 
the smaller the coupling. How much coupling will exist for a given 
separation depends on a number of factors, one of which is the structure 
of the earth. This effect will be discussed first. 



LOW-FREQUENCY INDUCTION 579 

In the type of problern we are considering the telephone wires 
comprise one side of a Iong Ioop, the other side of which is the earth. 
Likewise, the power wires comprise one side of a Ioop, the other side 
being the earth. It is a weil known fact that the magnetic coupling 
between two parallel loops at a given separation increases as the sizes 
of the loops increase. The sizes of the loops in the case being con
sidered are determined by the distribution of the return current in 
the earth. 

A great deal of theoretical and experimental work has been done in 
connection with the analysis of the distribution of current in the earth, 
and it has been found that one of the important factors is the "re
sistivity" of the earth. The effect of resistivity of the earth can be 
briefly summarized as follows: 

(a) Considering the outgoing andreturn paths for residual current on a 
power line, the mutual induction between the current in the 
wires and the return current in the earth tends to pull the earth 
currents tagether and to concentrate them under the Iine as 
near the surface as practicable. This action tends to decrease 
the coupling to an adjacent circuit by decreasing the effective 
separation of the sides of the loop. 

(b) The resistance which the current encounters in flowing through 
the earth tends to make it spread out because, by so doing, the 
current density is reduced and the valtage drop is consequently 
reduced. This spreading out tends to increase the coupling to 
an adjacent circuit. 

(c) The net distribution of the current in the earth is a balance 
between these two opposing tendencies and this distributionwill 
be different for different resistivities of the earth. Generally 
speaking, the greater the resistivity of the earth, the more the 
current will spread and the greater will be the coupling to an 
adjacent circuit. 

Figure 3 is a graphica] representation of how the return current in 
the earth tends to spread with an increase in earth resistivity. \Vhile 
this figure shows only the vertical spread, a similar spreading also 
takes place horizontally. 

The effect of the sizes of the primary and secondary loops on the 
coupling is greater when the Ioops are widely separated than when 
they are close together. For this reason, the effect of earth resistivity 
on coupling is much greater for wide separation exposures than for 
exposures where the Iines are close together. Consequently, with 
high resistivity earth, the coupling not only is higher at all separations 
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Fig. 3-Current distribution in earth of different resistiYities. 
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Fig. 4-Demonstration of effects of depth of return current in earth. 
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than with low-resistivity earth, but (except for very wide separations) 
the percentage reduction secured by increasing the separation a given 
amoun t is smaller. 

Figure 4 shows a schematic of a demonstration set-up to show some 
of these effects. I t is, of course, impracticable to employ earth of 
different resistivities in a demonstration of this kind, but the difference 
between return current which concentrates near the line and that 
which is more remote can be roughly indicated. In order to illustrate 
the fact that when the currents are concentrated closely under the line, 
the coupling falls off rather rapidly as the separation is increased, 
returns immediately under the lines are used and the telephone line 
is moved to change the separa·.tion. To illustrate that a wider dis
tribution of current in the earth tends to increase the coupling and to 
make it less affected by separation, returns on the floor are used for 
both the power and telephone lines. I t can be shown that: 

(a) The induced voltage increases when the connections are changed 
from the upper to the lower returns. 

(b) When the upper returns are used, tlze percentage reduction in induced 
voltage when the separation is increased, is greater than the 
percentage reduction when the lower returns are used and 
the separation is increased by the same amount, i.e., when 
the telephone Iine is moved between the same positions of 
minimum and maximum separation. 

If the earth is not homogeneous, that is, has strata of different re
sistivities, the distribution of the earth current is distorted and varying 
effects are noted. Where Iocal irregularities exist, marked and some
times erratic changes in coupling may occur within comparatively 
short distances. An "effective" earth resistivity can usually be 
determined by test even where the earth is stratified. 

Another important factor in determining the net coupling between 
power and telephone circuits is the effect of grounded wires or other 
linear grounded metallic structures along the inductive exposure. 
Voltages are induced in such grounded metallic structures in the same 
way as voltages are induced in telephone wires and these voltages 
cause currents. The magnetic fields accompanying these currents 
generally oppose those from the power wires and reduce the induction 
in the telephone circuit. The effect of such currents in grounded 
structures is generally spoken of as "shielding." 

The amount and phase of the current in a grounded conductor in a 
given Iocation and hence the shielding provided by it depend on the 
impedance of the conductor with earth return. Hence the shielding is 
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increased when the resistance of the conductor and its ground con
nections is reduced. 

In order to illustrate these effects, the demonstration shown in 
Fig. 5 has been set up. \:Vith the shield wire on the power line, the 
shielding effect can be shown under two conditions as follows: 

(a) \Vhen the switch directly grounding the shield wire is closed the 
induced voltage in the telephone circuit goes down materially 
due to the shielding effect of the current in the shield wire. 

(b) \Vhen, instead of grounding the shield wire directly, it is grounded 
through a small resistance, the reduction in induced voltage is 
much smaller because the resistance Iimits the current in the 
shield wire. 

In order that a conductor may exert a shielding effect, it must have 
a substantial coupling to either the power or telephone line; i.e., it must 
be fairly close to one or the other. By moving the wire shown in 
Fig. 5 it can be demonstrated that: 

MOVABLE SHIELD WIRE 

1 
POWER UNE 

TELEPHONE LINE 

TOAMPLW~~----------------------------------~ 
AND METER -------.1 

Fig. 5-Demonstration of shielding effect of grounded wire. 

(a) \Vith the shield wire on the power Iine or on the telephone line, 
substantial shielcling is secured. 

(b) If the wire is moved outside the exposure, the shielding is reduced 
to a small value. 
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\Vhile the demonstration shows only the effect of a grounded wire 
on or near the power or telephone lines, similar effects in varying 
degrees may be caused by such grounded metallic structures as under
ground pipe lines, railroads where the ra ils a re bonded in long lengths, 
trolley lines, etc. In many situations the shielding effects of such 
structures may be substantial. 

Another type of grounded conductor which may give substantial 
shielding is the metallic sheath of a telephone or power cable. A cable 
sheath will effect some shielding on conductors which are not enclosed 
by it in the same way as any other grounded metallic conductor , but 
the major shielding effect is experienced on conductors within t he 
sheath. The shielding effect of a cable is, as in the case of a shield 
wire just demonstrated, determined to a considerable extent by its 
impedance with ground return. 

Shielding due to a telephone cable can be demonstrated using t he 
set-up shown in Fig. 6 and it is noted that : 

TO AMPUFIER 
AND METER 

t 
I 
I 
I 
I 
I 
I 
I 

--j_ 

POWER UNE 

OPEN WIRE TELEPHONE UNE 

MEASURING 
TELEPHONE CABLE PAIR 

OTHER PAIRS 
IN CABLE 

Fig. 6-Effect of cable shielding. 

(a) The voltage along a conductor inside the cable is reduced when 
the sheath is directly grounded a t both ends. 

(b) If the effective resistance of the sheath is reduced by paralleling 
with it some of the conductors inside, the shielding is increased 
(i.e., the reduction in voltage is greater). 
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(c) \Vhen resistance is added in one of the sheath-to-ground con
nections, the shielding effect of the sheath and conductors is 
reduced. 

(d) If the shield wire is grounded its effect is cumulative 2 with that 
of the cable sheath and conductors. 

(e) The voltage along the open wires on the line is reduced when the 
cable is grounded at both ends. Here again, of course, the 
effect of the shield wire is cumulative 2 with that of the cable 
sheath and conductors. 

The same shielding effects could be shown if the pmver instead of the 
telephone circuit were in cable. Also, of course, if there is more than 
one power or telephone cable, the shielding is increased. lron armoring 
also tends to increase the shielding. 

POWER CIRCUIT CONDITIONS 

Having illustrated some of the factors affecting coupfing Iet us now 
revtew briefly the factors affecting the current in the power line at 

POWER LINE 

9~.-..----_______.~ ~;~ 
1 i - -. . 

TELEPHONE UNE 

TOAMPL~~L-----------------------------------~ 
AND METER 

--j_ -

Fig. 7-Comparison of induced voltage with different amounts of residual current. 

times of ground fault. Not only is the current flowing to ground under 
fault conditions on apower Iine usually greater than the current under 
normal operating conditions, but it is also a fact that a given current 
in a ground return circuit induces a !arger voltage along a parallcling 
telephone circuit than the same amount of current if confined to thc 
phase conductors. That the induced voltage dcpends on thc ~unount 
of residual current can be dcmonstrated as shown in Fig. 7. Here a 

2 While the benefits are "cumulative," the individual effects are not directly 
additive due to mutual reactions between the different shielding contluctors, the net 
effect being less than the total of the effects of each shiekling conductor acting alone. 
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comparison is made between the induced valtage for two residual 
currents, one greater than the other. \Vith ]arger current, the valtage 
indicated on the meter is ]arger. The resistance inserted in the fault 
to reduce the current in this demonstration might be thought of as 
simulating added impedance anywhere in the ground return circuit 
through the fault. For example, it might be thought of as simulating 
the effect of the line impedance which would be added if the fault 
occurred at some distance beyond the end of the exposure. Also, its 
effect is the same as would be produced by an increase in the reactance 
of the supply transformers or in the neutral-to-ground connection; 
or by an increase in the local resistance at the fault itself. 

In analyzing the impedances further , there are two general types of 
power systems which must be considered: the "grounded neutral" 
and "isolated neutral" systems. These are illustrated in Fig. 8. 
In the grounded neutral system, the neutrals of one or more trans
former banks are grounded directly or through impedance so that in 
the event of a fault, a path for current is established from the fault 
through the earth and back to the system through the neutral-to
ground Connections. In the isolated neutral system there are normally 
no grounds on the system so that in the event of a fault the only path 
for fault currents is through the capacitances of the unfaulted phases 
to earth or through a second fault if one exists. Hence for a singte 
fault, the fault current is limited to the charging and leakage current. 

Figure 8-D shows for a grounded neutral system, the equivalent 
single-phase circuit for residual currents. In an actual Iine, the 
circuit conditions are, of course, usually much more complex than 
those shown. In even the simplest situations, there are usually other 
lines, generator points, or grounding points which supply some fault 
current. However, for the purpose of examining the fundamental 
phenomena, the simplified diagram can be used. As can be seen, the 
impedances which control the residual current are those associated 
with the fault, the Iine impedance, those in the transformer and 
generating equipment and the impedance, if any, in the neutral-to
ground connection. Impedances in any of these places tend to Iimit 
the fault current. 

Figure 8-C shows a simplified diagram of the equivalent single
phase circuit of an isolated neutral system with a single-phase fault
to-ground. For this condition, it is evident that the fault-current 
path includes the capacitances to ground of the unfaul ted phase 
conductors. In a small system these capacitances will be small and 
the fault current will, therefore, also be small, particularly if the 
valtage is not high. In extensive systems or systems having much 
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cable, the capacitances and hence the fault current may be fairly ]arge, 
particularly if the voltage is high. Of course, in an actual system 
the capacitances to ground are distributed throughout the system so 
that the amo~nt of residual current in the lines will vary from Iocation 
to location, being a maximum at the fault and tapering to zero at the 
end of each branch of the system. 
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Fig. 8-Types of power systems. (A) Isolated neutral system und er normal 
conditions. (B) Groundecl neutral system under normal conditions. (C) Isolated 
neutral system with single fault. (D) Groundecl neutral system under fault 
conditions. 

If, in a power system, a second fault-to-ground occurs on another 
phase while the first persists, a large residual fault current will exist in 
the line between the faults even if the neutrals are isolated. Simul
taneaus faults on two phases at different points may occur on any 
type of system, but arc more likcly to occur on an isolated neutral 
system than on one in which the neutral is solidly groundcd. This is 
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due to the fact that for the isolated system, full phase-to-phase or 
possibly higher valtage is impressed between the unfaulted phases 
and ground, thus increasing the valtage stress on the insulation of the 
entire system during the time of fault. 

Figure 9 shows a demonstration set-up to illustrate the effects of 
faults on an isolated neutral system which issmall enough so that the 
capacitances are negligible. I t will be noted that when a single fault 
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Fig. 9-Demonstration of effect of faults on isolated neutral system. 

is put on the line at the far end, no appreciable rise in valtage on the 
telephone line occurs. However, when a second fault is put on another 
phase at the near end, the induced valtage immediately rises. In 
order to illustrate that the current is residual only between the faults, 
the faults can be moved closer together. When this is clone, the in
duced valtage decreases until, with the faults at the same point, it 
practically disappears. The small remaining valtage is largely due to 
balanced current induction due to the heavy Ioad on the power line 
when two of the phases are shorted. · 

A system grounded through a neutral impedance, such as when 
resistance or reactance is included in the neutral-to-ground connections 
or when a high reactance grounding bank is used, partakes of some of 
the characteristics of an isolated neutral system. Generally speaking, 
the addition of neutral impedance tends to reduce the fault current, 
this effect being proportionately !arger for faults near the neutral 
grounding points. This reduction in fault current tends to reduce 
the valtage induced on nearby telephone lines and in some cases may 
reduce the "shock" to the power system and the darnage at the point 
of fault. On the other hand, increasing the neutral impedance tends 
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to increase the difficulty of securing adequate selectivity in power 
system relay Operation and to make a more complex relay system 
necessary. I t also tends to increase over-voltages on the power 
system and t9 reduce the factors of safety for lightning arrestors. 

In addition to the magnitude of the residual current, its duration is 
of importance since the length of timethat the induced valtage persists 
on a telephone circuit has important reactions on its effects. For 
example, the chance of permanently grounding telephone protectors, 
with consequent interruption of service until the protector blocks are 
replaced, depends not only on the amount of current through the 
blocks but upon its duration. Likewise, many of the other effects, 
which are described later, are materially affected by the duration of 
the induced voltage. Since, except for self-clearing faults, the duration 
of fault current is determined by the time of operation of the relaying 
system, the reliability and speed of operation of the latter is an im
portant factor. There are many types of relaying systems and it is 
not practicable to go into a discussion of them here except to point 
out that rapid and reliable relaying is usually simplest on a solidly 
grounded neutral system. For systems with large impedances in 
the neutrals, it may be difficult to secure rapid fault clearance, 
particularly if the system Iayout is complicated. For isolated neutral 
systems, rapid relaying on ground faults may be very difficult or 
im practica ble. 

TELEPHONE CIRCUIT CONDITIONS 

The valtage due to magnetic induction accumulates along the 
telephone circuit and can be represented as a valtage in series with 
the telephone wires. Figure 10 shows schematically how this voltage 
acts. The two sides of the metallic telephone circuit are assumed to 
have the same induced voltage and impedance and are shown here 
replaced by a single equivalent conductor. The total valtage which 
is equal to the product of power line fault current and coupling is 
represented by a number of generators connected in series through 
impedances representing, in total, the line impedance inside the ex
posure. At the ends of the exposure are connected impedances 
representing those in the line and between line and ground outside of 
the exposure. The longitudinal induced voltage acting through the 
series and shunt impedances of the telephone line will produce the 
following condi tions of in terest: 

(a) Valtages between the telephone wires and ground at various 
places along the telephone line. 

(b) Current in the longitudinal telephone circuit. 
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(c) Voltages between different wires on the telephone Iine. 

Telephone circuits are supplied with protective devices. The part 
of the telephone protective system of most interest in connection with 
Iow-frequency induction is the carbon-block protector. This device 
provides a small air gap between carbon surfaces one of which is con
nected to the telephone conductor and the other to ground or cable 
sheath. When an excessive voltage is impressed on the telephone 
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Fig. 10-Distribution of voltage to ground before protectors operate. 

conductor an arc is established in the air gap thereby grounding the 
conductor. Proteetors are Iocated at central offices and at other 
points, such as at junctions of open wire and cable where it is desired 
to Iimit voltages on telephone wires due to lightning, contacts with 
power systems, induction, and other extraneous voltages. 

In analyzing the distribution of induced voltage between a telephone 
circuit and ground assume first that no protectors are operated. 
Under this condition, the voltages to ground on the telephone wires at 
various points are determined by the impedances between the wires and 
ground along the line and at central offices where equipment is con-
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nected to them. The valtage to ground at either end of the exposure 
is equal to the longitudinal current times the impedance-to-ground 
seen looking away from the exposure at that end. Figure 10-C 
illustrates how the voltages may distribute due to the distribution of 
impedances between the wires and ground along the line and in the 
centrat office equipment. Of course, in practice, the variety of im
pedance distributions encountered is almost infinite and the corre
sponding valtage distributions vary over a wide range. 

If voltage-to-ground at any point where protectors are located 
exceeds the operatingvaltage of the protector, the protector operates 
and three things happen: 

(a) The voltage-to-ground at the place where the protector operates 
is reduced to a low value. This makes the longitudinal valtage 
pile up at the protectors at the opposite end, andin most cases, 
they will also opera te. 

(b) The operation of the protectors at the two ends completes a Ioop 
consisting of the telephone circuit and ground so that the in
duced valtage will cause current to flow through both pro
tectors. 

(c) The voltages-to-ground on the circuits on which protectors have 
operated are changed and redistributed and the voltages on the 
other telephone circuits are also changed and redistributed due 
to shielding, as discussed later. 

POWER 
SUPPLY 

I I 
I I 

Fig.ll - Demonstration showing effect of terminal impedance on voltage distribution. 

All of these effects take place within a very short time after the longi
tudinal valtage is applied so that for all practical purposes they can 
usually be considered as being 'instantaneous. 

In order to illustrate these phenomena, the demonstration shown in 
Fig. 11 can be used. In this demonstration the longitudinal valtage 
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is impressed by means of a power transformer in order to secure a 
sufficiently high voltage. A general idea of the relative magnitudes 
of the voltages at the two ends can be had by observing the brilliancy 
of the voltage measuring Iamps. By varying the slide wires which 
control the terminal impedances the proportians of the total voltage 
which appear at either end are changed and an idea of the changed 
distribution can be obtained by observing the changing glow of the 
measuring Iamps. Finaily the voltage at one end can be increased 
enough to cause the protectors at that end to operate, whereupon 
the measuring Iamp goes out and the small protector lamp Iights. 
Immediately the other protectors operate, as evidenced by the voltage 
Iamp going out and the protector Iamp lighting, and the Iine current 
increases as evidenced by the brilliance of the Iine current indicating 
lamp. 

An important factor in the further analysis is the characteristics of 
the telephone protector. The arc takes place between two carbon 
surfaces. The gap between these two surfaces has a very high break
down speed and a very Iow impedance after it is broken down. 
Another important characteristic from the standpoint of Iow-frequency 
induction is its tendency to become permanently grounded if heavy 
currents are discharged or if the discharge continues for some time. 
Consequently, the amount of current in the longitudinal circuit in the 
event of a breakdown and its duration are important factors in de
termining the chance of permanently grounding the protectors and 
causing the circuit to become inoperative until the blocks are changed. 
Duration is, of course, ordinarily a function of the duration of fault 
current on the power Iine as pointed out previously. 

The amount of current through operated protectors is determined by 
the longitudinal voltage and the longitudinal impedance of the tele
phone circuit. If, for the moment, it is considered that only one wire 
is present, this current is simply the total longitudinal voltage divided 
by the total series impedance of the wire plus any resistance in the pro
tector grounds. This can be seen from Fig. 11. 

Ordinarily there are numerous circuits on an open-wire telephone 
Iead or in a telephone cable. If the protectors on a nurober of these 
circuits break down, the current in each wire will be Iess than that 
which would exist were only one wire present as in the above illustra
tion. This is due to the mutual impedance between the different 
telephone wires which causes the current in any one wire to reduce 
the current in the remaining wires. The total current in all of the wires 
of course increases as the nurober of wires on which protectors have 
operated is increased but not in direct proportion. Figure 12 illus-
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trates this effect. The actual circumstances concerned in this phe
nomenon are, of course, that the wires which become grounded at 
their terminals through the operation of the protectors exert a shielding 
effect in exactly the same way as any other grounded conductor. 
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Fig. 12-Current in telephone wires. 

The resistance of an individual wire is relatively high but if numerous 
protectors operate, the shielding may become fairly great, due to the 
closeness of the wires to each other and to the fact that a substantial 
amount of copper may be involved. Of course, this shielding is ob
tained at the expense of at least momentary interruption of the circuits 
on which protcctors operatc. 

The shielding effect of current in grounded telephonc wires is exerted 
on all telephone wires on the line regardless of whether the protectors 
on them have or have not operatcd. Consequently, what may happen 
on a large telephone line with a moderate induced voltagc on it is 
that enough tclephone protectors on different circuits operate to give 
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a shielding effect on the remaining wires sufficient to reduce the voltages 
on them to values lower than will operate the protectors. 

Another important factor is the voltage-to-ground at various places 
along the telephone circuit after protectors operate. \Vith the pro
tectors operated the voltage-distribution-to-ground can be evaluated 
from the longitudinal induced voltages, the longitudinal currents, and 
the series impedances in the circuit. As the simplest and perhaps 
most striking case, consider a telephone circuit which is solidly 
grounded due to operated protectors at the endsofauniform exposure 
with a fault on the power line at the end of or beyond the exposure. 
This situation is illustrated in Fig. 13. The distribution of induced 
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Fig. 13-Voltage to ground for telephone line grounded at ends where fault is 
outside of exposure. 

valtage along the line is uniform and the longitudinal current is equal 
to the total longitudinal valtage divided by the total series impedance. 
If the net drop in valtage is taken from either end to any point along 
the circuit, it will be found that the induced valtage accumulated 
over this distance is equal and opposite to the valtage drop over this 
same distance due to the current flow through the impedances in this 
section. Consequently, under these conditions the voltage-to-ground 
is zero at all points along the circuit. This is true regardless of the 
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magnitude of the induced voltage. Figure 13 also shows the set-up 
by which this fact can be demonstrated. I t wm be noted that, while 
there is a fairly high longitudinal voltage, the valtage between the wires 
and ground "~ith both ends of the circuit grounded is negligible at aii 
points along the line. 

If the telephone line extends beyond the exposure, the effect of this 
portion of the line is to add impedance between the exposure terminal 
and the protector without adding a corresponding induced voltage. 
If a power line fault occurs at the end of the exposure, a voltage-to
ground wiii exist at this point equal to the current in the telephone 
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Fig. 14-Voltage to ground for telephone line grounded at both ends where fault is 
inside of exposure. 

line times the impedance outside the exposure. This situation can 
be iiiustrated in the set-up of Fig. 13 by leaving the power fault at 
the end of the exposure and adding a smaii impedance in the ground 
connection to the telephone line at one end. \Vhen this is clone it 
wiii be noted that a voltage-to-ground exists at the end where the im
pedance is added and that the voltage-to-ground decreases as the 
measuring point is moved toward the other end. 

To illustrate that voltage-to-ground may occur under other con
ditions evcn though the telephonc line is solidly grounded at thc 
exposure terminals, consider the situation shown in Fig. 14. This 



LOW-FREQUENCY INDUCTION 595 

represents the same exposure conditions as in the preceding set-up 
and the telephone circuit is solidly grounded at both ends, but the fault 
current instead of flowing through the entire exposure flows through 
only half of it. In this case the telephone circuit impedances are 
the same as in the preceding case, but only half of the induced voltage 
is present. Consequently, the amount of current through the longi
tudinal circuit is only half of that in the preceding case. Now if the 
net voltage drop from either end to the middle is taken, it will be found 
that it is equal to one-half of the total longitudinal voltage induced 
under the conditions shown. Figure 14 also shows the set-up for 
demonstrating this condition. In this case the longitudinal voltage is 
smaller than in the preceding demonstration, but if both ends are 
groun<:}ed and the voltage measuring device is moved along the line, 
the voltage-to-ground increases from one end to the middle and then 
falls off from the middle to the opposite end. 

In the last two demonstrations, the fault current on the power line 
was fed from one end only, i.e., "single-end feed." It sometimes 
happens that the fault current may be supplied to a power Iine, at 
least during the initial stage of a disturbance, from both ends, i.e., 
"double-end feed." The double-end feed condition tends to reduce 
the overaii longitudinal induction when the fault occurs inside the 
exposure. In the demonstration shown in Fig. 15 it may be observed 
that for the set-up with a fault at the middle of the exposure the 
symmetry is so good that the total longitudinal voltage is very small. 
However, with the telephone circuit grounded at both ends, a sub
stantial voltage-to-ground exists at a point in the telephone circuit 
opposite the fault and this voltage-to-ground reduces to zero at the 
ends. As the fault is moved toward either end of the exposure, there 
is a tendency for the longitudinal voltage to increase and for the voltage
to-ground, with both ends of the line grounded, to decrease until the 
limiting condition brought out in Fig. 13 is reached. 

The analysis of voltage-to-ground can be carried out for any com
bination of impedances and induced voltage distributions by totaling 
vectoriaily the voltage drops (including any voltage drop over pro
tector ground resistance) and the induced voltages between a grounded 
point and the point at which the voltage-to-ground is desired. The 
same analysis can also be carried out regardless of whether one or 
numerous wires are involved as long as all of the wires are grounded 
directly or through arrestors at the same points. If some of the wires 
on a line are not grounded, i.e., the protectors are not operated, the 
analysis for these wires must be carried out on the basis of their 
admittance-to-ground as discussed previously. In such a case, the 
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longitudinal valtage to be employed would be that remaining after 
correction for the shielding effect due to wires on which protectors 
have operated. 

As mentioned previously, mutual shielding of the telephone wires on 
a line may prevent the operation of some protectors, particularly on a 
!arge ]ine. Consequently, the exact analysis of the distribution of 
voltage-to-ground of all of the wires on a large line becomes very 
complex. l\1oreover, as is often the case, if impedance conditions are 
not uniform, such as where circuits are not coterminous, the complete 
analysis of the voltage-to-ground becomes even more complicated. 
Under such conditions it will generally be found that the distribution 
of voltage-to-ground along the different circuits is different, and 
consequently, voltages exist between different wires due to these 
differences in the voltage-to-ground. Likewise, voltages may exist 
between wires on which the protectors have operated and wires on 
which the protectors have not operated. 
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Fig. 15-Voltage to ground for telephone line grounded at both ends where fault is 
inside exposure-double-end feed. 

All of the above analyses have been made on the assumptions of con
tinuous telephone wires. If a wire is opened at one point the longi
tudinal voltage, reduced by shielding from any currents which exist 
in other continuous wires, will appear across the "open." On a largc 
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line this shielding may, as pointed out previously, be so large that 
the voltage across the open is reduced to a fraction of the induced 
voltage. 

Using the high voltage equipment which was used in connection 
with the demonstration of protector operation, "acoustic shock" 
can be demonstrated. Although strictly the term "acoustic shock" 
should be used only with reference to the effect on a person subjected 
to an abnormally loud sound, the term has also come to be used to 
designate a noise (usually transient) in a telephone receiver, the in
tensity of which is considerably high er than that of speech. I t is 
produced by an excessive voltage across the terminals of the re
ceiver. 
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Fig. 16-0scillograms showing voltages across protector blocks and resulting voltage 
across circuit, and schematic of test circuit. 

The disturbances of this nature which are of primary interest in 
inductive coordination work are those which are Iiable to be ex
perienced when a voltage high enough to cause the breakdown of 
protectors appears on a telephone circuit. This may be the result of 
low-frequency induction or may be produced by other causes, such as 
lightning or contacts between power and telephone circuits. Although 
induced voltages usually appear in equal magnitudes on the two sides 
of a circuit, the protector gaps on the two sides of the circuit discharge 
in an unsymmetrical manner with the resul t that a voltage high er than 
normal appears across the circuit. \Vhen this occurs a loud noise or 
rattle is produced in the receiver of a telephone set bridged across the 
circuit. 

Figure 16 shows oscillograph traces of voltages measured across 
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operating protector blocks. Each outside trace shows the valtage 
across one of the two blocks. lt will be noted that the two traces are 
not identical. The middle trace shows the resulting valtage across 
the circuit. It is this valtage which may cause acoustic shocks. 
The very jagged outline of this trace indicates that many frequencies 
other than 60 cycles are presen t. 

The demonstration of Fig. 17 can be arranged to produce acoustic 
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Fig. 17-Demonstration of acoustic shock. 
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shock. In this demonstration, sufficient valtage is impressed on the 
circuit to operate the protector blocks at one end. An operator's 
telephone set and a receiver are connected across the circuit at this 
end. \Vhen the valtage rises high enough to operate the blocks a 
relatively loud sound is emitted by the receiver. 

Other effects may accompany the unsymmetrical discharge of the 
protector blocks. For example, the signals which are connected at 
the ends of the telephone circuits may operate and give what is 
commonly called a "f alse signal." 

PROBABILITY F ACTORS 

In the preceding discussion, a nurober of factors were mentioned 
which may vary between different occurrences in the same inductive 
exposures. Among these may be mentioned the following: 

(a) The impedances in the faulted circuit may vary between occur
rences due to variations in the location of faults, variations in 
the effective fault resistance, etc. The effect of the variation 
in location of the fault, of course, is to change the line im
pedance in the faulted circuit and hence the fault current. 

(b) The duration of the fault current may vary between occurrences 
due to variations in conditions which affect the speed of opera-
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tion of the power circuit relays and circuit breakers. In soroe 
cases, of course, faults roay clear theroselves without circuit 
breaker operation and this introduces additional variations. 

(c) Large variations in longitudinal voltage, voltage-to-ground, and 
current through protectors roay occur with relatively sroall 
variations in the locations of faults when they occur inside 
inductive exposures. 

(d) The shielding effects due to the operation of protectors on telephone 
circuits roay vary considerably between different occurrences. 

The variations in induced valtage duration, etc., between different 
occurrences are, of course, only part of the story. Obviously, the total 
nurober of faults which roay occur on a power line in an exposure 
over a given period is equally iroportant. This will be affected by 
nuroerous factors such as type of line, severity of lightning and other 
hazards, etc. 

In addition, there are variations in the reactions on the telephone 
circuits. For exarople, the protector blocks used do not all break 
down at the saroe valtage and the fortuitous variations in the break
down valtage roay have an iroportant bearing on the nurober of 
protectors which operate and consequently on the total shielding, 
current through protectors, etc. Froro the standpoint of possibilities 
of acoustic and electric shock, there are of course roany other proba
bility factors involved. 

All of these factors are under investigation and our knowledge of 
thero is increasing froro day to day. It is probable, however, that low
frequency induction will always reroain a subject in which quantitative 
analyses can teil only a part of the story. 



Circulating Currents and Singing on Two-Wire 
Cable Circuits 

By LEONARD GLADSTONE ABRAHAM 

One of the important factors limiting the working net Iosses of two-wire 
cable circuits is the possibility of excessive circulating currents or actual 
singing. 

A theory is developed for the computation of the distribution of singing 
margins on groups of two-wire circuits from the known gains and Iosses 
and known functions of the deviations of loading coils, loading coil spacing, 
cable capacitance and office equipment. The distribution functions of cir
culating current margins, of active return Iosses and of active singing points 
are also derived. 

The possible application of these methods to specific problems is discussed 
and an example of the computations involved is given. 

The theory herein involves certain approximations and empiricisms in 
determining the singing limitations but it is believed to give an answer 
which approaches the exact answer rather closely. 

lNTRODUCTION 

AMONG the considerations which limit the minimum working net 
Iosses 1 of two-wire cable circuits, one of the most important is 

the desirability of avoiding excessive circulating currents. These cir
culating currents may manifest themselves as a quality impairment 
due directly to frequency and phase distortion or as sustained oscilla
tion (singing). 

In a given two-wire cable circuit, if the exact location and nature of 
each irregularity were known, it would be possible to compute exactly 
whether sufficient singing margin is available. The practicable method, 
however, is to compute the singing margins which will be exceeded on 
various percentages of a large group of such circuits, from the infor
mation which is available about the irregularities on a distributional 
basis. This paper first derives theoretical distributions of circulating 
current margins and singing margins without regard to various prac
tical considerations such as the effect of repeating coils and other 
apparatus. In the second main division are discussed various consider
ations which are involved in applying the theory. In the third main 
division detailed computation methods are illustrated. The attached 
appendices cover the mathematical derivation of certain quantities. 

1 "Certain Factars Limiting the Volume Efficiency of Repeatered Telephone Cir
cuits," L. G. Abraham, Bell Sys. Terlr. Jour., October, 1933. 
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A two-wire loaded cable circuit will be considered which consists of 
a number of repeater sections with 22-type repeaters. As shown on 
Fig. 1 there are various circulating pat hs in such a two-wire circuit 
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Fig. 1-Singing paths in a two-wire circuit . 

which might cause objectionable circulating currents at any given 
frequency. Each repeater section consists of a large number of loading 
sections which have approximately the same capacitance and the same 
inductance per mile. Practically, however, there are deviations of t he 
capacitance and inductance in a given Ioading section from the 
nominal average, each of which introduces an impedance irregula rity 
which prevents the balancing network from exactly balancing the Iine. 
To determine the amount of current returned from each of these 
irregularities in a given case and the phase at which it is returned is, 
in general, impracticable. It is possible, however, to determine in 
what percentage of circuits the circulating current at any given fre
quency will exceed a certain percentage of the original current or , in 
other words, the percentage of cases in which the loss in the circulating 
current path will be less than a certain amount. T he loss in t he cir
culating current path at a given frequency is called the circula ting 
current margin at that frequency. 

The distribution of return Iosses at any given frequency in a cable 
section without repeater has been determined by G. Crisson in a paper 
entitled " Irregularities in Loaded T elephone Circui ts," B ell System 
Technical Journal, October, 1925. This derives the dist ribution of 
the return Iosses which would be measured a t a given frequency on a 
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}arge number of such cable circuits in terms of certain functions of the 
capacitance and inductance deviations. From this paper the dis
tribution function of the return Iosses may be expressed in decibels 
as follows: 

s = SH + Sw - SA + SF = sl + SF 
(See Appendix VI for Nomenclature). 

In this equation SF is the distribution function of the return Iosses and 
S 1 is the return Ioss at the frequency in question which is exceeded by 
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63 per cent of the total return Iosses measured . SH is determined 
entirely from the fractional deviations of the capacitances and in
ductances. Sw is determined by the proximity of the frequency in 
question to the cutoff frequency of the line facilities . SA is determined 
by the attenuation of the cable circuit and is, in effect, the summation 
function of the different sources of irregularity. 

Figure 2 shows the distribution curve SF from the paper referred to 
above. In a similar manner the distribution curve of several repeater 
sections in tandem or in parallel 2 may be determined. This is known 
as an active return Ioss. Referring to Fig. 1 the return Ioss measured 
across the west hybrid coil of repeater C will be determined not only 
by the irregularities in the immediately adjacent repeater section but 
also by the irregularities in the other repeater section to the west of 
repeater C as seen through the intervening Iosses and gains of the 
circuit. Strictly speaking, the return Iosses on the east sides of 
repeaters A and B will also affect the active return Ioss because cir
culating paths around each repeater and around various combinations 
of repeaters will exist. However, these circulating paths have so much 
Ioss in any practical field circuit in which the other requirements are 
satisfied, that the return Iosses on the east side of A and B need not 
be considered. 

Appendix I derives the formula for the distribution curve of an 
active return loss when the passive return Iosses of which it is made 
up are of the form given above, assuming no returned currents from 
beyond the terminal repeater. This distribution function is: 

In this case it is assumed that the value of S1 is the same for the passive 
return Iosses of each repeater section, but from the appendix, the more 
general case where there is a different value of S1 for each section may 
be determined. 

Figure 3 gives values of F(N, T) for the specific case where each 
repeater section has the same loss and each intermediate repeater has 
the same gain. The value of this function is also derived in Appendix I. 

Referring again to Fig. 1 there will be an active return Ioss which 
may be measured on the west side of repeater C and also an active 
return Ioss which may be measured on the east side of repeater C. 
Assuming that the distribution function of the active return loss 
toward the west is S 11 + SF (not including path A) while the dis-

2 While this paper develops the theory specifically for the case of repeater sections 
in tandem, e.g., in a single two-wire circuit, it is generally applic:able also to the case 
of repeater sections in parallel, e.g., in a toll conference connectwn. 
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tribution function of t he active return losses toward the east is 
s12 + SF (not including path G) , the distribution function of the two 
return losses in series around the repeater will be Sn + S12 + SP as 
derived in Appendix II. In the general case, t here will be gain in 
series wit h t he active return Iosses, which may be considered as part 
of t he return losses. For convenience, define S u as follows: 

(1) 

S1 and F(N1, T) are as discussed above; N1 is the number of repeater 
sections towards the west end of t he circui t; and Ge is t he gain of the 
repeater in the west to east direction , say. Similarly, 

(2) 
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The various quantities are like those enumerated above except that 
they are for the active return loss in the other direction and include 
the gain of the repeater in the east to west direction . 

Figure 2 shows the value of SP as derived in Appendix I I plotted 
with Sp. By comparison of these curves, it may be seen that the 
spread of active return Iosses around a repeater will be somewhat 
larger than the spread of active return Iosses in one direction. The 
SI' curve approaches more nearly to a so-called normal law than the 
S F curve does. 

The previous discussion has been confined to the returned currents 
obtained from intermediate points in the circuit and also at a single 
pre-selected frequency. In addition to these currents, there is at 
each end of the circuit a current returned through the path called 
the terminal return loss. In a four-wire cable circuit this is the only 
path for circulating currents. From field data it appears that these 
terminal return Iosses approximately follow the SF distribution curve 
also. The end path toward the west may be written as: 

(3) 

where 7 db is assumed as the terminal return loss for S F = 0. In 
this case E 1 is the net loss at the particular frequency from the repeater 
in question (from the west side of repeater C) to the far end of the 
circuit and from that end of the circuit back to the repeater minus the 
gain of the receiving repeater on the latter side of the circuit (the 
\V-E repeater). The end path toward the east is 

(4) 

lf the Iosses of each cable section are equal and the gains of each inter
mediate repeater are equal, the repeater in question is at the center of 
the circuit, and EI = E 2, and at 1000 cycles EI would be equal to the 
nominal circuit net loss. 

The active return loss at a given frequency toward the west which 
includes the end path (both including the west to east repeater gain) 
will be 

5al + SF = (Sn X s21) + SF (5) 
p 

and toward the east will be 

Sa2 + SF = (512 X 522) + sp. (6) 
p 

\Vhere X means that the quantities so connected are combined as 
p 
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if their powers added directly; e.g., 5 u X 521 = 531 means that 
p 

lo- su/ to + 1o-su11o = lO-Sat/ lo. 

The circulatirig current margin (.ilfc) around this repeater at a given 
frequency will therefore be 5at + 5a2 + 5p, as derived in Appendix II. 
\Vritten in the more general form, the circulating current margin is 

];f c = [5t - F(Nt, T) - Ge] X [Et + 7] 
p 

+ [ 5t - F(N2, T) - gc] X [E2 + 7] + 5p. (7) 
p 

5inging Afargins 

The objectionable effects of too low circulating current margin are 
to cause poor quality in transmission over the circuit and to cause the 
circuit to" ring " or sound" hollow " to the talker or listener. \Vhen 
a circuit oscillates or " sings," conversations over it become difficult 
or impossible, voice-operated devices on connecting circuits are locked 
up, parts common with other circuits such as common " C " batteries 
may be adversely affected, and other circuits are made noisy through 
crosstalk in the cable or in the repeater station. It is therefore im
portant that the percentage of cases in which singing occurs shall be 
very small. 

In general, the tendency will be for most of the loaded cable circuits 
to sing within a fairly limited frequency range which is usually near 
the upper frequency point at which the overall circuit loss begins to 
be appreciably greater than the loss at 1000 cycles. Figure 4 shows a 
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Fig. 4-Singing frequency in 22 tests on 46 19-gauge B & H- 88- 50 two-wire cable 
circuits. 

cumulative plot of the singing frequencies during 22 tests 3 on 46 
19-gauge B & H- 88- 50 two-wire cable circuits. It may be seen that 

3 A 22 test is a singing test made by increasing the gain of a normal working 
repea ter in a two-wire ci rcui t until singing begins. 
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over 80 per cent of these frequencies were between 2200 a nd 3100 
cycles, while the nominal transmitted band on these facilities is from 
250 to 3000 cycles. 

Consider the case of the return loss of one circuit in a group of cable 
sections. A typical curve of the passive return loss of such a circuit 
is shownon Fig. 5. It will be seen that it consists of a set of " wabbles" 
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Fig. 5-Typical return-loss-frequency characteristic of a 19-gauge H-88-50 side 
circuit repeater section. 

around a general trend line. When a measurement of return loss is 
made at a single pre-selected value, the return Ioss obtained is deter
mined by what may be considered as two components, (1) the general 
quality of the repeater section as determined by the trend line, and 
(2) the particular part of the 11 wabble " on which the particular fre
quency measurement happens to fall (i.e., the bottom or top, or in 
between point of a given " wabble "). In measuring the return 
Iosses of a !arge group of lines at, say, 2900 cycles, the lower values of 
return loss will tend to be those which happened to be measured at 
the bottom of a 11 wabble." The high er the return loss of a given 
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circuit, the more chance there is that the return loss of that line 
happened to be measured at the top of a" wabble." 

\Vhen singing points 4 are measured, however, it may be said that 
when singing -takes place above, say, 2000 cycles, very nearly the 
minimum value of return Ioss minus gain is obtaine1. The distribution 
of singing points on a large group of lines, therefore, will be lower (in 
decibels after correction for gain characteristic) for a given percentage 
than the distribution of single-frequency return Iosses even at the 
frequency which has the Iowest computed values of any within the 
transmitted band (say, 2900 cycles for a repeater cutting off about 
there). Following the reasoning concerning the " wabble " given 
above, the amount by which the singing point will be lower will be 
small for the Iower return Iosses and singing points of a given group 
of lines, and will tend to increase more and more as the value of return 
Ioss becomes higher. 

Figure 6 shows the SF curve plotted on a scale which makes all 
cumulative normal law distributions come out as straight Iines. I t 
may be seen that the differences just described will tend to make the 
singing point distribution more nearly a normal Iaw than the SF 
curve. Field measurements show that such singing point measure
ments do approximate a normal law much more closely than they 
approximate the SF curve. Measurements of singing points on about 
900 19-gauge H-172-63 side circuits at 18 places du ring completion tests 
gave standard deviations about the average of the group at each 
place which, when added tagether as the weighted root mean square, 
gave a general standard deviation of 2.02 db. About 400 similar 
measurements on 16-gauge H-44-25 side circuits at 16 points gave a 
standard deviation of 2.05 db. Similar measurements on 233 19-gauge 
H-88-50 side circuits and 77 19-gauge H-88-50 phantom circuits gave 
standard deviations of 2.13 and 2.03 db, respectively. It therefore 
seems reasonable to conclude that a standard deviation of about 2 db 
is substantially correct for the distribution curve of singing points at 
a given place. I t should be realized that if singing points for a given 
type of facility from a large number of places are grouped tagether and 
a standard deviation of the entire group obtained around the average 
of the entire group, it may be considerably larger than 2 db due to the 
differences in average values of the different groups. Such com
putations on about 7500 measurements on one type of facilities showed 
a standard deviation of about 3 db for the entire group. 

4 The singing point of a given line is the gain which must be connected between 
the two sides of a hybrid coil to just cause singing, \vhen the line terminals of the 
hybrid coil are connected to the line in question and the network terminals are 
connected to the normal balancing network circuit. Unless othcrwise specified, the 
singing point is expresseu iu tcrms of the 1 000-cycle gain. 
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The other important point in determining t he singing point dis
tribution is to fix the amount by which its average is less than say, 
the reference 63 per cent point on t he SF curve; i.e. , if the distribution 
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curve of single frequency return Iosses for, say, the highest freq uency 
having as much gain in the repeater as the gain at 1000 cycles, is 
sl + SF, the distribution of singing points will be s} - B + SQ (2.0) 
where B is S1 minus the average of t he singing points, SQ (2.0) is a 
normallaw with a standard deviation of 2 db, and Q is the percentage 
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of cases which will have Iower singing point values. I t was not pos
sible to compute B from the measurements referred to above due to 
incomplete information. 

From field measurements including a !arge group on 19-gauge B & 
H-88-50 facilities during a Newark-Philadelphia trial, however, it 
appears that B is about 2.5 db. As further evidence, the reasoning 
given above concerning the •• wabble " in the return Ioss distribution 
when considered together with the standard deviation of 2 db Ieads 
to the conclusion that the value of B must lie within a range from 
about 2 to say, 3 or 4 db for all facilities. 

It is accordingly considered reasonable. to assume that the distri
bution of singing points on passive repeater sections at a given place 
will be a normal law of the form S1 - 2.5 + SQ(2.0).5 The SQ (2.0) 
law is shown on Fig. 6. 

When the singing points of several such repeater sections in tandem 
are measured, it seems reasonable to say that the distribution of 
singing points will be a normal Iaw of the form S 1 - F(N, T) - 2.5 
+ SQ(2.0), by analogy with the distribution functions of single-fre
quency return losses. 

\Vhen an end path is measured by itself, the singing point in the 
200ü-3000-cycle range will generally be a little Iess than would be 
indicated by single-frequency return-Ioss measurements. However, 
the difference between the two sets of measurements will probably be 
Iess on the average than the 2.5 db indicated above, since the 
44 wabbles" in measurements of terminal return Iosses are usually 
much Iess than in measurements of repeater section return loss, par
ticularly for the Iower terminal return Iosses which generally are on 
non-loaded Ioops. I t is accordingly estimated that the distribution 
of singing points of the end paths is 

(8) 

When an end path through a terminal return Ioss is added to the 
intermediate paths, tests have shown that the singing point of the 
resultant will in each case be approximately as if the currents of the 
singing points of the intermediate paths and the end path added 
directly. A group of such measurements is shown in Appendix II I. 
Thc singing point of the resultant will therefore have a distribution of 

5 It is interesting to note here that in an article in Eleclrical Communication for 
July, 1934, entitlecl "The Prediction of Probable Singing Points on Loaded Cable 
Circuits," the law is given as effectively S1 - 2.5 + SQ(l.75). The difference be
tween these equations is generally within the Iimits of experimental crror. It may 
be a real difference, however, since there are certain differences in adjustments of 
building-out condensers which might be expected to affcct the standard dcviation. 
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approxima tely 
(5u - 2.5) X (521 - 1) + SQ(2.0), 

i 
(9) 

where X means that quantities so connected are combined as if their 
i 

currents added directly, e.g., 5u X 521 = 531 means that 
i 

When two end paths are connected in series, say araund a four-wire 
cable circuit, it is believed that singing points in the 2000-3000-cycle 
range will add directly, because (1) due to the large amount of phase 
shift around the loop, there will be a large nurober of frequencies which 
will have the proper phase shift to permit singing and, (2) the 
return loss in the frequency range of interest on a given line will 
change slowly with frequency, which will cause the gain required to 
produce singing to change only slowly with frequency. On this 
assumption and assuming the normallaw distribution given above, it 
follows directly from the mathematics of such functions that the dis
tribution of the singing points of two such end paths in series is 

On the other hand, if only intermediate paths were present on the 
two sides of a two-wire repeater, the singing points in the two direc
tions would not, in general, add directly, because they would generally 
be at different frequencies and when singing occurs at one of these 
frequencies (or at some new frequency) the sum of the return Iosses 
will generally be greater than would be indicated by the sum of the 
singing points. Tests show that the internal singing margin (the 
22-test value corrected for frequency characteristic of the repeater, 
with only intermediate paths) is about 2.5 db higher on the average 
than would be indicated by the sum of singing points in the two direc
tions. Similar tests show that when the end path is added so that it 
is very important compared with the intermediate paths, this average 
difference becomes about zero. 

Also, the average one-way singing point on intermediate paths is 
about B = 2.5 db below the reference single-frequency return loss, 
as outlined above. Considering the internal singing margin as 
effectively a 21-test 6 measurement through two return Iosses in series, 

6 A 21-test is a singing test made by increasing the.gain of a repeater unt!l singing 
occurs, with a Iine and network connected to the lme and network termmals, re
spectively, of one hybrid coil and a fixed known return loss connected to the other 
hybrid coil. 
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it seems reasonable to expect this singing point tobe about 2.5 db on 
the average below the reference single-frequency return loss of the 
two in series. 

From either or both of the above two paragraphs, it may be assumed 
that the internal singing margin is about 

Mr = S1 - F(Nt, T) - Ge+ St 
- F(N2, T) - gc - 2.5 + SQ(2.8). (11) 

The distribution function SQ(2.8) is an assumption which seems 
reasonable from generat considerations. 

From the above discussion the singing margin of the entire circuit 
will be a function of all the intermediate and end paths which meets 
the following conditions: 

1. When the end paths are unimportant compared to the 
intermediate paths, the singing margin is 

A1r = Sn + S12 - 2.5 + SQ(2.8). 

2. When the intermediate paths are unimportant compared 
to the end paths, the singing margin is 

3. When both kinds of paths are fairly important, the singing 
margin is some compromise between 

(Su) X (S21) + (Sn) X (S21) + So(2.8), 
p p 

which would have an average value equal to the reference 
value of the circulating current margin and about 2.5 db 
less than this. The singing margin is obviously greater than 

(Su - 2.5) X (S21 - 1) + (S12 - 2.5) X (S22 - 1) + SQ(2.8) 
i i 

because the active singing point in one direction is almost cer
tain to be at a different frequency from that of the activc 
singing point in the other direction. 

(12) 

(13) 

A reasonable empirical compromise which satisfics all of these con
ditions and prescrves the symmetry of the equation is to say that the 
total singing margin of the circuit is 

A1a = (Su - 1.25) X (S21 - 1) 
p 

+ (S12 - 1.25) X (52:! - 1) + 5 0 (2.8). (14) 
11 
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This may be written in more general fashion as 

p 

+ (S1 - F(N2, T) - gc - 1.25) X (6 + E2) + SQ(2.8) (15) 
p 

or still more generally, 

Ma = (SH + Sw- SA - L + T + q- F(Nl, T + q) - 1.25) 

X (6 + E1' + 2Nlq) + (SH + Sw - SA - L + T + q 
p 

1.25) X (6 + E2' + 2N2q) + SQ(2.8) . (16) 
p 

Criterion of Satisjactory Performance 

The above discussion derives methods of determining the circulating 
current margin and the singing margin that will be obtained (on a 
distributional basis) for a cable circuit under a given set of conditions. 
As a practical matter, the overall net loss of the circuit will sometimes 
vary, regulating repeaters will change in gain setting, temporary 
troubles will occur and, in some instances, toll circuit terminations 
will be removed while connections are being set up . Each of these 
factors will reduce the singing margin that the circuit had under 
average conditions. In the Bell System toll circuits are usually 
designed so that a 10 db singing margin or more is obtained in 90 per 
cent of the loaded two-wire cable circuits under average condit.ions. 
This, of course, is the same thing as saying that 12 db singing margin 
should be exceeded under average conditions in 71 per cent of the cases, 
or 8 db in 97.7 per cent of the cases (see SQ(2.8) curve on Fig. 6). The 
following table shows the percentages of circuits which will have 
various lower singing margins under average conditions than the 
indicated values, for various different assumptions as to the design 
requirement (i.e., the singing margin which must be exceeded in 90 
per cen t of the cases). 

Singing Margin 
Percentages Having Lower 

Singing .1\largins Design 
Requirement 

in Db in Db = ---------,--------,------~--

14 

12 .... 0 0 0 0 0 0 0 0 0 0 0 0. 0 •• 0 0. 0 0 0 0 0 0 0 29 
10 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 •• 0 0. 0 57 

80 0 0 0 0 0. 0 0. 0 0 0 0 0 0 0 0 0 0 0 0. 0 ••• 0. 0 84 

6 0 0 0 0 0 0 0 •••••• 0 •• 0 0 0 0 0 0 0 0 ••••• 0 95 

12 
--

10 
29 
57 
84 

10 
--

2.3 
10 
29 
57 

6 
---------

0.23 0.03 0.002 
2.3 0.33 0.03 

10 2.3 0.33 
29 10 2.3 
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The following table shows the same information for circulating 
current margins, computed on the assumption that Su - 1.25 = S 12 

- 1.25 = (S21 - 1) = (S22 - 1). The design requirements in this 
case are also tpat 12 db, 10 db, 8 db or 6 db singing margin (not cir
culating current margin) shall be exceeded in 90 per cent of the cases 
under average conditions. 

Design 
Requirement 

in Db 

Circulating Cur
rent Margin 

in Db = 
14 

12. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11.3 
10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19.4 
8 ... ........................... 29.4 
6 ... ....... ' ................... 40.2 

Percentages Having Lower Circulating 
Current l\Iargins 

12 10 8 6 
---- -------

5.55 2.25 0.78 
11.3 5.55 2.25 0.78 
19.4 11.3 5.55 2.25 
29.4 19.4 11.3 5.55 

4 
--

0.78 
2.25 

I t is estimated that the reduction in circulating current margin due 
to regulation, variation in circuit net loss, and temporary troubles 
will seldom exceed 4! db by very much but about this amount of 
reduction will occur fairly frequently. Similarly, the reduction in 
singing margin due to these causes and also to the removal of a ter
mination while a circuit is being set up will seldom exceed 5! db. I t is 
believed that about 4 db circulating current margin at the critical 
frequency is as small as can be obtained without very objectionable 
quality distortion. 

When 5! db reduction in singing margin is obtained on the average, 
we may read from the first table above at 5! db margin, the percentage 
of cases in which actual singing will take place. For example, with a 
design requirement of 8 db, interpolating between the vertical columns 
headed 6 and 4 db, respectively, we find that about 1! per cent of 
cases will result in actual singing. Similarly, by reading at 4 + 4! 
= 8! db circulating current margin in the second table, we find the 
percentage of cases in which the quality will be objectionably distorted 
during the period in which a 4! db reduction in circulating current 
margin is obtained. The following table shows these t\VO different 
percentages for the design limits given above. From this table it 

Design Limit 
in Db 

Percentage of Cases With 
Less Than 4 Db Circula t 

ing Current Ma rgin 
Under Extreme Conditions 

Pcrcen tage of Cases 
W hich Will Sing Undcr 

Extreme Conditiom: 

12 .................. 0.97 .................. 0.01 5 
10 .................. 2.8 . .................. 0.1 8 
8 ................... 6.8 ................... 1.45 
6 .................. 13.1 ................... 7. 1 

seems reasonable to require a 10 db singing margin under average 
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conditions in order to keep the percentage of circuits which will have 
objectionable circulating currents and the percentage which will sing 
occasionally low enough that serious service reactions will not be 
obtained. 

PRACTICAL CüNSIDERATIONS 

Equipment and Terminating Ejfects 

When actual cable sections are investigated, the effect of the equip
ment must be considered. The effect of adding, say, repeating coils 
in the line and network sides of the repeater, is to introduce some 
reflected current and to add a certain loss in the line which must be 
made up by increasing the repeater gain. The cable return loss is 
increased by twice the loss introduced, so that the only effect on cir
culating current paths is due to the differences in the line and network 
equipment. 

Appendix IV derives an expression for the distribution curve of an 
active or passive single-frequency return loss of a line with equipment, 
on certain assumptions. The complication of using this method to 
determine circulating current margins or singing margins is Iarge, 
however, and an approximate method is illustrated below. 

Figure 7 shows an example of the combination of the equipment
return loss with the return loss of a cable section without equipment. 
It is assumed in this case that the equipment-return loss is 13 db higher 
than the value of cable-return loss for which SF = 0. For example, 
the equipment return loss might be 40 db while the line return loss 
was 27 + SF db. A generally similar curve would be obtained from 
the combination of the repeater section terminating effect with the 
cable return losses. 

Since the principal interest in connection with these return Iosses 
is with the lower values, it seems reasonable to say that the effect 
may be approximated generally by shifting the SF curve a certain 
part of a decibel, depending upon the difference between SE and the 
cable-return Iosses. Strictly speaking, of course, it not only shifts the 
curve but also changes the standard deviation, but the complication 
of taking account of this does not seem worth while with present lines 
and equipment. 

Since we are interested in the singing margin which is exceeded 90 
per cent of the time under average conditions, it would be possible to 
select a value of cable return loss from the distribution curve which, 
if it occurred in each repeater section of a particular circuit, would 
give the indicated singing margin when the various intermediate 
singing paths are combined together as the sum of their power ratios. 
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This would be roughly where SF = - 2 db. T he percentage of cable 
section return Iosses which would exceed t his value, however, would 
be about 80 per cent, so a Iine which gave such a low singing margin 
would, in general, tend to be made up of a few very low-return Iosses 
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Fig. 7-Return lass distributions of cable pairs (Sp), equipment (SE), and the 
combination (Sc). 

and a considerable percentage of higher-return losses. I t, therefore, 
seems that this value of cable-return loss, if combined with the equip
ment and terminating return loss, would not be sufficiently degraded 
to consider that degradation as a fair avcrage dcgradation for thc 
entire curve. On the other hand, if thc cable return loss which is 
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exceeded in 50 per cent of the cases is taken (i.e., SP = + 1.8 db), 
the degradation would evidently be too large due to the equipment 
since the lines in which the singing margin might be expected to be 
low, would generally be those which happen to have more than the 
usual nurober of low line return losses. 

As an approximation in the usual case, it seems reasonable to 
combine the line equipment return Iosses with the cable return 
Iosses as the sum of their power ratios, with a value of SF of about 
- 1 db (i.e., where 28 per cent of the return Iosses are lower than 
the value considered). One db added to the resultant will give the 
value of the resultant for which SF = 0. The same thing may also be 
accomplished by combining the cable return loss for SP = 0 with the 
near and far-end equipment return Iosses each increased by 1 db. The 
example which is given later shows the method used. 

Taper 

The taper of a regular two-wire circuit is the amount of decrease in 
repeater output Ievel at a given frequen cy which occurs between 
succeeding repeaters from the transmitting to the receiving end of the 
circuit. For example, starting at the transmitting repeater, if the 
repeater output Ievels at 1000 cycles were, respectively, 3.0, 2.5, 2.0, 
1.5, etc., the 1000-cycle taper would be 0.5 db. 

An Optimum taper from the standpoint of singing will be reached 
when the singing margin around the most critical intermediate repeater 
is equal to the singing margin around the terminal repeater. This is 
certain to occur for some taper under the present method of dis
tributing gain since an increase of the taper causes the gain of the 
receiving terminal repeater tobe increased by a multiple of the increase 
of taper. However, the optimum taper from the standpoint of sing
ing is not generally used in the field, because the optimum taper from the 
standpoints of crosstalk and noise is zero db. A compromise is gener
ally made on two-wire cable circuits; e.g., 19-gauge B and H-88- 50 
facilities use 0.5 db and 16-gauge H-44-25 facilities use 0.2 db taper. 

Active Balances 

In some cases, it may be more convenient to measure active return 
Iosses or active singing points rather than singing margins. The 
expected distribution of active return Iosses and active singing points 
including the end paths when the end paths are the normal working 
terminations, have been discussed above. 

In practice, however, the termination when such an active singing 
point test is madewill normally be a fixed one, generally consisting of 
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resistances with a return loss substantially the same at all frequencies. 
Appendix V derives the distribution of active singing points for these 
cases. 

For exact results, the modification of the return loss due to the near
end and far-~nd equipment should be added before combining the 
end path. In the practical case, however, only the lower values of 
return loss are generally significant, and the approximate method 
outlined above may generally be used without serious error . 

.Afinimum Value of a Group of Singing Points 

When a large nurober of independent measurements are taken, say 
of singing points on different pairs at a given repeater station, it is 
often of interest to know whether the maximum or minimum in that 
group represents some special condition, say, definite circuit trouble, 
or is merely a case where the various components happen to have 
added up or subtracted by pure chance. 

In the case of singing points, the question of interest may usually 
be stated as follows: In " n " similar measurements at a given place, 
what is the probability that the smallest value will be more than x db 
below the true average measurement, assumed known? 

If the fraction of cases which will be greater than a value y db below 
the average is P, the probability that " n " values will all be greater 
than this value is Pn. In other words Pm(n, y) = Pm = pn is the 
probability that no one in" n " values will be as much as y db below 
the true average. 

For example, if the singing point distribution is 25 + SQ(2), the 
chance that any given value selected at random will be as low as 
25 - 4.6 = 20.4 db is one in a hundred. However, the chance that 
the lowest one of 20 measurements will be that low is 1 - (0.99)2° 
= 0.1819 or almost one in five. If we substitute Vm = 1- Pm and 
V= 1 - P, we may write that 1 - Vm = (1 - V)n. 

n(n - 1) 
V m = 1 - ( 1 - V) n = 1 - 1 + n V -

2 
! V2 + · · · 

= 
11 

V _ n ( n - 1) V2 + n ( n - 1) ( n - 2) va _ ... 
2! 3! . 

And for small values of V, Vm = n V. In the above case, therefore, if 
we wanted to compute a value of singing point which would be lower 
than all the 20 measurements nine times out of ten, we may compute 
V = (0.1 / 20) = 0.005, and read on the normal distribution SQ(2) 
that this corresponds to about 5 db below the average; i.e., to 
25 - 5 = 20 db. The more exact formula would be that 0.9 = P 20 
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or 20 log P = log 0.9 or log P = - 0.002288 or P = 0.99476 or 
V = 0.00524. Reading on the normal law distribution for this 
value changes the 20 db Iimit as computed above to about 20.03 db, 
the difference being negligible compared to the usual accuracy of such 
measurements. 

In general, measurements outside of the Iimits so determined are 
probably cases of trouble. However, in the case of active singing 
points, certain systematic changes in the measured values from the 
computed values must be allowed for before trouble is proved. 

EXAMPLE 

Following is an example of the application of these various methods. 
Given: The following Iosses at the critical frequency for vanous 

successive repeater sections shown in Fig. 1. 

Repeater Section Loss in Db 
A toB ................................ 17 
B to C ................................ 17 
CtoD ................................ 18 
D to E ................................ 15 
E to F ................................ 15 
F to G ................................ 16 

Total .............................. 98 

The following gains and return Iosses at the critical frequency are 
assumed. The gains give a 9 db overall net loss at the critical fre
quency. 

Return Losses at the Critical Frequency for SF = 0, i.e., 
Values Exceeded in 63 Per Cent of Cases-db 

Repeater Gain at the 

At 
Critical Frequency-db 

Near-End Far-End 
Point Bare Line ** Apparatus * Apparatus t Combination :t: 

A to G G to A Sum Toward Toward Toward Toward Toward Toward Toward Toward 
G A G A G A G A 

-------------------------
A ..... 2.4 12.0 14.4 27.6 - 41 - 46 - 27.35 -
B ..... 15.0 15.0 30.0 27.6 27.6 41 41 46 46 27.35 27.35 
C ..... 16.8 16.9 33.7 27.6 27.6 41 41 48 46 27.37 27.35 
D ..... 16.9 13.9 30.8 27.6 27.6 41 41 42 48 27.25 27.37 
E ..... 13.9 13.9 27.8 27.6 27.6 41 41 42 42 27.25 27.25 
F ..... 13.9 14.9 28.8 27.6 27.6 41 41 44 42 27.32 27.25 
G ..... 10.1 2.4 12.5 - 27.6 - 41 - 44 - 27.32 

------
Total 89.0 89.0 178.0 

* This is 40 db nominal apparatus return loss plus 1 db allowance as described 
above. 

t This is 11 db far-end equipment terminating return loss plus 1 db allowance 
as described above plus twice the loss from the measuring point to the far-end equip
ment. 

t These are the combinations of the three preceding return Iosses as the sums of 
their power ratios. 

** Twice the loss of the near-end equipment is included. 
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Considering C as t he critical repeater : 
Path 

{ 

1 27.35 

Toward A To.2ta l 27.35 + 34 - 30 = 31.35 
25 .90 Items 1 and 2 combined as the sum of their 

Toward Gj ~ 
LTotal 

power ratios. 

27 .37 
27)5 + 36 - 30.8 = 32.45 
27.25 + 38 - 31.8 + 30- 27.8 = 35.65 
27 .32 + 38 - 31.8 + 30- 27.8 + 30-28.8 = 36.92 
25.42. Items 1, 2, 3 and 4 combined as the sum 

of their power ratios. 

The internal circulating current margin then is 25.90 + 25.42 
- 33.7 = 17.62 db, or more in 72 per cent of the cases and the internal 
singing margin is 25.90 + 25.42 - 2.5 - 33.7 = 15.12 db or more in 
50 per cent of the cases, both under the average conditions specified. 

Now 10 db internal circulating current margin would be exceeded 
under average conditions in the percentage of cases for which Sp is 
10- 17.62 = - 7.62 db or greater; i.e., in about 97.5 per cent of 
the cases, reading from the SP curve on Fig. 6. Or, similarly, 10 db 
internal singing margin will be exceeded in about 97 per cent of the 
cases, reading at SQ(2.8) = 10 - 15.12 = - 5.12 from the SQ(2.8) 
curve on Fig. 6. 

The single-frequency loss in the end path toward A, before the 
gain of repeater C is introduced is, for a net Ioss at the critical fre
quency of 9 db, 34 + 34 - 30.0 - 14.4 + 7 + SF = 30.6 + SF. In 
the other direction the corresponding function is 36.1 + SF. \Vhen 
the net loss of the circuit is expressed as E rather than 9 db, these 
functions become respectively 21.6 + E + SF and 27.1 + E + SF. 
The corresponding singing point distributions are 20.6 + E + SQ(2) 
and 26.1 + E + SQ(2), respectively. 

The desired value of 10 db or more singing margin obtained in 90 
per cent of the cases under average conditions will be obtained when 
t he following equation is satisfied: 

10 = (25.90 - 1.25) X (20.6 + E) 
p 

+ (25.42 - 1.25) X (26.1 + E) - 33.7 + SQ(2.8), (1 i) 
p 

wherc Q = 10 pcr cent, SQ(2.8) = - 3.5 db. Substituting in the 
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equation and simplifying, 

- 1.62 = 0 X (E - 4.05) + 0 X (E + 1.93), (18) 
p p 

which is satisfied if E = 8.8 db. 
The active balance of the circuit with a 9 db net loss at the critical 

frequency measured from the " A " end may be computed as follows: 
The successive paths from the line side of repeater " A " are (using 
values for SF = O): 

1. 27.35 
2. 27.35 + 34 - 30 = 31.35 
3. 27.37 + 34 - 30 + 34 - 33.7 = 31.67 
4. 27.25 + 34- 30 + 34- 33.7 + 36- 30.8 = 36.75 
5. 27,25 + 34- 30 + 34- 33.7 + 36- 30.8 + 30- 27.8 = 38.95 
6. 27.32 + 34- 30 + 34 - 33.7 + 36- 30.8 

+ 30 - 27.8 + 30 - 28.8 = 40.22. 

Combining these paths as the sum of their power ratios gives 24.33 db, 
which is the computed single-frequency return loss without the end 
path from the line side of the terminal repeater for SF = 0 (i.e., which 
will be exceeded in 63 per cent of the cases). The active singing point 
from this point will be 24.33 - 2.5 + SQ(2) = 21.83 + SQ(2). The 
corresponding active singing point referred to the drop side of the 
repeater will be 21.83 - 14.4 + SQ(2) = 7.43 + SQ(2) db. With a 
fixed termination giving a return loss of 5 db at the circuit terminal, 
the end path from the drop side of the repeater will be 18 + 5 = 23 db. 
From Appendix V, for d = 23 - 7.43 = 15.57 db, the expected active 
singing point including the end path is the distribution curve 7.43 
+ S0 (15.57) under average conditions. For example, by interpolation 
in the table in Appendix V, two per cent of such circuits will have 
lower active singing points from the drop than about 7.43 - 5 = 2.43 
db and from the line side of the repeater than 2.43 + 14.4 = 16.83 
db, both under average conditions. 

This answer may be computed by reading from the SQ(2.0) at two 
per cent which gives S2(2.0) = - 4.1 db . At this percentage, there
fore, the active singing point without the end path is 7.43 - 4.1 
= 3.33 db. Combining this with the fixed and path of 23 d b gives 
3.33 - 0.9 = 2.43 db. 
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APPENDIX I 

AcnvE RETURN Lass ÜF INTERMEDIATE PATIIS 

Let L k = the loss from the west side of repeater C to the output of 
repeater X which is the k th repeater to the west, plus the loss from the 
input of the \V- E side of repeater X back to the input of repeater C 
(Fig. 1). 

(19) 

Now from Equations (26) and (27) from " lrregularities in Loaded 
Telephone Circuits ": 7 

IoRL 
I1k = -t 2k 

k 

m 

L Ak4u-1> cos2 O;k, 
i=1 

m 

L Ak4u-o sin2 O;k, 
i=1 

(20) 

(21) 

where Ilk is I' (from the paper) for the currents from the (k + 1) th 
repeater section from C (counting the adjacent repeater section as the 
first) and I2k is I" for the same section. 

The total components will be 

(22) 

(23) 

where N = the total number of repeater sections so considered. 
Assuming (as in the paper) that I1 = I2 

IoRL ~N-1 (1 - Ak4
mk) 

I1 = I2 =-- L . 
~2 k=O tk

4k(1 - Ak4
) 

(24) 

By analogy, Equation (34) from the paper referred to may be used 
for the distribution of the total current Ir, with I1 = I'; i.e., 

(25) 

Equation ( 42) from the paper may therefore be written 

S = Sn + Sw + Sr - S..t - F(N, T) (26) 
where 

, ( N-1 (1 _ Ak4m) ) 
S,t + F(N, 1) = 10 log1o L 4k(l _ A 4) • 

k=O t k 1.: 

(27) 

7 G. Crisson, October 1925, Bell Sys. Tech. Jour. 
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Where all values of Ak are the same, and equal to A , 

( 
1 - A4m) 

S A = 1 0 log 1 o 
1 

_ A 4 (28) 

( 

N -1 ) 
F(N, T) = 10 log10 k~o tk- 4k · (29) 

\Vhere ali values of" tk" are the same and equal to '' t," 

( 
1 - e-4N) 

F(N, T) = 10 log1o 1 _ e-4 • (30) 

This is the case where all the gains are equal and all the Iosses are 
equal at all points. 

In the case where t = 1, i.e., T = 0 db, 

F(N, 0) = l01o log N. (31) 

APPENDIX II 

DISTRIBUTION OF Two AcTIVE RETURN LossEs IN SERIES 

Assurne two return Iosses in series, the two being selected at random 
from groups of return Iosses (active or passive) having distributions 
represented by sll + SF and s12 + SF, respectively. What is the 
distribution curve of the two in series? 

Let 

(32) 

(33) 

where P1 is the relative probability of obtaining a returned current i1 
from the first line (Su + SF) and k1 corresponds to !1 in Appendix I. 
The quantities with subscript 2 are the same for the second line 
(S12 + SF). Now if i1i2 = i3, the probability that i3 exceeds a certain 
value I is 

Substituting from Equations (32) and (33) and letting 

P(la > I) = .[oo e- <.e+CIL2/.r>>dx, 

P(h > I) = 2aK1(2a) , 

(34) 

(35) 

(36) 

(37) 
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where K1 is a Bessel's function of the second kind (see " Theory of 
Bessel Functions " by G. N. \Vatson). 

Now 

I . (Su+S12-Sr) a = 2k
1
k

2 
= ant1-log10 20 , 

where Sr is the return loss obtained from the two in series. 
Let 

Sv= - 20 log10a =-Sn- S12 +Sr, 

Sr = S 11 + S 12 + Sv. 

(38) 

(39) 

(40) 

This last expression is the distribution curve of the two return Iosses 
m senes. 

(1) 

Number of 
Repeater 
Sections 

4 
4 
4 
4 
4 
4 
4 
4 
8 
8 

18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 

APPENDIX 111 

ADDITION OF END PATH TO ACTIVE SINGING POINTS 

(16 Ca. H-44-25 2-Wire Cable Side Circuits) 

(2) (3) (4) l5) 
Active Singing Active Singing (2) and (3) 

Point to Loss of End Point with Added as Sum 
Terminal Path-db End Path of Current 

Repeater on Added-db Ratios 
Zero-db 

29.8 20.4 17.1 17.9 
31.2 20.4 18.5 18.2 
32.3 23.8 21.3 21.0 
31.2 23.8 21.2 20.7 
33.1 23.8 20.9 21.2 
29.3 20.8 17.8 18.0 
35.7 20.8 18.7 19.3 
27.0 20.8 18.0 17.3 
25.6 22.2 19.0 17.7 
24.2 19.9 16.1 15.8 
17.9 19.1 12.7 12.4 
17.7 19.1 13.5 12.4 
20.1 25.2 15.5 16.2 
18.7 25.2 15.1 15.3 
20.0 19.0 14.5 13.5 
16.9 19.0 12.0 11.9 
19.1 25.1 16.2 15.6 
19.9 25.1 17.2 16.1 
21.0 20.9 14.0 14.9 
20.1 24.3 14.1 14.5 
19.0 24.3 15.7 15.2 
17.8 24.3 15.0 14.4 

Average.= 16.45 16.34 

,(6) 
(2) and (3) 

Added as Sum 
of Power 

Ratios 

19.0 
20.2 
23.2 
23.1 
23.3 
20.2 
20.7 
19.9 
21.6 
18.5 
15.4 
15.3 
18.9 
17.8 
16.5 
14.8 
18.1 
18.8 
17.9 
17.5 
17.9 
16.9 
18.88 

The different tests using the same number of repeaters are different 
circuits and different testing repeaters. Columns (2) and (4) are 
measured singing points. Column (3) is the sum of the measured 
Iosses from the measuring point to the drop side of the terminal 
repeater and back, plus the return loss of resistance termination 
applied at the drop side of the repeater. 
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Columns (5) and (6) show computed values corresponding- to column 
(4), on different assumptions as to t he method of addition of the 
intermediate and end paths. The values in column (5) arc generally 
much doser to the values in column (4) than are those in column (6). 

APPENDIX IV 

DISTRIBUTION OF AcTIVE R ETURN LossEs WITH I NTERMEDIATE 

P ATHS I NCLUDING EQUIPMENT 

From a consideration of the paper, " Irregularities in Loaded 
Telephone Circuits," by G. Crisson ,7 it appears t hat it is reasonable to 
say that the total current returned from a cable section with near-end 
equipment will be 

it = ~i12 + ie2
, 

where i1 is the current returned from the line without equipment and ie 
is the current returned from the equipment. (lt is assumed here that 
it and i e are referred to the line side of the coil and not t he drop side.) 

Then the probability that the current returned from the cable a lone 
will exceed I is 

1 [~ . il2 . J 2 
F(I) = ]2 ~ 1e -

21 2 d~1 = e -
21 2 • 

1 , I I I 

The probability that the total current will exceed 13 = ..J 12 + ie2 is 

. (/32 - ie2) ie2 
P(~t > 13) = e -

21
I2 = e 2112 F(/3) 

or 

P(it > 13) = antilog io ( .434 a ntilogio ( SI ~O SE )) F(I3) 

where 
SI = - 10 log 1o 21I2 a nd SE = - 20 logio ie. 

F' 
' 

This equation says that the probabili ty of getting more t han a given 
value of return current 13 from the combined cable section a nd near end 
equipment is equal to the product of the probabili ty of getting !3 
from the cable section a lone by the factor e(ie2/21I2) . Or by analogy 
with the method used in the paper referred to above, letting the 
distribution curve of the combina tion return loss be SI + SF', 

7 Loc. cit. 
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Or the distribution curve of the return Iosses from the repeater section 
with equipment is 

p 

p 

SF' (SF) X (SE - SI). 
p 

Curves of SF' could be drawn for different values of SE - S1, since 
SF is known for a given value of F. These would apply either for 
passive return Iosses of a single repeater section or for active return . 
Iosses of several repeater sections in tandem. 

For example, suppose SE = SI. For SF = 0, the value of Fis about 
0.368 and the value of SF' = 0 X 0 = - 3.01 db for F' = 0.368. Or 

p 

the same point could be derived from the earlier formulas as follows: 

When SF = - 3.01 db, F = 0.1353. The factor antilog ( 0.434 

antilog ( 
1
°
0
)) equals 2. 718 and the value of F' for SF' = - 3.01 db 

is F' = (0.1353) (2. 718) = 0.368. 

APPENDIX V 

DISTRIBUTION OF ACTIVE RETURN LOSS MADE UP OF lNTER.l\1EDIATE 

PATHS AND A FIXED END PATH 

In a practical case, when an active singing point toward a circuit 
terminal is measured for maintenance purposes, the termination at the 
circuit drop will be a fixed known value of return loss rather than one 
selected at random from a distribution curve. The distribution curve 
of active singing points toward the dropwill then be a curve obtained 
at each percentage, by the current stim addition of the active singing 
point with no current returned from beyond the terminal repeater and 
the end path singing point. If the active intermediate path singing 
point has a distribution curve Su - 2.5 + 5 0 (2) = S4 + So(2) and 
the end path has a fixed loss S5, the following table may be used to find 
the distribution curve of the combination 54+ S0 (d), for different 
values of d = S& - S4. The table was derived from the equation 

(54 + S(J(2)) X S& = S4 + S0 (d) 
JJ 
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Percentage of I Cases with 0.003 0.13 2.2 15.7 50.0 84.3 97.8 99.87 99.997 99.99997 Lower Singing 
Points 

--------------------------
Su( oo) in db .. -8 -6 -4 -2 0 2 4 6 8 10 
S 17 (15) in db .. -8.6 -6.7 -4.9 -3.2 -1.4 +0.2 +1.8 +3.4 +4.8 +6.1 
Su(l 0) in db . . -9.0 -7.3 -5.6 -4.0 -2.4 -0.9 +0.5 +1.1 +2.9 +4.0 
S 0 (6) in db ... -9.6 -8.0 -6.4 -4.9 -3.5 -2.2 -1.1 0 +0.9 +1.8 
S 0 (3) in db ... -10.2 -8.6 -7.2 -5.9 -4.6 -3.5 -2.5 -1.6 -0.9 -0.2 
S0 (0) in db ... -10.9 -9.5 -8.2 -7.1 -6.0 -5.1 -4.2 -3.5 -2.9 -2.4 
Su(-3)indb. -11.9 -10.6 -9.5 -8.5 -7.6 -6.9 -6.2 -5.6 -5.2 -4.8 
S 0 ( -6) in db. -13.1 -12.0 -11.1 -10.2 -9.5 -8.9 -8.4 -8.0 -7.6 -7.3 
S 17 ( -10) in db -15.1 -14.2 -13.5 -12.9 -12.4 -12.0 -11.5 -11.3 -1 1.0 -10.8 

or 
(SQ(2)) X (S5 - S4) = S0 (d). 

p 

It will be noted that S 0 ( oo) = SQ(2.0). 
I t should be noted that the values of S0 (d) corresponding to the 

higher percentages may be considerably modified by the effect of the 
equipment return lo~ses, particularly when d is large. However, this is 
usually of no very great importance because it is the lower percentages 
and the smaller values of d which are of the most practical importance. 

A 
A~. 

a 

B 
b 

d 
E 
E1 

E2 
F(IF) F 

APPENDIX VI 

N OMENCLATURE 

= attenuation factor per loading section (current ratio). 
= attenuation factor per loading section (current ratio) 

of k th repeater section from critical repeater. 

-I _1 (Su+St2-Sr) - og1o 20 · 

= 5 1 minus the average singing point on a group of lines. 
= the standard deviation of a group of singing point 

measuremen ts. 
= s5- s4. 
= net loss of circuit in db. 
= loss in end path toward West for zeroterminal return 

loss. When primed, it is the loss at 1000 cycles. 
= same as E1 but toward East. 
= probability of obtaining a greater returned current 

then I F from a randomly selected one of a group of 
lines. 
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F' 

F(N, T) ' 

Ge and gc 
I 
Io 
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probability of obtaining a greater returncd current 
than I 3 from a cable section with near end equip
mcnt. 

10 log1o ( :~
1 

tk-4k) · 
= gains as defined herein. 
= current obtained in a particular case. 
= current sent into the line at the point of measurement. 

= anti log1o ( - ~10- 3
) = current for active return 

loss corresponding to I' from " lrregularities in 
Loaded Telephone Circuits " by G. Crisson in the 
October 1925 Bell System Technical Journal. 

= anti log1o ( - ~~- 3
) = current for active return 

loss corresponding to I" from paper referred to 
under I1. 

= current defined above under F'.' 
= current defined under F(I F) above. 
= I' (from paper referred to above) for the currents 

from the k th repeater section from the critical 
repeater. 

= I" (from paper referred to above) for the currents 
from the k th repeater section from the critical 
repeater. 

= currents returned from particular active or passive 
return losses. 

= current returned from a particular pair of active or 
passive return Iosses in series. 

= anti log1o ( -2~E) · 
= total current returned from line with equipment. 
= number of the loading section measured from the 

repeater at which the return loss is of interest. 
Bessel function of the second kind and order unity 

with argument x. 
= the number of the repeater or repeater scction from 

the critical repeater, e.g., for the adjacent repeater 
section k = 1, for the next k = 2, etc. 
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k1 = anti log1o ( - S~~- 3
) = current corresponding to 

S11 in same way as I1 corresponds to St. 

k2 = anti log1o ( - S;~- 3
) = current corresponding to 

S12 in same way as I2 corresponds to S1. 
L = loss of a cable section. 
Lk = the loss in db from the West side of the critical 

repeater to the output of the k th repeater to the 
West, plus the loss from the input of the k th 
repeater W-E to the input of the critical repeater 
W-E. 

ME = the end path singing margin, i.e., the singing margin 
with no currents returned from intermediate 
paths (e.g., with a four-wire circuit). 

Af 1 = the internal singing margin on an active line, i.e., 
the singing margin without any currents returned 
from the end paths (e.g., with the terminal 
repeaters turned down). 

M s = the singing margin of the circuit; i.e., the singing 
margin with currents returned both from inter
mediate paths and from end paths. 

mk = total number of loading sections in the k th repeater 
section. 

m = value of mk when all repeater sections have the same 
number of loading sections. 

N = number of repeater sections in the part of the circuit 
for which the active return loss is tobe computed. 

n = number of cases considered as a group. 
Px = relative probability of obtaining a returned current 

ix from one active or passivereturn loss. 
P(x > y) = probability that the value of x selected at random 

from a distribution curve is greater than a pre
selected .value y. 

P = probability that a singing point will have a lower 
value than a pre-selected value y. 

Pm(n, y) = Pm = probability that the minimum of n values will be 
as high or higher than a pre-selected value y db 
below the true average. 

Q = probability that a lower value of singing margin 
will be obtained. 
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Sw 

s 
51 
52 
S.t 

S" 
Su and S12 

S21 and S22 

Sa1 and Sa2 

Sr 

5/ 
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= frequency taper in db per repeater section . 
the representative reflection coefficient (see paper 

by G. Crisson referred to above). 
the irregularity function (see paper by G. Crisson 

referred to above). 
the frequency function (see paper by G. Crisson 

referred to above). 
= the attenuation function (see paper by G. Crisson 

referred to above). 
= the distribution function (see paper by G. Crisson 

referred to above). 
= Su + Sw - SA + sp. 
= 5 - S F = 5 H + 5 W - 5 A = - 10 log 10 2/1 2

• 

= Same as S1 but for terminal return loss. 
= Su- 2.5. 
= end path loss with fixed termination. 
= values, respectively, toward the \Vest and the East 

of active or passive single frequency return loss 
for SF = 0, made up of intermediate paths only. 

= same as Su and S12 but for end paths. 
= same as Su and S12 but for combination of inter

mediate and end paths. 
= return loss which is actually obtained on a particular 

case. 
= return loss in a particular case with equipment. 
= equipment return loss. 

- 20 log a = distribu tion f unction of two return 
Iosses in series, where each such return loss has a 
distribution curve of the form S + Sp. 

= function corresponding to SF after equipment has 
been added. 

= distribution function of singing points or singing 
margins; i.e., a normallaw with an average of zero 
and a standard deviation of b. 

= distribution functions of active return Iosses with 
fixed terminations. 

10- (T/20). 

taper in db per repeater section. 
1 o - <Lkf40k>. 

1- P. 
1- P 111 • 
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= a symbol indicating that the two quantities in 
decibels are combined as if their currents added 
directly. 

E.g., 
Sn X s21 = Sal means that lQ-(Su/20> + 1Q-(S2t/20) 

i 

= 1 Q-(Sat/20). 

= a symbol inditating that the two quantities in 
decibels so connected are combined as if their 
powers added directly. 

E.g., 
Su X s21 = Sal means that lQ-(Su/lO) + 1Q-(S2t/10) 

p 

= lQ-(Sat/10). 

= variables as used. 
= phase angle of current returned from the j th 

loading section in the k th repeater section. 



Operation of Ultra-High-Frequency Vacuum Tubes 

By F. B. LLEWELLYN 

Previous electronics analyses are extended by the introduction of rnore 
generat boundary conditions. The results are applied to the calculation of 
the rectifying properties of diodes at very high frequencies and to the arnpli
fying properties of negative grid triodes at both low and high frequencies. 
The effect of space charge on the various capacitances in triodes is discussed, 
and formulas for the arnplification factor and plate irnpedance are presented 
in terrns of the tube geornetry. Finally, a discussion of the input irnpedance 
of negative grid triodes is given together with a comparison of the theoretical 
value with the results of rneasurements rnade by several well-known experi
rnenters. 

J N the study of the functioning of vacuum tubes at ultra-high 
frequencies it has been necessary to retrace the steps followed in 

the early history of vacuum tube performance but with the difference 
that a microscope for viewing the path at close range must be substi
tuted for the telescope with which the original trail was mapped from 
afar off. As a result of this microscopic survey, formulas have been 
developed which are applicable to frequencies so high that the time 
of flight of the electron across the tube may occupy several cycles of 
the high-frequency oscillation. In addition to this result, several by
products of the study are found to have a useful application in the low~ 
frequency field and to throw additional light on the multitudinous 
activities of the electrons and their effect upon the external circuit. 

In this respect it is particularly interesting to see the way in which 
the geometry of the vacuum tube enters into the determination of the 
amplification factor of negative grid triodes and to compare the results 
now obtained with the earlier results of such workers as Abraham, 
King, Schottky, Lane and Van der Bijl. The effect of the negative 
grid on the transit time of the electrons also yields low-frequency 
relations in which certain new facts concerning the plate resistance are 
brought out. 

Various papers 1 • 2 • 3 • 4 • 5 published within the last few years have 
dealt with the general problern of vacuum tubes in which the electron 
transittime is of importance and have derived results which are useful 
in several practical applications. However, in none of these have the 
initial relations been general enough to allow more than a very rough 
application to be made to the most widely used tube of all- the 
negative grid triode. A paper 2 by the present writer contains certain 
general conclusions concerning the negative grid tube at very high 

632 
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frequenc_ies and derives expressions for the comp]ex va]ues taken by the 
amp1ification factor and plate impedance. \Vhi1e these expressions 
represent the general trend of the variations, they are based on certain 
a priori assumptions, as was emphasized in the paper, and hence 
partake of the telescopic viewpoint of the 1ow-frequency vacuum tube 
analysisrather than the microscopic viewpoint which is now necessary. 

It was with the aim of overcomin~ this Iimitation that the work 
described in the present paperwas undertaken. Its successfu] outcome 
was made possible by a very simple generalization of the methods 
described in the references , but one which has such far-reaching 
consequences that it appears worthwhile to start the analysis at the 
very beginning, and abbreviate only to the extent that intermediate 
algebraic steps are omitted because of their unwieldy length. 

For convenience, the paper is divided into four parts. In Part I the 
mathematical analysis is outlined in its fundamental form and general 
working formulas are developed. In a way similar to low-frequency 
analysis these formulas may be divided into constant or d.-c. relations, 
first-order relations, second-order relations, and so on; where the first
order relations apply to a.-c. effects for small amp1itudes only, the 
second-order relations contain rectification and distortion terms; and 
so on, in exact correspondence with the weil known low-frequency 
relations. Part II contains the solution of the first-order relations 
expressed in appropriate form for later computations, while Part III 
does the same thing for second-order re]ations. Also in Part III, by 
way of illustration, the effect of frequency on the rectifying properties 
of parallel plane diades is discussed. Part IV applies the general 
first-order and d.-c. solutions to the negative grid triode and shows how 
its various properties depend on frequency. A discussion of the 
important effect of active grid loss is included. 

In certain cases the same formulas are expressed in severa] different 
ways. This is clone because of the difficulty of determining the most 
useful method of expression before a ]arge nurober of app1ications shall 
have been made. In most cases the general equations have been 
arranged to conform as far as possible with the most widely used modes 
of expression of the corresponding ]ow-frequency equations. \Yhere a 
choice of modes of expression is available, both modes have usually 
been given, it being left to future experience to determine the more 
useful one. \Vhi1e this procedure resu1ts in some repetition, the two 
modes of expression of the same equation are found in many instances 
to have their individual advantages, the one being more suitable 
for one type of application while the other is more particularly adapted 
to a different application. 
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PART I-GENERAL ANALYSIS 

In line with most previous electronic papers consideration is here 
directed to the behavior of electrons between two parallel planes of 
practically infinite extent. Differing, however, from earlier works, 
neither plane is to be regarded as constituting a thermionic emitter or 
cathode in the general sense. For certain special applications con
ditions may be chosen so that one of the planes coincides with, and 
assumes the properties of a zero potential cathode, but in developing 
the general relations this idea is strictly avoided. I t will therefore be 
premised as a starting point that the velocity and the acceleration of 
the electrons at one of these two planes are given as initial conditions. 
I t will be found that this generalization completely avoids certain 
ambiguities which were discussed in the February 1935 issue of the 
Proceedings of the Institute of Radio Engineers. 4 It also allows appli
cation of the results to be made to a much wid_er range of devices, 
including a fairly rigorous treatment of the negative grid triode. 

In the following analysis, and differing from previous references, a 
change in the units employed has been made so that all quantities are 
expressed immediately in the practical system of engineering units 
(amperes, volts, ohms, coulombs, etc.) instead of in the electrostatic and 
electromagnetic systems. This change has been found to be of great 
advantage in the use of the equations, since it obviates all necessity for 
the continuous and irritating transformation of units that accompanies 
the electrostatic and electromagnetic systems. 

The analysis starts with the expression for the total current density 

aE 
I= pU + Eat ' 

where I is current density, amperes per cm.2, 

p is charge density, coulombs per cm. 3, 

u is electron, or charge velocity, cm. per sec., 

( 1) 

E is permittivity of a vacuum, which is 1/367rl011 = 8.85 X 10- 14 

farads/cm., 
Eis the electric intensity, volts per cm. 

The equation of motion of an electron is 

eE = kma, 

where e is elcctronic chargc, coulombs, 
m is electronic mass, grams, 

(2) 
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efm = - 1. 77 X 108 coulombs per gm.,* 
k = 10-7 is the ratio of dyne-cm. to joules, 
a is electron acceleration, cm. per sec.2 
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In this equation the effect of a magnetic field is disregarded. This is 
thoroughly justified until electron velocities approach that of light or 
the spacing between the two parallel planes becomes comparable with 
the wave-Iength of any alternating field considered. A more detailed 
discussion is given by Benham.1 

A third fundamental equation is 

div eE = p, 

which, for the parallel planes now considered, becomes 

(3) 

From (1), (2) and (3) is obtained 

(4) 

The total current, I, may be considered to be composed of two parts, 
the first being a constant component and the second being a function 
of time only. On this basis we can write 

el = K + cp"'(t), 
kme 

(5) 

where K is the constant part, and cp"' (t) is the variable part, the primes 
denoting derivatives with respect to the argument in parentheses. 
Inserting (5) into (4) and integrating once with respect to time, we find: 

a = K(t - Ia) + cp"(t) - cp"(ta) + aa + a(ta), (6) 

where a0 + a(ta) is the acceleration when t = ta and aa is independent 
of ta. 

Another integration gives 

U = K (t - ta)
2 + cp 1 (t) - cp1 (ta) - (t - ta) cp" (ta) 

2 
+ (t - ta)aa + (t - ta)a(ta) + 1la + p.(ta), (i) 

where Ua + p.(ta) is the velocity when t = Ia and Ua is independent of ta. 

* This value is cased on deflection measurements (which are applicable to 
vacuum tube analysis) rather than on spectroscopic measurements which give 1.76 
X 10s. Campton and Langmuir 6 use the spectroscopic figure. For a compre
hensive discussion of values of physical constants, see Birge, Phys. Rev. Supp., Val. 
1, July, 1929. 



636 BELL SYSTEM TECHNICAL JOURNAL 

A third integration gives 

X = K (t ~ ta)3 + cp(t) - cp(ta) - (t - ta) cp' (ta) - (t -; ta)
2 

cp" (ta) 

(f - .ta)2 (t - ta) 2 

+ 
2 

aa + 2 a(ta) + (/ - la)Ua + (t - ta)JI.(ta), (8) 

where x is zero when t = ta. 
This choice of initial conditions allows one of the two parallel planes 

to be located at the position where x is zero and where the electron 
velocities and accelerations are given as above in terms of the time 
instant ta when the electron crosses the plane, which may be referred to 
as the " a " plane. When these initial conditions are specified, then 
(6), (7), and (8) allow the acceleration, velocity and position, re
spectively, to be determined at any time t, thereafter. 

These quantities are expressed in termsoft and ta whereas it is more 
convenient in vacuum tube work to have the acceleration and velocity 
expressed in terms of t and x. ldeally, this could be done by solving 
(8) for la and thence eliminating ta from (6) and (7). Practically, (8) 
cannot be solved directly for ta because it is a higher order equation and 
involves cp, a and Jl. which may be (and usually are) transeendental 
functions of ta. However, an indirect method can be employed. 

If <p, a and Jl. were zero, then x would be given by the relatively simple 
equation 

(t - la)3 (t - ta) 2 

X = K 6 + aa 2 + Ua ( t - ta). (9) 

Although this is a cubic, nevertheless (t - ta) may be obtained with 
relative ease in any particular case. The use of a new variable T to 
replace x is suggested by (9) and accordingly the defining equation of T 
under all conditions is taken tobe: 

Ta T2 
X= K6 + aay+ UaT, (10) 

which holds even when <p, a and Jl. are not zero. I t is evident when 
cp, a and p. are small that T does not differ very much from t - ta as 
(10) must then become nearly equivalent to (9). It thus seems 
expedien t to wri te in general 

t - la = T + 0, ( 11) 

and note that o becomes very small when cp, a and Jl. are small. 
On the basis of (11), functions of (t - ta) may be expanded into 

series in powers of o as follows: 

f(t - ta) = f(T + o) = f(T) + f'(T)o + 2\f''(T)o2 + · · ·. (12) 
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and similarly functions of ta may be written 

j(ta) = j(t - T - o) = j(t - T) - f' (t - T)o 

+ ~/"(t - T )o2 
- (13) 

When (10), (11), (12) and (13) are used in conjunction with (8) the 
result is a relation between t, T and o as follows: 

o = K [3T2o+3To2+o 3] 
6 

+ ~a [2To+o2]+ttao 

+cp(t)- [ cp(t-T)-cp'(t-T)o+ ;! cp"(t-T)o2 - • • • ] 

- (T +o) [ cp'(t- T)- cp"(t- T)o+ ;! cp"'(t- T)o2 - ••• ] 

- ~ (T'+2TO+ö') [ <P"(t- T)- q/"(t- T)ö+ i! "'""(t- T)ö' - ... ] 

+ ~ (T2+2To+o2
) [ a(t- T) -a'(t- T)o+ 

2
\ a"(t- T)o2 - ••• ] 

+(T+o) [ Jl.(t-T)-Jl.'(t-T)o+ ;!Jl."(t-T)o2
- • • • J · (14) 

This equation may be written in the form of apower series in o. It 
cannot yet be solved directly for o. It has the advantage, however, 
that o is not involved in the transeendental functions cp, a and Jl., so 
that an indirect method may be used. Let o, cp, a and J1. each be split 
up into series as follows: 

o = o1 + 02 + oa + etc.l 
cp = Cf'l + <p2 + cpa + etc. 

a = a1 + a2 + aa + etc. 

J1. = Jl.l + J1.2 + Jl.a + etc. 

(15) 

Thesearetobe substituted into (14) and the resulting expression may 
then be expressed as an infinite series of separate equations such that 
the first equation includes alllinear terms which have the subscript 1, 
but no other terms; The second equation includes all linear terms 
having the subscript 2 and also all quadratic terms having the subscript 
1; the third equation includes all linear terms having the subscript 3, 
cubic terms with subscript 1, and also products of quadratic terms with 
subscript 1 and linear terms with subscript 2. The rules for succeeding 
equations are analogous, so that in general, the sum of the subscripts 
of each term of the nth equation is equal to n. 
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The first of these equations may be solved for ö1, the second for ö2, 
the third for ö3, and so on, giving the following: 

[ cp1(t) - cp1(t- T) - Tcp1'(t- T) - 4 T 2cp/'(t- T) 

. 1 ] + 2 T 2a1(t - T) + TJJ.1(t - T) 
öl = - --------=y=-2------------=!.' ( 16) 

K 2 + aaT + ua 

cpz(t) - cp2(t - T) - T cp2' (t - T) - ~ T 2cp2" (t - T) 

1 + 2 T 2a2(t· - T) + TJJ.2(t - T) 

+ o1 (! T 2 cp1"'(t- T) -! T 2a/(t- T) 
2 2 

+ Ta1(t- T) - TJJ.r'(t- T) + JJ.1(t- T)) 

Öz = - _l __ +_ö_l2_(...:....K_~_f_+_~_a=a~) _________ _ 
T2 

K T + aaT + 1ta 

r '1'3(1) ; '1'3(1 - T) - T <p,' (I - T) - ~ T'<p3" (I - T) 

+ 2 T 2aa(t - T) + TJJ.a(t - T) 

+ ö2 (! T 2cp/"(t- T) - ~ T 2a/(t- T) 
2 2 

+ Ta1(t- T) - TJJ.1'(t- T) + JJ.1(t- T)) 

+ o1 ( ~ T 2cp2"'(t- T) - ~ T 2a2'(t- T) 
2 2 

+ Ta2(t- T) - TJJ.2'(t- T) + JJ.z(t- T)) 

+ o12 (- ~ T 2cp/'" (t - T) + ~ T cp/" (t - T) 
4 2 

+ l T 2ar''(t- T) - Ta1'(t- T) + ~ a 1(t- T) 

+ ~ TJJ.t"(t- T) - JJ.1'(t - T)) 
+ ö1o2 ( KT + aa) + ö13 ~ 

Öa = -~--~---~1'~2---------~ 
KT +aaT + 1ta 

(17) 

(18) 

(19) 
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These formulas together with (11) and (15) allow the acceleration 
(6) and velocity (7) tobe written in terms oft and T, and hence effect
ively in termsoft and x, for T is a function of x only, as given by (10). 
The resulting equations for acceleration and velocity are conveniently 
broken up into a series of equations in accord with the same rules 
formulated for obtaining the o's from (14). Thus, we write 

a = ao + a1 + a2 + a3 + etc., (20) 

where a 0 comprises those terms having zero or no subscript, and obtain 
from (6): 

ao = KT+ aa, 

a1 = Ko1 + cp1"(t) - cp1"(t - T) + a1(t - T), 

a2 = Ko2 + cp2"(t) - cp2"(t - T) + cp/"(t - T)o1 

+ a2(t - T) - a1' (t - T)o1, 

a3 = Ko3 + cp311 (t) - cp3" (t - T) + cp1"' (t - T)o2 

+ cp2"'(t- T)o1- ~cp1""(t- T)o12 + a3(t- T) 

(21) 

(22) 

(23) 

- a2'(t - T)o1 - a/(t - T)o2 + ~ a1"(t - T)o12
, (24) 

a4 = · · ·. (25) 

Treating the velocity in a similar way we write 

u = u o + 1t1 + u2 + 1l3 + etc. 

and obtain from (7) 

T2 
1lo = K T + aaT + Ua, 

1t1 = KTo1 + aaol + cp1'(t) - cp1'(t - T) 
- Tcp1"(t - T) + Ta1(t - T) + J.1.1(t - T), 

u2 = KTo2 + ~ o12 + aao2 + cp2'(t) - cp2'(t - T) 

- Tcp2"(t - T) + Tcp1"'(t- T)o1 + Ta2(t- T) 

(26) 

(27) 

(28) 

+ a1(t - T)o1 - Tat' (t - T)o1 + p,2(t - T) - J.tt' (t - T)o1, (29) 

1t3 = KToz + Ko1o2 + aao3 + cp/ (t) - cp3' (t - T) 

+ ! cp1"' (t - T)o12 - T cp311 (t - T) + T cp/" (t - T)o2 
2 
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+ T1P2"'(t - T)o1 - ~ T1P1""(t - T)o12 + Taa(t - T) 

- Ta1'(t - T)o2 - Ta2'(t - T)o1 + ~ Tat''(t - T)o12 

+ a1(t -· T)o2 + a2(t - T)o1 - a1'(t - T)o12 + J.La(t - T) 

- J.l1'(t- T)oz- J.lz'(t- T)o1 + ~J.Lt"(t- T)o12
• (30) 

Aside from their length these equations are not complicated and in 
applications to special cases many terms are apt to vanish, leaving 
relatively compact expressions. 

In circuit work the potential difference between the two parallel 
planes, " a" and " b," say, is more often required than the electron 
acceleration. This may be found from the definition of the potential 
difference, namely 

in which t remains constant during the integration. From (10) 

ax = ( K ;
2 

+ aaT + Ua ) dT = UodT, (32) 

so that with the aid of this equation and (2) the potential difference is 
given by: 

W.- w, = J: adx = IT a ( K ~
2 

+ a.T + "•) dT, (33) 

where the symbol, W, is used as an abbreviation for e V /km. 
In the same way as the acceleration and velocity are divided into 

components, the potential difference may be split up into (Wa - Wb)o, 
(Wa - Wb)l, (Wa - Wb)2, etc. which are defined by: 

(W. - W,)o = f.T aouodT, 

(Wa - Wb)l = J.T a1uodT, 

(W.- W,), = J,T a,u0dT, 

(34) 

(35) 

(36) 

(37) 
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and where the o's given by (16), (17), (18), etc., are to be inserted in 
the a's given by (21), (22), (23), etc., before the integration can be 
carried out. 

The formal solution of the problern has been reached with the 
attainment of (34), (35), (36), etc. As soon as specific functions are 
chosen for the current, [K + cp"' (t) ]kmeje, the initial acccleration, 
aa + a(t), and the initial velocity, Ua + fJ.(t), the integrations can be 
performed to give the potential difference between two planes locatcd 
respectively at x = 0 and x = x. 

While the generat relation between current and potential is non
linear, the first order current cp"'(t)e/kme is linearly related to the first 
orderpotential difference (Wa - Wb)e/km, and the results for this case 
can be expressed conveniently by using complex functions in the 
manner usual with electrical engineers. This will be clone in some of 
the following applications. 

In the treatment of second and higher-order components, it is 
convenient to select the current components to correspond with powers 
of the potential rather than vice versa. For example, ( Va - Vb)I is 
taken to be the complete expression for the fl.uctuating component of 
potential, thus causing ( Va - Vb)2, ( Va - Vb)a, etc. to vanish. Equa
tion (36) then yields an expression for the second-order current in 
terms of the first-order current, and (37) does likewise for the third
order current. 

The general equations are, 4owever, applicable to any converging 
method of selecting the components, and the proper one for any 
particular case is tobe determined by considerations of simplicity and 
convenience. 

PART II-FIRST-ÜRDER SOLUTIO~ 

This is the linear case, so that to each component of current, A sin wt, 
say, there corresponds a potential component of the form B sin (wt + Y'J). 
It follows that a current of the form Aevt will produce a corresponding 
potential difference Pevt, and that p may be taken tobe a generalized 
exponent having the value iw when sinusoidal currents are considered. 
In the latter case, P will usually be complex. The generalized ex
ponent p results in a more compact symbolism than would he possiblc 
with the imaginary exponent, iw. 

Thus, we write for the current 

el = K + cp/"(t) = K + Jevt. 
kme 

(38) 

In a similar way the initial fl.uctuating components of acceleration and 
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velocity a re ta ken to be 

a1(t - T ) = Ge P<t-T> = (Ge-PT)eP1, 

J.LI(t - T) = He P<t- T) = (He-vT)eP 1• 

(39) 

(40) 

\Vith this nomenclature, all terms appearing in the first-order 
equations will contain the factor evt, which may accordingly be omitted 
throughout. Thus, instead of writing Gevt for the acceleration at the 
11 a " plane, the single symbol a1 will be used, where the omission of the 
functional notation a1(t - T) indicates that the acceleration is taken at 
t he 11 a " plane where T is zero, and that the multiplying factor evt is 
understood. In a similar way the symbol J.L1 will indicate the first
order fluctuating component of velocity at the 11 a " plane with the 
factor evt understood. 

A still further symbolism will be of assistance. The quantity pT 
will be denoted by ß. \i\Then p is the imaginary iw then wT is the 
transit angle, 0, which has been defined in previous papers, 1 • 2 and in 
the sinusoidal case ß = iO. 

With this nomenclature, the first-order potential difference, (35), 
acceleration , (22), and velocity (28) may be written: 

J [ ( ß
3 

- - .) (Wa - Wb)l = p4 K 6 - ß - 2e ß - ße ß + 2 

+ paa ( ~ + ße- ß + e- ß - 1 ) + P2tta (ß + e- ß - 1) ] 

- ~ [aa(ße- .B + e- ß - 1) + ttaP(e-ß - 1)] 

+ ;~ [K(ße- ß + e- ß - 1) ] , (41 ) 

a1 = i [ 1 - e- ß - :Uo ( 1 - e- ß - ße-ß - ~ e- ß ) ] 

(42 ) 

+ at ( 1 - aoT ) ße-ß + f.l.l ( 1 - aoT) e- ß. 
p 2uo tt 0 

(43) 

An alterna te method of procedure, which is particularly useful at 
moderately low frequencies where the transit angle () is only a few 
radians, is to cxpand functions of (t - T) into power series in T. The 
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same result may be obtained from (41), (42) and (43) above by 
writing e-ß in series form. The result is: 

(Wa- Wb)l 

f ( _ ß)n [ J ( KT4(n + 2) + aaT3(n + 2) + uaTZ ) 
n=O (n + 4)! (n + 3)! (n + 2)! 

+ a ( aaTZ(n + 1) + UaT ) 
1 (n + 2)! (n + 1)! 

_ ( KTz (n + 1) ) ] 
J.l.l (n + 2)! ' (41a) 

at = 'f _( -_ß_) n [ JT ( _ 1_ - K_T_z -:---1---:-7'" ) 
n=o n! n + 1 2uo (n + 3) 

+ al ( 1 - KTz) - J.l.l ( KT) J ' 
2uo Uo 

(42a) 

f (- ß)n [ JT" ( 1 aoT 1 ) 
Ut = n=O -n-! - - n + 2 - 2Uo (n + 3) 

+ a1T ( 1 - ~:~) + J.l.I ( 1 - a~~) J. (43a) 

These latter forms of expression clearly show what happens at low 
frequencies ·and they prove that the equations do not give infinite 
values for any of the components so long as a0Tju 0 and KTZfuo remain 
finite. Now in general 

aoT (KT + aa)T 
Uo TZ 

KT + aaT+ Ua 

and 
KTz KT2 

uo T Z 
KT + aaT + Ua 

' 

and these remain finite for all finite positive values of T, K, aa and Ua. 
Thus the difficulty at the origin which was discussed 4 in the Proceedings 
of the Institute of Radio Engineers, February, 1935 is overcome by the 
generalized definition of Tin (10). It is true that (h still tends toward 
infinity when T approaches zero if aa and Ua are zero and J.l.I is different 
from zero. This means that the ratio of the variation in transit time, 
lh, to the transittime T tends toward infinity when T approaches zero, 
and when variations in initial velocity arestill present with no constant 
initial acceleration. This is a logical and expected result, but it Ieads 
also to the conclusion that the electrons actually halt their forward 
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motion and reverse their direction. \Vhen this happens, (1) is no 
Ionger applicable because the velocity at a given point has become 
multi-valued. This restriction was pointed out by Müller 3 as limiting 
any analysis which starts with (1). 

It may be concluded then that the inherent Iimitation on (41), (42) 
and (43) is a singly valued velocity rather than the behavior of the o's 
in the neighborhood of a point where the acceleration is zero. 

PART 111-SECOND-ÜRDER SOLUTION 

The second-order solution has practical utility in the computation of 
distortion and of the modulating and detecting properties of ultra-high
frequency thermionic systems. Even in low-frequency applications 
such computations are long and tedious. The introduction of the 
added complication of appreciable transit angles causes further diffi
culty because of the unwieldy length of the equations. Accordingly, 
instead of a general exposition of second-order effects, a greatly 
simplified special case will be treated at the present time, leaving the 
details of a more general solution until the need for it has become more 
acute. 

The rectifying properties of a parallel plane diode operating with 
complete space charge will be calculated. The complete space charge 
condition is defined by placing initial velocities and accelerations 
equal to zero. When this has been clone in (16), (17) and (23) and the 
resulting values of the o's have been substituted in (23), functions of 
(t - T) may be expanded into power series to give the following: 

oo ( _ T)n+l<P2(n+3)(t) 

-
2 n~o (n + 3)(n + 1)! 

1 00 oo ( _ T)n+m+l<P1(n+3)(t)<P1(m+3)(t) 

+ K n~ofo (n + 3)(m + 3)n!m! <
44

) 

The second-order potential difference is given by (36) where 1lo 

= KT2/2 for complete space charge. Thus, from ( 44) 

(Wa - Wbh = K t (n + 2) (- T)n+S<P2(n+3)(t) 
n=O (n + 4)! 

1 oo oo ( _ T)n+mH<P 1(n+3)(t)<P1(m+3)(t) 

- 2 fo m~o (n + m + 4)(n + 3)(m + 3)n!m! · (
4

S) 

The second-order potential difference (Wa - Wbh will now be taken 
as zero, which implies that the first-order potential difTerence only is 
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impressed on the diode. This gives from ( 45) 

K [ 112 T'<P,'"(t) - :o T'<P•'•(t) + 1!0 T'~,• (t) - . .. J 
=! [ T4cp1'"(t)cp1'"(t) + TGcpliv(t)cpliv(t) + TScplv(t) cpiv(t) + • • ·] 

2 36 96 800 

+ [
- T 5cp1111 (t)cp1iv(t) + T 6cp1111 (t)cp1v(t) _ T 7 cp111 1(t ) cp lvi(t) 

60 180 756 

+ TScp1"'(t)cp1vii(t) _ T7cp 1iv(t)cp1v(t) + TScp1iv (t)cp 1vi(t) _ • • · ] · 
4032 , . 224 1152 (46) 

If the first-ord~r valtage which is impressed on the diode is taken to 
be a single sine wave, it follows from the linearity of the first-order 
relations that the first-order current is likewise a single sine. wave of 
the same angular frequency, w. Thus, let 

Then 
cp/" (t) = A sin wt. 

cpliv(t) = Aw COS wt, 

cp1"(t) = - Aw2 sin wt, 

cp 1"i(t) = - Aw3 cos wt. 

(47) 

When these are substituted into ( 46) it is seen that the right hand 
side of the equation contains a d.-c. term and a double-frequency term. 
The left hand side must accordingly contain terms of the same fre
quencies. Hence the mostgeneralform which can be assumed for the 
Eecond-order current cp2"' (t)e/kme is: 

cp2"' (t) = (ao + a1e + a202 + · · ·) 
+ (bo + b1e + b202 + · · ·) sin 2wt 
+ (co + c1e + c202 + · · ·) cos 2wt, (48) 

where e = wT is the transit angle, and the a's have no reference to the 
symbols previously used for acceleration. 

When (47) and (48) are substituted into (46) it will be seen that the 
coefficients of the d.-c. term, the sin 2wt term and the cos 2wt term 
respectively may be equated on the two sides of the equation. This 
gives three equations andin each of these, coefficients of corresponding 
powers of the transit angle may be equated, thus providing the values 
of all of the coefficients in ( 48). 

Without carrying out this procedure in detail it is possible to find the 
d.-c. component directly from (46) and (47) by noting that time 
derivatives of the d.-c. component of cp2'"(t) are zero. Hence the left 
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hand side of (46) reduces to its first term. Substitution of (47) into the 
right hand side and selection of d.-c. components then gives: 

1 A 2 [ e2 ()4 ] 
cp2"' (t)d.-c. = 12 K 1 - 40 + 2800 - • • . . (49) 

This indicates that the rectified current decreases when the transit 
angle e becomes appreciable. In the second part of his first electronics 
paper, 1 Benharn reached the conclusion that the rectified current 
increases with frequency. To reconcile his result with (49) it is only 
necessary to note that (49) indicates a decrease in rectified current with 
frequency provided that the amplitude A of the first-order current 
remains constant, whereas Benham's result was based on a constant 
amplitude of the first-order voltage. A direct comparison therefore 
necessitates the computation of the first-order voltage. From (41a) 
with zero initial acceleration and velocity we have: 

- rr b 1 = -- - - ~e - - e + - ~() 3 + - ()4 • • • • ( W TXT ) J K T 1 
[ 1 3 . 1 2 1 . 1 ] 

a 12 1 0 15 84 5 60 
(50) 

Taking the amplitude of the current factor cp1"'(t) to be A as in (47) 
and the amplitude of the valtage factor (Wa - Wb)I tobe B, we find 
from (50) that 

K2TB [( 1 1 )2 
B2 

= A 2 144 1 - 15 ez + 5 60 °4 
- ••• 

+ (- l_ () + _!_ ()3 - ... ) 2] 
10 84 

or 

ß2 = A2K2T4 [1- ~()2 + _1_1_ (J-l- .. ·]· (51) 
144 300 12600 -

The A2 may thus be eliminated between (51) and (49) giving 

"'() - 12ß2 [1 + _!_!._ ()2 ~ 4 ••• ] 
cp2 t d.-c. - K 3T8 600 + 140000 () + 1 (52) 

which is in agreement with the result obtained by Benham. 
The physical explanation of the increase in rectified current which 

occurs when the transi t angle becomes appreciable follows directly 
when it is realized that as the frequency is made higher, the funda
mental component of the alternating current increases when the a.-c. 
valtage is maintained at constant amplitude. This is because of the 
capacitance of the diode. It is this increase in fundamental current 
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which causes the increase in rectifi.ed current, and not the effect of 
transit angle directly. 

PART IV-NEGATIVE GRID TRIODES 

The general aspect of the negative grid triode is shown in Fig. 1. 
The upper diagram shows a plan view of the electrode arrangement and 
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Fig. 1.-Nomenclature and potential distribution in negative grid triodes. 

indicates the nomenclature which will be adopted. The planes at Vc 
and VP constitute the cathode and plate, respectively, and the grid 
wires are indicated by the smaii circles. The planes A and B are 
imaginary planes Iocated on opposite sides of the grid and only far 
enough away so that the irregularities in the potential distribution 
caused by the individual negative grid wires have practically disap
peared. An analysis of the potential distribution in the immediate 
neighborhood of a shielding screen has been made by Maxwell (Treatise 
on Electricity and Magnetism Vol. I) and this applies to the grid of the 
triode in the absence of electron flow. The presence of electrons 
between the negative grid wires will tend to decrease the irregularities 
shown in Maxwell's analysis and therefore allow the planes A and B 
tobe placed somewhat closer together than his fi.gures would indicate. 
As far as the writer is aware, exact relations for the potential distri
bution near the grid wires in the presence of electron flow have not been 
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worked out so that Maxwell's analysis is our only basis at the present 
time for determining how near to the grid we can imagine A and B to 
be fixed. 

The distance from cathode to grid will be called Xe and from grid to 
plate will be·called Xv· Corresponding to Xe there will be an electron 
transit time Tc, and to Xv there will be the transit time Tv· The 
density of the total current leaving the cathode is Ie so that the current 
factor el/kme will be Je. The factor for the density of the total 
current reaching the plate will be Jv. 

The general scheme for analysis of the triode is to regard the struc
ture as composed of two parallel plane diodes. The first of these 
comprises the cathode and the imaginary plane A, \vhile the second 
comprises the imaginary plane B and the plate or anode. In accord 
with normal operation, complete space charge is postulated at the 
cathode, so that initial velocities and accelerations are zero, and the 
general parallel plane equations, (41), (42) and (43) may be applied 
directly to conditions between the cathode and the plane A. 

The plane B and the plate also constitute a structure to which the 
general equations can be applied, but first the initial velocities and 
accelerations at B will have tobe found, and finally a relation between 
Je and Jv will be needed. Moreover, the relation of the potentials at 
A and B to the potential V0 of the grid wires themselves must be 
found, because it is only the latter that is available for external use or 
measurement. 

As an aid to finding these various relations the lower diagram in Fig. 1 
will be of assistance. This is a graph showing the general form of the 
d.-c. potential as a function of the distance from the cathode. Between 
cathode and plane A the potential curve is the same regardless of 
whether the line 1-2 in the upper diagram which passes between two 
grid wires is followed, or whether the line 3-4 which passes through a 
grid wire is followed. The same thing applies between planeBand the 
plate. 

Between planesA and B, however, conditions become vastly different 
according to whether the potential curve is drawn for the line 1-2 or the 
Iine 3-4, and the general shape of the potential curve for the two 
conditions is marked 1-2 and 3-4 respectively in the lower diagram. 
Along 1-2 the potential is everywhere positive, as otherwise electrons 
would not be able to penetrate the grid mesh and reach the plate. On 
the other hand, the grid wires themselves are at a negative potential, 
and the curve 3-4 shows the way in which the potential surface forms 
into pockets surrounding the grid wires. The size of these pockets, 
and hence the location of the planes A and B is determined by the 
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relative potentials of grid and plate, the size of the grid wires, and the 
s pacing between them. 

In applying the general analysis for parallel planes to this type of 
structure it is possible to find all of the desired initial conditions at 
the B-plane in terms of conditions at the A-plane as well as to find the 
actual a.-c. potential of the grid wires themselves and the relation 
between plate current and cathode current provided that a very simple 
condition is fulfilled. This condition is merely that the size of the 
potential pockets surrounding the grid wires is sosmall that the planes 
A and B may be taken close enough together to cause the electron 
transittime between the two tobe negligibly small compared with the 
transit time from cathode to A or from B to the anode. vVithout this 
condition, the problern appears almost hopeless. With i t, the pro
cedure is Straightforward and simple. 

For the factors affecting the fulfillment of this condition, Maxwell's 
analysis fortunately provides a guide that is at least safe, because if the 
planes can be located near together compared with the distances Xe 

and Xp on the basis of his analysis, then the smoothing effect of the 
electrons between grid wires will make the actual operating conditions 
still better. The adaptation of his equations gives the following 
expression for the potential distribution and for small diameter grid 
wtres: 

V= 
[ 

V _ Xe V l 0 
Xe + Xp P [ 411"Xp ( ~ ) 

( 
X eXp ) 471" - 2 Ioge ( 2 sin 7rC) a Xe + Xp 

Xe+ Xp a a 

- Ioge (1 - 2e2trd/a cos2trz/a + e4trd/a )] + V ( Xe + d ) . (53) 
P Xe+ Xp 

Here d is the distance from the grid to the place where the potential 
is to be computed, and is considered positive when directed from the 
grid toward the plate, z is distance measured parallel to the grid, a is 
the distance between centers of grid wires, c is the wire radius, and the 
cathode potential, Ve is taken to be zero. The only term here con
tributing to the potential pockets surrounding grid wires is the loga
rithmic one which alone involves z, the distance along plane A or B. 
The condition for the variations to be smoothed out with either 
positive or negative values of d is 

e2trD/a >> 2, 
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where D represents the magnitude of d. Below are given some of the 
values of e2rD /a 

0.1. . . . . . . . . . . . . . . . . . . . 1.875 
0.2. . . . . . . . . . . . . . . . . . . . 3.514 
0.3.. ........ . . . . . . . . . . 6.587 
0.4 .. ....... ........... 12.35 
0.5 .................... 23.17 
0.6 .................... 43.39 

0.7. ··················· 81.34 
0.8 .................... 152.5 
0.9 .................... 285.5 
1.0 .................... 536.0 

This shows that if the magnitude of the cosine term which involves z 
is tobe limited to one per cent of the largest of the three terms consti
tuting the logarithm, then Dfa should be greater than 0.84. On the 
other hand if a ten per celit variation is tolerated, then Dfa may be as 
small as 0.48. 

There is a further consideration that tends to smooth out the 
corrugations in the potential caused by the grid wires. The relation 
(53) was derived on the assumption that the cathode and plate were 
quite distant from the grid. When this is not the case, the fact that 
both are equipotential surfaces tends to crowd the irregularities in 
toward the grid, and hence to decrease the area of the pockets. 

The general conclusion to be drawn from this investigation into the 
potential distribution is that the electronics analysis can be applied 
with greatest accuracy to tubes where the grid wires are very close 
together relative to the distance between grid and either cathode or 
anode. When this is not the case, the analysis may be expected to 
show the general trend .of the performance in most cases but to be 
unreliable for quantitative computation. In extreme cases, where the 
grid wires are very far apart, the grid action approximates more nearly 
to a change in the effective cathode area than a uniform action over 
the entire surface. The electronics analysis can be adapted to this 
extreme case when the change in effective cathode area occurs instan
taneously with a change in grid potential, for then the diode analysis 
applies directly between the effective cathode area and the anode. 
Means for doing this will become evident when the theory for grids 
with fine mesh is understood so that the details will not be described. 

The analysis for finc-mesh grids now follows, based on the assump-
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tion applicable to them that the planes A and B in Fig. 1 are very 
near together compared with Xe and Xp. As a first consequence of 
this assumption, the electron velocities at B must be the same as those 
at A, and hence one of the initial conditions at the B-plane is provided 
for. A second consequence is that the potential at B is the same as 
that at A, and therefore the potential betyveen plate and cathode is 
the sum of the potentials between cathode and A and between B 
and the pla te. 

The accelerations at the two planes are not the same. This can be 
seen from the lower diagram in Fig. 1 when it is remernbered that the 
acceleration is proportional to the slope of the potential curve. The 
accelerations can be found, however, by a relatively simple calculation 
and this will be clone in the course of the following ana lysis. 

D .-C. Relations 

As a preliminary to the treatment of first order effects in negative 
grid triodes, certain d.-c. relations will be determined. 

The distance is related to the transittime by (10). At the cathode 
and for complete space charge the acceleration and velocity are zero, 
so that the cathode-grid transittime Tc is given by 

T 3 
X = K-c • 

c 6 (54) 

At B the acceleration is yet to be found, but may be taken to be g 
timesthat at A. Hence, from (21) 

The velocity at Bis the sameasthat at A, so that from (27) 

T 2 
UB = K -c • 

2 

(55) 

(56) 

These values, (55) and (56), may now be insertedas initial conditions 
in (10) to give a relation between Xp and Tp. Calling the ratio TP/Tc 

by the symbol h and Xp/Xc by the symbol y we thus obtain: 

gh2 = y/3 - h - h3/3. (57) 

In this way the acceleration is related to the transit times. These 
have now to Öe expressed in terms of quantities that can be measured 
directly, namely the current and the plate voltage. To do this, the 
general expression for potential difference is obtained by integration 
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of (34) which gives : 

OVa - TVb)o =1K2T 4 +~KaaT3 +~KuaT2 +~a}T2 + aa1taT . (58) 

Putting in the initial conditions we have 

(59) 

and 

From these, and placing the cathode potential equal to zero, we get 

~ ~; = 2gh + 1 + h2
• 

\Vith (57) the ratio g may be eliminated from this, giving 

( 61) 

When h is small, as it normally is, the last term may be disregarded, 
giving 

h = 
2~3 Y (approximately). 

1 + Vp/VA 
(61a) 

Equations (57) and (61) allow g and h to be found in terms of VP, 
which can be measured directly, and VA which can be found in terms 
of the current and the distance Xe by combining (54) and (59) to give: 

(62) 

This is the well-known Child's equation, and when W and K are 
expressed in terms of voltage and current appears in the usual form 

Io = - 2.34 X 10-6 VA3' 2/xc2 amperes/cm.2 (63)* 

Several other expressions which are useful for computation purposes 
may be found from these d.-c. relations: 

* The negative sign occurs because of the assumed current direction, from the 
cathode. The numerical factor is 2.34 instead of 2.33 given by Compton and 
Langmuir 6 because of the value of e/m which was used, q.v. 
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The transit angle Oe = wTc may be written in terms either of the 
valtage VA or the current Io, thus 

O _ 95ÜÜXc _ - 126 ( X e )l/3 d ' 
c - ~'- - -'\-- -1 ra 1a ns, 

A "V VA 1\ 0 
( 6-l) 

where 'A is the free-space wave-Iength in centimeters of an alternating 
current of angular frequency w. 

The slope of the static characteristic of a diode coinciding with the 
cathode and the plane A may be expressed 

- a VA I = rc = - ~ VA = 285,000xc:.! = - 3780xc
4

'
3

' (65) 
alo Xe 3 Io ~ fol /3 

where rc is the Iow-frequency resistance in ohms of a square centimeter 
of area. 

From (64) and (65) it can be seen that 

(66) 

A further expression that occurs frequently in following equations is : 

KTc4 = 12rc. 
E 

(67) 

Later we shall be able to show how the low-frequency plate resist
ance of the triode is related to rc and the amplifi.cation factor, as weil 
as how the inter-electrode capacitances of the " cold " tube are in
volved in these quantities. A simple approximation for the transit 
time ratio h will also be derived. 

First-Order Relations 
In the picture shown by Fig. 1 an alternating current is assumed 

to flow from the cathode to the plane A. This current Ic is related 
to the quantity J in the generat equations (41) or (41a) by the ex
pression Je = elcfkme, and the current includes both conduction and 
displacement components. Complete space charge at the cathode 
allows initial velocities and accelerations to be placed equal to zero, 
so that the fi.rst order potential difference between cathode and pla ne 
A isgiven by (41a) asfollows: 

- 4 oo - n (n + 2) . 
(Wc- WA)l- JcKTc fo ( ßc) (n + 4) ! (68) 

In a similar way, the potential between plane B and the plate can 
be written when the initial fi.rst-order acceleration at B has been found , 
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the d .-c. initia1 conditions being given in the previous section, and the 
first order initial velocity being the same as that at A. From ( 43a) 
we have 

(69) 

The computation of the a.-c. component of acceleration at B is 
based on the particular property possessed by negative grid tubes 
that no electrons reach the negative grid. Then, because the velocity 
at B is the sameasthat at A it follows that the conduction component 
of the current is the same at both planes. The total first-order current 
may be written from (1) 

aE1 
!1 = (pu)I + eiit · 

l\1 ultiplying through by efkme we can write 

J = Q +aal 
dt ' 

(70) 

where Q = (pu) 1e/knze measures the conduction current, and is the 
same at planes A and B. Hence at plane A, and since ajat = p for 
exponential currents and voltages: 

Je= Q + palA· 

At plane B we have similarly 

JP = Q +paß. 

From (71) and (72) there results 

(71) 

(72) 

(73) 

The value of a1A may be obtained from ( 42a) so that the acceleration 
at B is given by 

P = J - J - 2J 'f (- ßc)m+l(m + 2) • (74) 
aß P c c m=O (m + 3) ! 

All of the initial values at the plane B have been obtained and are 
expressed in (55), (56), (69) and (74). The potential between Band 
the plate is now obtained from (41a) and follows, where h = TP/Tc: 
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+ fc [ lz2 f, (- hßc)n ( 2[!}t(n + 2) + (n + 3)) 
n=O 2(n + 3)! 

00 00 
(75 ) 

+ h L L Jzn(- ßc)n+m 
n=O m=O 

( 
2gh(n + 1)(m + 2) + (n + 2)(m + 2) - Jz (n + 1)(m + 1)) ] . 

X (n + 2) !(m + 3) ! 

The attainment of (68) and (75) does not completely solve the 
problern because it is the potential of the grid wires that can be 
measured rather than the potential at A and B. The transformation 
may be readily accomplished, however, by writing 

(76) 

where Z 0 is the effective impedance between the plane A (or B) a nd 
the grid wires. In the negative grid tube when A and B are close 
together, Z 0 is a pure capacitance, C0 • 

Writing (68) and (75) respectively in terms of V and I instead of W 
and J we now have in symbolic form 

(Vc - VA)l = fcZc, 

(VA - Vp)1 = Ic(Z3- Zt) + l p(ZI + Z2), 
where 

(77) 

(78) 

(79) 

The four equations, (76), (77), (78) and (79) are the basis of nega
tive grid triode analysis. The impedances involved refer to a square 
centimeter of area and are as follows: 

Z 0 = + = impedance between plane A (or B) and the grid (80) 
p {J 

wires, 
00 

Zc = 12rc L (- ßc)n(n + 2)/(n + 4) !, (81 ) 
n=O 

zl = 12rch(gh + 1)/2ßc, (82) 

z2 = 12rch4 f. (- lzßc)n(n + 2)/(n + 4) !, (83) 
n=O 

[ 

oo ( 2gh(n + 2) + (n + 3) )] z3 = 12rch2 Eo c- hßc)n 2cn + 3) , 

+ 12rch [ Eofo (- ßc)n+mJzn 

(
2gh(n + 1)(m + 2) + (n + 2)(m + 2)- h(n + l) (m + 1)) ] . (8-!) 

X ( n + 2) ! (m + 3) ! 

The value of rc is expressed by (65). 
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For large values of transit angle it is convenient to have these im
pedances expressed in closed instead of in series form. By using ( 41 ) 
instead of (41a) throughout the analysis the result may be obtained . 
The expressions for Z 0 and Z 1 will not differ from those given above, 
but Z c, Z2 and. Z 3 may be written in the following forms: 

12r [ ß 3 
] Z c = ßc/ i - ßc(e-ßc + 1) - 2(e-ßc - 1) , (81a) 

12r [ lz3ß 3 
] z2 = ß/ T - lz ßcce-hßc + 1) - 2(e-hßc _ 1) • (83a) 

Z 3 = 
1;c:c [ ßc3 ~ (h + glz 2

) 

+ ß<[(h- 2gh - 1)e-(h+l)ßc + Jze- hßc + e- ßc] 

+ [2 (h- gh- g)e-< h+1>ßc + 2(1 - h + gh)e-hßc + 2ge- ßc - 2] 

+ 2 (1 - g) (e-(h+1)ßc - e- hßc - e-ßc + 1) ] . 
ßc 

(84a) 

Of the various impedances Z3 is the only one that is really trouble
some. The values of Zc and Z2 may be obtained from data given in 
published papers 1

• 
2 when it is noticed that Z2/h4 may be calculated 

from Zc if ßc is replaced by ßp = hßc· In the treatment of Z3 there 
seems to be no easy road, although the series form (84) may be ex
panded with comparative ease. 

Further steps consist in the transposition of these equations to 
obtain convenient forms and to show how they harmonize with low
frequency theory. A useful expression may be obtained from the 
fundamental relations (76), (77), (78), (79) by eliminating VA, Ic and 
I g· The result is 

( V - V) + (ZI- Zc - Z3 ) ( V - llo) I 
c P 1 Zc + Z o c 

= I [ [ (Z c + Z2 + Z3 )Z u + (Z1 + Z2)Zc]] (8S) 
P Zc + Z o . 

This begins to Iook like the familiar low-frequency equation 

(86) 

wherc f..l, is thc a mplification factor and Zv is thc internal plate impe
dance. The two a re equivalent at all frcquencies if I v is intcrprcted 
a s the density of thc t otal plate current, and not the conduction com-
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ponent, only. Then we have: 

JJ. = Z1 - Zc - Z3 = (Z1 + Z2 ) - (Zc + Z2 + Z:~) (87 ) 
Zc + Z 0 Zc + Z 0 

1 

Zp = (Zc + Z2 + Z3)Z 0 + (Z1 + Z2)Zc. (88) 
Zc + Z 0 

The relations involved in these two equations may be rnade some
what clearer by finding what they resolve into at low frequencies. 
This may be clone by going to (80)-(84). The first thing to notice is 
that Z1 and Z 0 become very large because the frequency term p = iw 
appears in their denominators. The other terms are relatively small 
at low frequencies and we have: 

J.l.o --7 ZI/Zo, 

rp = Zp --7 Zc( l + JJ.o) + Z2 + Z 2. 

(87a) 

(88a) 

I t will be shown below that this formulation for the amplification 
factor is in accord with that derived by .Maxwell in his "Treatise on 
Electricity and Magnetism" for the shielding effect of a grid mesh. 

Low-Frequency Relations in Negative Grid Triodes 

In (87a) and (88a) the general form of the low-frequency triode 
relations is given. I t is instructive to compute these in some det ail 
so that the role played by the capacitance C0 between the planes A 
or B and the grid wires is demonstrated. 

To do this, (82) which gives the impedance Z1 may first be trans
formed by aid of (57) and (67) to give 

z1 = xv (1 - h3/y). 
fp 

(89) 

The impedance Z 0 may be written as in (80) so that the low-frequency 
amplification factor is 

(90) 

I t is of interest to note that f /Xp is the capacitance per unit area 
between the plate and a solid plane at the grid. As expressed by 
Compton and Langmuir 6 from l\1axwell's a na lysis the low-frequency 
amplification factor is 

I 
JJ. o a a 

-
2 

Ioge 
2
-

7r 7rC 

(91) 
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where a is the distance between centers of grid wires and c is the wire 
radius. 

Comparing (90) and (91) we see that both are proportional to Xp, 

but that (90) contains a correction term, h3/y which is normally very 
small as h is . usually of the order of one-third to one-tenth. The 
presence of the correction term may be explained by remembering 
that (90) was derived for conditions holding when electrons are flowing 
while (91) applies strictly only to a coldtubein which no free electrons 
are present. This being the case, it is to be expected that the two 
equations would be equivalent if the correction term were omitted 
from (90). The term being small, this is very nearly true in any case 
and gives 

27rE 
C0 = farads in cm.2 

a 
a loge-

2 7rC 

(92) 

The capacitance C0 which was introduced as existing between the 
electron stream and the grid wires is thus shown to have a value which 
can be calculated with fair exactness under the conditions when l\Iax
well's equation (91) holds, namely when the grid wires aresmall com
pared with their separation. 

Attention is now directed to the low-frequency value of the plate 
impedance, ZP. From (88a) together with (81), (83) and (84) it may 
be shown that 

rp = rc [llo +j (1 + y)(1 + h)- ~ (1 + h) 4
]. (93) 

This is thought to be the first instance of an expression for the plate 
resistance derived on strictly theoretical grounds. The formula as 
it stands contains rc which is given by (65) and h which is given by 
(61), and both involve VA. This latter may be found from (63) in 
terms of the direct current. A convenient approximation for VA is 
obtained by making the assumption that the presence of electrons 
changes the d.-c. potential VA by a small amount only, so that its 
value may be calculated from the static capacitances of a cold tube. 
The appropriate diagram is shown on Fig. 2. 

From the figure, putting Vc = 0 we obtain 
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It was shown in (90) that Cu/Cv is the static, or " cut-off " ampli
fication factor, p,o' of the tube. Again , y = Cc/Cv so that 

V Vvo + P.o'Vuo ( . 
Ao = 1 + p. o' + y apprmamately). 

When the cathode is heated so that electrons flow, the potential VA 
becomes depressed below this value which should be used only m 
forming rough estimates. 

Fig. 2.-Equivalent network of negative grid triode in the absence of electrons. 

A more accurate formula for VA involves the t ransit t ime ratio h, 
but may be obtained as follows : The plate current of a n ideal negative 
grid triode is proportional to ( Vpo + p. Vuo) 312 so that 

Similarly 

From these two equations together with (93) is obta ined 

V _ Vvo + P.o Voo 
A O- 4 1 ' 

P,o + 3 ( 1 + y) ( 1 + h) - J ( 1 + h) 4 

which may also be written 

V _ Vvo + p. oVoo 
A O - 4 1 (9-!) 

1 + /J.O + 3 y(1 + lz) - J /t2(6 + 4h + /z2
) 

This is in a form for comparison with t he approximate equation 
above and shows the modification produced by t he presence of elec
trons. 
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General Relations in Negative Grid Triodes 

The high-frequency values of the amplification factor and the plate 
impedance could be computed in detail from (87) and (88) together 
with the various expressions given for the impedances involved. To 
do this would require an enormous amount of computation, so that 
the details are deferred until such time as it becomes evident that (87) 
and (88) express the high-frequency properties of tubes in the most 
useful way. The fact that they are analogaus to the ordinary low
frequency conventions does not at all assure their general utility in 
the high-frequency field, and the fundamental equations (76) to (79) 
may be arranged in a wide variety of forms. For example, a com
panion equation to (85) may be obtained from the fundamental 
equations by eliminating VA, IP and Ic and thus obtaining: 

(Vc- V0)1- (z
2 
+~: +Zc) (Vc- VP)t 

= Iu [ (Z2 + Z3 + Zc)Zu + (Z1 + Z2)Zc]. (95) 
Z2 + Z3 + Zc 

Just as (85) gives an equivalent circuit between cathode and plate 
involving the whole current reaching the plate, so does (95) give an 
equivalent circuit between cathode and grid involving the whole 
current reaching the grid. The two equations completely describe 
the tube performance when the external Connections are known. 
Because of the way in which I 0 and I P are defined they include the 
so-called grid-plate path, which is treated as a separate circuit at low 
frequencies. 

The impedance presented by a tube to an e.m.f. applied between 
cathode and grid may now be calculated. To carry out the com
putation in general, it would be necessary to know the impedance 
attached between plate and cathode in the external circuit so that 
(Vc - Vp)l could be obtained from (85). However, the high-fre
quency properties of negative grid tubes may be illustrated more 
directly by choosing for consideration a special case that avoids 
having to take this additional step involving (85). This special case 
is the one where such a large capacitance is connected between the 
plate and cathode that ( Vc - Vp) 1 is zero for any of thc frequencies 
to be considered. The result will therefore be particularly applicable 
to finding the input impedance of screen tubes where the requirement 
for the special case is fulfilled. 

For this special case where ( Vc - Vp) 1 is zero, (95) may be solved 



ULTRA-HIGH-FREQUENCY VACUUM TUBES 661 

directly for tbe impedance Za presented to an input applied between 
grid and catbode and gives 

(96) 

Tbe impedance Z 0 is a pure capacitance, but tbe second term on 
tbe rigbt of (96) contains botb reactive and resistive components whicb 
latter account for tbe active grid loss wb icb bas been tbe subject of 
several investigations botb of a tbeoretical and experimental 
nature.2 • 7 • 8 At very low frequencies tbe capacitance represented by 
Z 1 predominates and tbe resistive component vanisbes leaving for tbe 
input impedance Za merely tbe following 

(97) 

Tbis expression may be written in several different forms but in 
none of tbem does a simplification occur in tbe way in wbicb tbe 
transit time ratio h enters tbe equation. Perbaps tbe best mode of 
expression is a comparison of tbe "bot" capacitance Ca given by 
(97) wbere Za = 1/iwCa witb tbe capacitance Co of a cold tube witb 
plate and catbode tied togetber. Tbis latter may be written 

C _ JJ.o
1Cp(1 + y) 

0
- 1 + y + JJ.o

1 
' 

(98) 

wbere p.0' is tbe " cold " amplification factor, (91), and is related to JJ.o 

as sbown by (90) so tbat p. 0 = p.0'(1 - h3/y). Tbe ratio Ca/Co is tbe 
" dielectric constant " of tbe bot tube and is 

Ca ( 1 + Y + JJ.o') [ ~ (1 + y)(1 + lz) - ~ (1 + h)4 l 
Co= 1 + y JJ.o + ~ (1 + y)(1 + h) - ~ (1 + h4) 

. (99) 

For illustration suppose tbat a certain tube bas tbe following values: 
y = 1, JJ.o = 10, h = 1/5. Tben from (99) tbe dielectric constant of 
tbe bot tube would be 1.19. Tbis is sornewbat less tban tbe value of 
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4/3 obtained by Benharn 1 in an analysis which considered effects 
between cathode and grid only. Benham's value applies strictly to 
the capacitance between cathode and the plane A in Fig. 1 while (99) 
applies to the parallel combination of cathode-grid and grid-plate 
capacitances: The constants of the individual capacitances may be 
calculated from the fundamental equations (76)-(79) but are omitted 
here because of space limitations. A series of experiments performed 
several years ago by l\I r. A. J. Rack and the writer and covering a 
wide range of operating conditions with several vacuum tubes showed 
values greater than unity for the dielectric constant of the cathode
grid capacitance and less than unity for the grid-plate capacitance. 
The parallel combination had a dielectric constant which was greater 
than unity in the range investig'ated, being thus in accord with (99) 
which always gives constants greater than unity for normal values of h. 

The input capacitance of detector- and voltmeter-tubes being thus 
a somewhat complicated function, it is to be expected that the cal
culation of the impedance at higher frequencies where transit times 
are appreciable will be similarly complicated. To avoid undue length 
only the first term contributing to the resistive component of the 
active grid loss will be computed in detail. I t must be pointed out, 
however, that the series in powers of transit angle which represents 
the input impedance converges slowly so that the first term is useful 
only when the transit time is small. 

Keeping this in mind, we go to (96) and write the impedance in 
series form, obtaining finally the following expression for the equivalent 
shunting resistance between cathode and grid: 

_!_ = !!1_ JJ.o [ y2 A - yB + C ] 
Ra 180 rp (y - h3)2 

X r 4 P.o 1 ] , (100) 
}J.O + 3 (1 + y)(1 + h) - 3 (1 + Jt)4 

where 

A = 9 + 44/z + 45h2
, 

B = 51h2 + 123h3 + 55h4 + 3h5 , 

c = 45h4 + 51h5 + 24h6 + 11/z7 + 3h8• 

As in previous cases, this may be written in several ways, depending 
on the mode of expression of Oe and r p· For example 
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so that 

_!_ = ( w C c) 2 r v [ y2 A - y B + C ] 
Ra 45 /).0 (y - h3) 2 

X [ . 4 P.o 
1 

]
3

• (100a) 
P.o + 3 ( 1 + y) ( 1 + h) - 3 (1 + h) 4 

Comparison of (100) and (100a) shows that the transconduct a nce 
p.ofrv appears in the numerator of the former, but in the denominator 
of the latter, and illustrates the care that must be taken in deriving 
sweeping conclusions concerning the effect of various tube parameters 
without taking all of the contributing factors into consideration. In 
the case of (100) the conclusion is that the loss may be reduced by 
decreasing the transconductance, but only if the transit angle f), is 
unchanged. On the other hand, (100a) says that the loss may be 
reduced by increasing the transconductance, but only if this is accom
plished without change in the cathode-grid spacing, and without 
altering h by an amount large enough to affect materially the factors 
in square brackets. 

Experimentally, it is found in many tubes that the loss increases 
when the transconductance is increased by changing the voltages 
applied to a given tube. This would seem to be at variance with 
(100a), for the cathode-grid spacing, and hence Ce, has not been 
altered by the voltage change. The explanation of the difficulty 
apparently lies in the departure of the static characteristics of many 
tubes from the 3/2 power law, which again may be explained in part 
by the presence of initial velocities and the large size of the potential 
pockets surrounding the grid wires. In a rough way the action of 
the latter is to vary the effective cathode area when the voltages are 
changed, producing an increased area with increase of current, and 
hence producing a current variation greater than the 3/2 power law. 

In a recent paper, D. 0. North 11 derives a formula for the active 
grid loss by neglecting space charge between grid and plate. His 
result is similar in many respects to (100) and both contain the factors 
Oe2p.0frv. In an experimental check, W. R. Ferris 10 secures excellent 
results by obtaining the transconductance from the static character
istics of the tubes used, but computing Oe by a formula which differs 
only slightly from (94). It can be shown that such a procedure would 
give a computed loss which increases with transconductance when the 
static characteristic is of the form I = K( Vvo + p.o V 0o) n and when n 
is greater than 2. The static characteristics are not given in !\Ir. 
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Ferris ' paper so that it is not evident whether the exponent is greater 
than 2. The loss did, however, increase with transconductance and 
was checked by the computations in a satisfactory manner, which 
would imply either that the exponents were actually greater than 2 in 
l\1r. Ferris' tubes, or that their cylindrical shape caused a decrease in 
the effect of the transconductance on the transit angle. 

The equations in general indicate that the shunting resistance 
between cathode and grid is proportional to the square of the wave
length. This is in accord with the theory and experiments of Thomp
son and Ferris, 7 • 10 and with the experiments of ]. G. Chaffee 8 on 
tubes biased as dass A amplifiers. However, when the tubes were 
biased as detectors, Chaffee 8 • 9 found that the resistance varied more 
nearly as the firstpower of the wave-length. There are several factors 
which may contribute to this difference. \Vith detector bias near cut
off the transit angles are large so that more terms of the fundamental 
equations may be needed. In Chaffee's work these were computed to 
be of the order of two or three radians which was scarcely enough to 
cause the entire effect observed by him. Another cause is thought to 
be an actual reversal in the direction of motion of electrons caused by 
the alternating potential operating in the vicinity of cut-off. Further 
study bothofexperimental and theoretical nature is required, however, 
before the point can be considered to be satisfactorily explained. 

CONCLUSION 

In general, the analysis presented in the foregoing pages is capable 
of serving as a guide to indicate the kind of results to be expected in 
the operation of vacuum tubes at ultra-high frequencies. In those 
cases where the physical structure of the tube complies with the con
ditions laid down for the theoretical treatment, a quantitative agree
ment can be anticipated. The importance of departures of the 
physical structure from this ideal can be evaluated in many instances 
by a careful comparison of the actual with the ideal structure. 

l\1uch yet remains tobedonein the way of computing and tabulating 
the various factors involved in the equations and of investigating the 
effects of such things as initial electron velocities from a hot cathode, 
large size grid wires, coarse mesh grids, and cylindrical structures. 
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Further-Extensions of the Theory of Multi-Electrode 
Vacuum Tube Circuits 

By S. A. LEVIN and LISS C. PETERSO N 

The response of circuits containing vacuum tubes with any nurober of 
electrodes due to impressed electromotive forces, and under such circum
stances that the time of transit of the electrons is negligible, is discussed when 
arbitrary feedback is present between the circuits connected to the elec
trodes, each of which may carry conductive current. The use of the theory 
is illustrated by obtaining first and second order effects in typical three
electrode tube circuits. 

In a previous paper in the Bell System Technical Journal, October, 
1934, the treatment was restricted to three-electrode tube circuits in which 
it was assumed that the amplification factor of the tube was constant and 
that no conductive grid current was present. In the present paper these 
restrictions are removed. 

INTRODUCTION 

T HE response in multi-electrode vacuum tube circuits due to 
impressed electromotive forces has been the subject of several 

papers. For the three-electrode vacuum tube circuit J. R. Carson 1 

has used a method of successive approximations, assuming constant 
amplification factor and no conductive grid current. E. Peterson and 
H. P. Evans 2 removed the restriction on the amplification factor but 
maintained the assumption regarding the grid current, while F. B. 
Llewellyn 3 considered the general case with both plate and grid 
currents. Finally, J. G. Brainerd 4 has treated the general case of the 
four-electrode tube circuit. The theories given by these authors did 
not take into account any feedback between the circuits of the elec
trodes except in the first approximation. 

In a previous paper 5 the theory given by Carson was extended to 
include the effects of feedback between plate and grid circuits not 
only in the first but also in the second and higher approximations. 
The aim of the present paper is to extend similarly the other theoretical 
work mentioned above2 • 3 • 4 to circuits containing tubes with three, 
four, or any nurober of electrodes. 

THEORY OF THREE-ELECTRODE TUBE CIRCUITS 

We shall consider the three-electrode tube circuit shown in Fig. 1 
where Z1, Z2, and Z3 are impedances which may include inter-electrode 

1 J. R. Carson: I. R. E. Proc., April, 1919, p. 187. 
2 E. Peterson and H. P. Evans: B. S. T. J., July, 1927, p. 442. 
3 F. B. Llewellyn: B. S. T. J., July, 1926, p. 433. 
4 ]. G. Brainerd: I. R. E. Proc., June, 1929, p. 1006. 
rr S. A. Levin and Liss C. Peterson: B. S. T. J., Octobcr, 1934, p. 523. 
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admittances. The impressed variable electromotivc forces arc e71 and 
Eu in series with the impedances ZP and Z u, respectivcly. \Ve will 
designate by EP and lp the total plate valtage and current, respectivcly , 
while the corresponding quantities for the grid are Eu and I u. In t he 

z, 

Fig. 1-Three-electrode vacuum tube and circuit. 

absence of the variable electromotive forces the d-c. values of these 
voltages and currents are Epo, lpo, B 0o, and I 0 o, respectively, while the 
increments due to the impressed forces are ep, ip, eu, and i0 , respectively. 
Similarly, g and p denote the incremental voltages across Z u and ZP. 
All quantities referring to currents and voltages are instantaneous 
values. 

We will now assume that lp and 10 are functions of E P and Eu, 
and that we can derive from these functions the expansions 

where 
1 a<m+n) lp 

bmn = m!n! aEpmaEon' 
1 a<m+ n> I 

ßm n = m!n! aEpmaE:n' 

evaluated at the operating point (Epo, E 0o) . 
The important tube parameters are by definition 

alp 

J.tp = aa
1
Epo = _ (dEp) s = alp = J.t p 

dE(J l p= const. PO aEo r p 
aEP 

ai" 

J.to = aaEI: = _ (dE0
) S = aiu = J.tu 

" dli. p l u=const. UP aEp ro 
aEu 

(1 ) 

(2) 

(3) 

where r denotes electrode resistances, J.t the mu-factors , and S the 
transcond uctances. 
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I t follows readily from (2) and (3) that 

1 
biO= -

rp 

b 1 aJ.lp 2 v 
ll = - -- + j.lp-L 2 

rpaEp 

ßro = J.lo 
ro 

1 
ßor =

ro 

ßo2 = - - 1- ar (I = T2 
2rlaE0 

1 aJ.lg T 
ßu = - aE + 2J.lo 2 ro o 

b _ 1 aJ.lp + j.lp aJ.lp + 2P ß _ 1 aJ.lo + J.lg aJ.lg + 2T 
02

- 2rp aEu 2rp aEp J.lp 2 20
- 2r0 aEP 2r0 aE

0 
J.lo 2 

(4) 

where P2 and T2 are new notations for b2o and ßo2, respectively. Similar 
expressions may be derived for the coefficients bao, ßao, etc. 

If we now apply the circuital laws to the network external to the 
tube, we get a number of equations, two of which are 

(5) 

To obtain a solution of (1) and (5) we utilize a method of successive 
approximations. Let 

ip = 'Lipk, i 0 = 'Li0k, ep = 'Lepk, eo = "L.e0k, g = "L.gk, P = LPk, (6) 

where the summationsextend from k = 1 to k = oo. Let us further 
define the terms in the ~eries (6) by the following equations: 

r pipr - epr = J.lpe0r } 

roior - eor = J.lgepl ' 

Eo = gr + eor, ep = P1 + epr 

r pip2 - ep2 = J.lpe02 + r p(b2oep12 + bnepre0 r + bo2e0 r2) } 

roio2 - e02 = J.loep2 + r0 (ß2oepr2 + ßuepre0 r + ßo2e0 r2) , 

0 = g2 + e0 2, 0 = P2 + ep2 

rpipa - epa = J.lpe0a + r p[2b2oep1ep2 + bn(epre02 + ep2e0 r) + 2bo2e0 re02 
+ baoepr3 + b2repr2e01 + br2epre0r2 + boae11 r3

] 

(7) 

(8) 

ruiua - eoa = J.luepa + r0 [2ß2oeprep2 + ßu(epre02 + ep2e0 r) + 2ßo2e0 re02 (9) 
+ ßaoepr 3 + ß21epr2eo1 + ßr2epreor2 + ßoae0 r3

] 

0 = Pa+ epa 

and so forth for subsequent terms. 5 
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The physical interpretation of equations (7) to (9) is readily ob
tained. It follows from (7) that the equivalent circuit of Fig. 1 for 
first order quantities is given by Fig. 2. The equivalent circuit of 

Fig. 2-Equivalent circuit-first-order effects. 

Fig. 1 for second and third order effects are those shown in Fig. 3, 
and Fig. 4, respectively. 

92 l Zg z, 

r9 ((320 ep, + ß,,ep,eg 1 +ß02 e~ ,) rp (b 2 0 ef, 1 + b11 ep,eg 1 +b02 e~ 1 ) 

Fig. 3-Equivalent circuit-second-order effects. 

It follows from (4) and (8) that 

( 1 O) 

The corresponding terms in (9) can be expressed similarly. 
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Equations (7), (8) and (9) contain the general theory of the three
electrode vacuum tube circuit. In the special case when conductive 
grid current is absent it is only necessary to omit the second equation 

z, 

r9 [ 2ß20ep,ep2 + ß 11 (ep1e92 + ep 2 eg0+ 

2{3 e e + ß e 3 + e. 2 02 g• 92 Jo p1 ""21ep1 eg 1 + 

ß,2ep,e~, + ßoJeg,~ 

r p [ 2b 20 ep,ep2 + b 11 (ep 1e92 + ep 2 e9 
0 

+ 2b02 e9 ,e92 + b 30 e~ 1 + b 21 e~ 1 e
9

, 

+b,2ep,eg,+ bo3e39J 

Fig. 4-Equivalent circuit-third-order effects. 

in each of the equations (7) to (10), inclusive, and to omit in each of 
the Figs. 2, 3, and 4, the branch containing rg. If it is assumed that 
not only conductive grid current is absent, but also that J.l.p is constant, 
the second plate e.m.f. in (8) reduces to r pP2(ep1 + p.pegi)2 .as is seen 
from (10), and (8) thus becomes identical with the corresponding 
equation already obtained previously. 6 A similar reduction and 
correspondence occurs for the second plate e.m.f. in (9), as weil as in 
subsequent equations. 

APPLICATION TO STEADY STATE SaLUTIONs 

In this section the use of the theory is illustrated by obtaining first 
and second-order effects assuming the circuit configuration to be that 
shown in Fig. 1. To avoid unnecessary complications the discussion 
is limited to steady-state solutions, and it is also assumed that no 
plate e.m.f. is impressed. \Ve shall first obtain the solutions in the 
general case and then indicate how these are simplified in such special 
cases which have been treated by some previous investigators.2 • 3 • 6 
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General Case 
Let the impressed grid e.m.f. be 

i = ~ (11) 

where the summation extends from h = 1 to h = n, and thc Ietter R 
before an expression means its real part. Referring to Fig. 2 it may 
be shown that 

e 1 = R"L_ at(wh) k,ei(wht+Kh) 
0 Z(wh) ' 

e I = R"L_ - a2(wh) khei(wht+Kh) 
P Z(wh) 

aa(wh) . ) 
(epi + p,pe01) = R"L_rp Z(wh) khe~<wht+Kh 

(e 111 + p,0ep1) = R"L_ ~~::~ k11ei(wh t+Kh) 

where 

Z(w) = (Zu' + 
1z2)rC/Z~ l [Z2(r0 +Zu') + r0 Z u'] 

X [Z2(rp + Z p') + rpZp'] 

(12) 

- Zy'Zp'(p,0Z2 - r0 )(p, pZ2 - rp)}, (13) 

( ) _ Z 1[Z2(rP + Zp') + rpZp'] (1 4) 
a 1 w - (Z1 + Z 11 )(Z2 + Zy') ' 

) Z1Zp'(p,pZ2 - rp) (15) 
a2(w = (Z1 + Z

0
) (Z2 + Zo') ' 

( ) - ZI(P,pZ2 + P,pZp' + Zp') (16) 
aa w - (Z1 + Z

0
)(Z2 +Zu') ' 

( ) _ Z 1Z2rp + Z 1Z2Z/(1 - p,0 p, p) + ZtrpZp'(1 +Mo) (17) 
a4 w - (Z1 + Z 0)(Z2 + Zo') ' 

(18) 

The right-hand expressions in (13)-(18) are to be evaluated at w. 

If we write 

ak(w) =I ak(w) I e-irpk(w>, 
Z(w) Z(w) 

k = 1, 2, 3, 4, (19) 
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the equa tions (12) can be written 

. e01 = L I~~::~ I kh cos [wht + Kh - ~1 (wh) J 

ept = - L I~~::~ I kh cos [wht + Kh - ~2(wh) J 

epl + Jlpeol = L:rp I~~::~ I kh cos [wht + Kh - ~a (wh)] 
(20) 

J 
This concludes our consideration of effects of the first order and we 

now turn to those of the second order. Forthis purpose we substitute 
the values given by (20) in the right-hand side of the expressions (10) 
for the grid and plate e.m.f.'s, and we then obtain two expressions, 
each of which is equal to a sum of sinusoidal terms. If we limit our 
attention to the terms of frequency (wt- w2), it is readily shown that 
the grid e.m.f. of this frequency is equal to the real part of 

and the plate e.m.f. is equal to the real part of 

where a bar over a quotient indicates its conjugate complex. 
I t follows from Fig. 3 by Straightforward calculations that the 

currents ip2 and i02 produced by the e.m.f.'s (21) and (22), are 

where [e0] a nd [ePJ are abbreviations for the complex quantities (21) 
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and (22), respectively, and 

(24) 

In (24) the introduction of the angles 1/; is convenient when it is desired 
to evaluate the real parts of the expressions (23). 

The expressions (21) to (24) can be used to obtain any second-order 
current of frequency (wa - wb) by replacing w1 with Wa and w2 with Wb. 
The remaining second-order currents are found by a process similar 
to that above. For instance, iP2(2w1) and i 02(2w1) are given by the 
right-hand expressions in (23) provided the e.m.f.'s [e] are those of 
frequency (2wl) and the impedances Z are evaluated at (2w1). In 
passing it may be remarked that equations similar to those in (23) 
and (24) also occur when third and higher-order effects are calculated. 

Special Cases 

If the impedances Z1. Z2, and Za are infinite the case treated above 
reduces to that considered by Llewellyn, 3 and afterproper simplifica
tions the previous equations give results identical with those obtained 
by him. For instance, if we take the limiting values of ep1 in ( 12) as 
Z~, Z2, and Z 3 tend to infinity, and if we then divide the quantity 
inside the summation sign by - Zp(wh), we get an expression for ipl 
which may be shown tobe identical with equation (33) in Llewellyn's 
paper, except for differences in notations. Similarly, the plate current 
ip2(w1 - w2) in (23) reduces to a value which may be shown to be 
equal to the sum of his equations (35) and (36), evaluated for this 
type of second-order current. 

Another Special case is that when the impedances z~, Z2, and Za are 
all finite but conductive grid current is absent. We then have J.l.o 

equal to zero, and R 0 equal to infinity, and the previous generat equa
tions are simplified correspondingly. 

We arrive at the case treated by Peterson-Evans 2 by maintaining 
the assumption of no conductive grid current but by assuming Z~, Z2, 
and Z3 to be infinite. For instance, if then ipt and ip2(w1 - w2) are 



674 BELL SYSTEJ.f TECHNICAL JOURNAL 

evaluated on this basis for a plate impedance Zp equal to a pure 
resistance at all frequencies, it can be shown that the currents so 
obtained are identical with the corresponding currents given by 
equations (4) and (6) in the paper referred to. 

Finally, if '~e assume finite values for Z1, Z2, and Za, no conductive 
grid current, and constant }.Lp, we have the case treated in the previous 
paper. 5 

THEORY oF FouR-ELECTRODE TuBE CIRCUITS 

Circuits with tubes having more than three electrodes can be treated 
by a process similar to that adopted above, as will be made clear by 
outlining the theory for the four-electrode tube circuit. 

The circuit to be considered is shown in Fig. 5 where Z1 to Z6 are 

Fig. 5-Four-electrode vacuum tube and circuit. 

impedances which may include inter-electrode admittances. On the 
electrodes denoted by a, b, and p are impressed the variable electro
motive forces Ea, Eb, and Ep in series v.rith the impedances Za, Zb, and 
Zp, respectively. The significance of the quantities Ep, Epo, ep, lp, lp0, 
ip and the corresponding quantities with indices a and b, is obvious 
from the preceding discussion of the three-electrode tube circuit. 
Let a, b, and p be the incremental voltages across the impedances Za, 
Zb, and ZP. As before, instantaneous values are implied. 

For the currents we get the expansions 

i 11 = P1ea + P2eb + P3ep + P4ea2 + Pöeb2 + P6ep2 

+ P1eaeb + Pseaep + P9ebep + .. ·1 
ia = A1ea + A2eb + Aaep + A4ea2 + A oeb2 + A6ep2 

+ A 1eaeb + A seaep + A 9ebep + 
h = B1ea + Bzeb + Baep + B4ea2 + Boeb2 + B 6ep2 

+ 137eaeb + Bseaep + B9ebep + 
···)· 
... 

(25) 
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where 

and similar expressionshold for the A- and B-values. 
The electrode resistances are by definition 

1 _ alp 
1---;- aEp' 

The mu-factors are 

alp 
aEa 

}J.pa = alp = 

aEp 

aia 
ßEp 

J.l.ap = ala = 

aEa 

ah 
ßEp 

J.l.bp = ah = 

aEb 

aiP 
aEb }J.pb = -= 
alp 
ßßp 

aia 
aEb 

J.l.ab = aia = 

aEa 

aib 
aEa 

}J.ba = ah = 

aEb 

- ( ~~:) Eb, lp=const. 

( dEa) 
- dEp Eb, I a=const. 

- ( ~;;) E
0

, Ib=const. 

( dEp) 
dEb E

0
, Ip=const. 

( dEa) 
dEb EP, I 0 =const. 

( dEb) 
- dEa EP, lb=const. 

(27) 

(28) 
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and the transconductances 

s = alp = }.L pa 
pa aEa rp 

s = aia = }.Lap 
ap aEp ra 

sb = ah = J.Lbp 
P aEp rb 

I t can now be shown that 

1 
Pa=

rp 

- 1 arp p - 1 df.l.pa p p - 1 d}.Lpb 
p 6 - - -2 2 aE I 8 -- aE + 2}.Lpa 6t 9 - - aE + 2}.Lpbp 6 

rp P rp P rp P 

p
4 

= _1_ af..Lpa + J.Lpa af..Lpa + f..Lpa2p 6 
2rpaEa 2rpaEP 

Ps = _1_ af..Lpb + f..Lpb af..Lpb + f..Lpb2p 6 
2rp aEb 2rp aEP 

p - 1 a }.Lpb + }.Lpb a }.Lpa + 2 p 
7 - ~ aEa f; aEp f..Lpbf..Lpa 6 

- 1 a}.Lpa + f..L pa df..Lpb + 2 p 
- f;, aEb f; aEp f..Lpaf..Lpb 6 

A _ 1 aJ.Lab + J.Lab aJ.Lab + 2A s---- ---- }.Lb 4 
2ra aEb 2ra aEa a 

A = _!_ d}.Lap + f..Lap d}.Lap + 2A 
6 2ra aEp 2ra aEa f..Lap 4 

A = _1_ a}.Lap + f..Lap aJ.Lab + 2 . A 
9 ra aEb ra aEa J.Lupf..Lal>f1.4 

1 dJ.Lab J.Lab a}.Lap 
ru aEp + r:; aEa + 2J.Lubf..LupA 4 

A 
_f..Lap 

a-
ra 

J 

(29) 

1 (30) 

1
, (31) 

I 
I 
I 

J 
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B - /J. hp 
3 - -

rb 

. (32) 

The circuitallaws applied to the external network furnish a number 
of equations, three of which are 

E'a = a + ea, 

Let now 

ip = "Lipk, ia = Liak 1 

ep = "Lepk, ea = "Leak, 

a= "Lak, 

We then obtain the equations 

r pipl - epl = /J.paeal + /J.pbebl 

r aial - eal = J.l.abebl + /J.apepl 

rbib1 - eb1 = /J.baeal + /J.bpepl 

E'a = al + eal, E'b = bl + ebl, 

(33) 

ib = Li~} 
eb = "Lebk • 

b = "Lbk 

(34) 

(35) 

which show that the equivalent circuit for first order effects is that 
given in Fig. 6. 

We get further for second-order quantities 

r pip2 - ep2 = /J.paea2 + /J.pbeb2 + r pL I 
ra~a2 - ea2 = JJ.abeb2 + JJ.a pep2 + raM ' 

rb~b2 - eb2 = /J.baea2 + /J.bpe p2 + rbN 

o = a2 + ea2, o = b2 + eb2, 0 = P2 + ep2 

(36) 
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Fig. 6-Equivalent circuit-first-order effects. 

where 

rpL= (P4ea1
2+ P5eb12+P6ep12+ P1ea1eb1 + Psealep1 + P9eblepi)rp} 

rakl = (A4ea12+ A 5eb12 +A6ep12 +A1ea1eb1 + A sealepl +A9eblepl)ra , (37) 

rbN = (B4eal +B5ebl +B6epl +B1ea1eb1 + Bsealepl +B9eblepi)rb 

which in view of (30), (31) and (32) may be written 

) 2 + 1 (a}.Lpa + a}.Lpa) 2 rpL = rpP6(J.Lpaeal + J.Lpbebl + epl 2 aEa J.Lpa aEP eal 

1 ( a}.Lpb 8}.Lpb) 2 + ( a}.Lpb + 8}.Lpa) + 2 aEb + J.Lpb aEP ebl aEa J.Lpb aEp ealebl ' (38) 

' (39) 

. (40) 
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From (36) it now follows that the equivalent circuit for second-order 
effects for the four-electrode tube circuit is as indicated in Fig. 7. 

02 p2 

z, I Zp 

Fig. 7-Equivalent circuit-second-order effects. 



Transatlantic Long-Wave Radio Telephone Transmission 
and Related Phenomena from 1923 to 1933 

By AUSTIN BAILEY and HOWARD M. THOMSON 

It is shown that transatlantic long-wave radio field strength is related to 
the 11-year cycles of terrestrial magnetic activity, sunspots, solar limb
prominences, and ultra-violet radiation. The directness of correlation 
bet\veen long-wave radio and these other phenomena is apparently only 
approximate. Very good seasonal and monthly correlation is obtained 
between magnetic activity and daylight radio transmission. l\lagnetic 
storms are shown to have prolonged and delayed effects on day and night 
radio transmission, obscuring tendencies for 27-day recurrences on long 
waves. No reference is made to the probable mechanism of long-wave radio 
transmission because a paper, now in preparation, will be concerned pri
marily with this subject. 

INTRODUCTION 

T HIS paper summarizes a study of the transatlantic long-wave 
radio transmission data (near 60 kilocycles) collected by the 

American Telephone and Telegraph Company and the General Post 
Office of Great Britain during the period from 1923 to 1933, including 
the development tests from 1923 to 1926 and the period of operation 
of the commercial radio telephone circuits from January 1927 to 
December 1933. 

A correlation is presented between terrestrial magnetic activity, 
sunspot-numbers, solar limb-prominences, ultra-violet radiation, and 
transatlantic long-wave radio telephone field strength observations 
during one 11-year sunspot cycle. By expressing the variables with 
different scales better correlations have been obtained. These are 
given on averages of years, months, seasons, and days. Examples of 
delayed night and day field strength changes accompanying long 
magnetic storms are included in this presentation. 

I t is generally believed tha t solar radia tion i nfl uences the trans
mission 1* of radio signals but the detailed mechanism by which the 
influence is exerted 2 is not entirely clear. The nurober and relative 
effects of other factors that may influence radio transmission are also 
uncertain. Solar phenomena, magnetic activity, and radio transmission 
appear to have some time-phase relations but these relations have not 
been clearly established. Some of the results of the studies reportcd 
herein contribute to the evaluation of these effects while other results 
give new or corroborative information on the qualitative relations 
between the solar, magnetic, and radio phenomena. 

* Numbers refer to the references in the bibliography. 
. 680 
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In any particular study, the field strengths of the radio transmitters 
were corrected to a constant antenna current and expressed in decibels 
above one microvolt per meter. \Vhere a study involved a comparison 
between data observed at different locations, or on different fre
quencies, corrections were applied to reduce the data to a common 
basis by the application of the Bell System Long-\Vave Radio Trans
mission Formula.3 

The transmitters and transmission paths involved are indicated in 
Table I. 

TABLE I 
Years Transmitter 

West-East 
1923-1924 .... ..................... 57 Kc. 2XS 
1925 .............. ................ 57 Kc. 2XS 
1926 (to Sept.) ................. . .. 57 Kc. 2XS 
1926 (Oct.) to 1928. . . . . . . . . . . . . . . . . 60 Kc. \VNL 
1927 (Mar.) to 1933 ..... ......... .. 60 Kc. WNL 

East-TVest 

1927-1930, part of 1931 ... . . ... ..... 60 Kc. GBT 
Remainder of 1931 .... .. ...... .. . .. 68 Kc. GKA 
1932-1933 .............. .. .. . ...... 68 Kc. GBY 

Rocky Point, N. Y., t o 

New Southgate, England 
Chedzoy, England 
vVroughton, England 
\Vroughton, England 
Cupar, Scotland 

Rugby, England, to 

Houlton, l\laine 
Houlton, l\'laine 
Houlton, l\laine 

STA TISTICAL FREQUENCY DISTRIBUTIONS 

In making a correlation study the best results are obtained when 
observations of the variables involved have the same type of statistical 
"frequency distribution." As illustrated in Fig. 1, the cumulative 
frequency distribution curves of long-wave field strength observations, 
when plotted (in decibels) on "arithmetic probability" paper, tend to 
be straight lines and thus of the Normal Law type. The best corre
lation will therefore be obtained when the other variables involved have 
approximately straight-line distributions on the same type (arithmetic 
probability) of coordinates. 

Accordingly, cumulative distribution curves were so made for all the 
variables used in this study. It was found that good approximations 
to the .Normal Law distribution were obtained with logarithmic scales 
for radio field strength (db above 1 f.J.V/m), monthly averages of solar 
limb-prominences, sunspot-numbers, and 'llt measure * of magnetic 
activity. However, for the "C" measure of magnetic character of 
days and monthly averages of ultra-violet radiation, linear scales were 
found to be better than logarithmic scales. 

CüRRELATION BY YEARS 

In spite of the irregularities in the long-wave field strength curves in 
Fig. 2, it is evident that during the sunspot maximum period the radio 

* See Appendix I. 
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field strength tended to be higher than during the years of sunspot 
mm1mum. The same applies to solar limb-prominences, magnetic 
activity, and ultra-violet radiation. t The irregularities in the radio 
telephone field strength curves are more nearly duplicated in the curves 
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Fig. 1- Cumulative distribution of hourly observations of the field strength of 
WNL- 60 kc. at Cupar, Scotland, in 1933, corrected to 375 amperes. (1699 o!Jserva
tions for all-daylight path, 1146 observations for all-night-time path.) 

t The measure of ultra-violet radiation is the ratio of intensity of ultra-violct 
(A = 0.32.u) to green (A = 0.50.u). Ratio for June 1924 = 1. 
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of magnetic activity and solar Iimb-prominences than in the sunspot 
and ultra-violet curves. The curve of reception at \Vashington, D. C., 
of signals from several European telegraph stations on Ionger wave
lengths (15 to 30 kc.) followed the Houlton and Cupar curves fairly 
weil except in 1931. 

The decrease in long-wave field strength apparently lagged a year or 
two behind the decrease in sunspot-numbers. This may perhaps be 
explained by the lower heliographic Iatitude of the sunspots near the 
minimum of the solar cycle, offsetting the decrease in number of spots. 

CoRRELATION BY MoNTHs 

Monthly averages of the same phenomena as shown in Fig. 2 are 
plotted in Fig. 3, omitting the curve of radio telegraph reception at 
Washington. There seems to be Iittle or no obvious correlation 
between the field strength curves and the other curves except for the 
one of magnetic activity. Sunspots in the central portion of the solar 
disc are believed to have the major inftuence on terrestrial phe
nomena,4· 5 • 6 • 7 and therefore the sunspot-numbers employed in this 
analysis are those for the central zone * of the sun. Solar Iimb
prominences would hardly be expected to have considerable inftuence t 
on the terrestrial phenomena, although some relation is suggested by 
Fig. 2. Monthly averages of ultra-violet radiation also offer little 
explanation of the variations of long-wave fields. 

Magnetic activity easily gives the best correlation with long-wave 
fields on a month-to-month basis. A scatter diagram was constructed 
in which the West-East and East-\Vest monthly averages of daylight 
Iong-wave radio transmission were correlated with terrestrial magnetic 
activity for the years 1927-1932. For WNL the coefficient of correla
tion 8 is 0.526 ± 0.059; for GBT and GBY, 0.747 ± 0.067, indicating 
a high degree of correlation. Such correlation means either that 
magnetic activity affects radio transmission or that both are affected 
similarly by a common cause of disturbance. 9 

The coefficient of correlation of magnetic activity with the monthly 
averages of WNL and 2XS at New Southgate in 1923 and 1924, at 
Chedzoy in 1925, and at \Vroughton in 1926, 1921, and 1928 is 0.38 ± 
0.10. 

* From 1917 to 1928, inclusive, the "centrat zone'' of the sun was defined asthat 
part of the sun 's surface included between two meridians situated 30° on either side 
of the centrat meridian. (The centrat meridian is that meridian of the sun which 
bisects the sun's disc.) Beginning in the year 1929 the centrat zone is defined as the 
area on the sun's disc enclosed by a centrat circle having a diameter half that of the 
disc. 

t Solar limb-prominences may have a more direct relation to sunspots without 
having any significant relation to terrestrial phenomena. 
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Very striking and significant results were obtained when seasonal 
averages of magnetic activity and radio field strength were plotted in 
Fig. 4 to indicate seasonal trends. Except for the magnetic sub
maximum in l\1ay thc curves of field strength and magnctic activity 
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are closely in phase. While the two curves of average magnetic 
characterization (" C") are considered not so reliable * for this analysis 
as the u1 curves, the same equinoctial maxima appear in all magnetic 
curves. However, seasonal averages of solar Iimb-prominences, 
sunspot-numbers, and ultra-violet radiation apparently have no sig
nificance in relation to radio field strength. Barteis 10 found that there 
is no real seasonal cycle of sunspot-numbers. Cupar and Houlton 
observations were combined t for the years 1927 to 1933 to make the 
dashed curve. 

West-East average transmission for eleven years is shown by the 
solid curve at the bottarn of Fig. 4. The February dipwas recorded at 
Cupar, Scotland, in 1931 only but was previous]y observed at the 
receiving locations in England (also during four of the seven years at 
Houlton). The log10 u1 curve for 1872-1930 was derived from data 
published by J. Barteis 10 in a comprehensive analysis of magnetic data, 
which he critically examined for the reality of seasonal variability. 
The other log1o u1 magnetic activity curves t cover the first ten of the 
eleven years for which the radio data are available in one direction, 
and the first six of the seven years for which radio data are available in 
both directions, East-West and West-East. 

CoRRELATION wrTH MAGNETIC STORMs 

The average daylight radio field strength of long-wave signals does 
not reach a maximum until five to eight days § after the peak of a Iong 
magnetic storm, nor does the average night-time field reach a minimum 
until about the same time. This is shown (Fig. 5) by a study of 25 
storms of four or five days duration in the four years from 1930 to 1933, 
inclusive. The incidence of succeeding storms did not permit the 
study to include a Ionger time after the storms had subsided, so that 
Jess than one complete cycle of field variation is all that can be shown 
with any confidence. Data for WNL, GBT, and GBY were combined 
to obtain the trend curves for the radio field strength. A study of 16 
periods (in the years 1927-1933) of one and two months' duration, 
including one to three significant magnetic storms, showed that the 
difficulty involved in extending this kind of study to individual storms 
lies primarily in the Iack of highly accurate radio data. 

* See Appendix I. 
t See Appendix II. 
t These curves were drawn before the data for magnetic activity (u1) for 1933 were 

available. The 1933 data became available shortly before the paperwas released for 
publication but do not materially change the overall picture. . 

§ C. N. Anderson 11 showed a similar delay in the maximum increase of dayhght 
field following severe magnetic storms in 1927 and 1928. I. J. \Vymore 12 found a 
delay of about two days for signals of somewhat Ionger wave-length. 



688 

29 

za: 
~~ 28 
t;::E 
Za: 
~~ 27 

:n~ 
00 
~~ 26 

ü:5 
o
ö::::! 25 
<(W 
a:z 
oO 
ww24 
ti~ 
~CD 
gj ~ 23 
U_; 
ww 

L-....... 
......... 

B ELL SYSTEM TECHNICA L JOURNAL 

I 
I 

/I\ I 
/ 

V 

~ V \ l 
FIELD STRENGTH 

I ~ V ~ I 

I i ' OAYLIGHT 

j. _ ___.....~ / 
I , ~--- /I ""' ~ 

V 
I/ ~ ~o/ r-. I 

/I V ........ ! 
MAGNETIC l' /I / I ',, CHARACTER 

p I --- r-- ... __ 

I ~----- ---.d-_ i ~8 22 
ffio I::.:::- ~-- I 

I I ~ 2 I I 
I 

-3 -2 -1 1 2 3 
BEFORE DAYS OF MAGNETIC STORM I AFTER 

4 

Fig. 5-Average daylight and night-time long-wave radio field 
strength before and after 25 lang magnetic storms. 

27-DAY lNTERVALS 

1.6 u ., 
a: 

1.2 ~ 
<( 
a: 
<( 

0.8 i5 
u 
j::: 

0.4 ~ 
0 
<( 

0 ::E 
5 

Sunspot-numbers and terrestrial magnetic disturbances tend to be 
repeated at 27-day intervals. 10 A recurrence correlation for "radio 
character" and magnetic character has been published by A. l\1. 
Skellett,13 who based the radio data upon the relative intensity from 
day to day of the disturbances of the short-wave telephone circuits 
between New York and London. A recurrence chart for long-wave 
radio is shown in Fig. 6, based upon the deviation from the 50-day 
moving average of the average daylight radio field strength of \VNL 
(60 kc.) at Cupar for seven years beginning with l\1arch 1927. A 
measure of the internat~onal magnetic character figure (" C") for each 
day in the same period is Iikewise shown in this figure. 

It is evident that the 27-day recurrence phenomenon is obscured on 
long waves, probably because magnetic storms are followed by 
prolonged effects on the long-wave fields, as was pointed out in con-· 
nection with Fig. 5. 

CoRRELA noN BY DA vs 

The average daylight field strength on long waves is improved on 
days nf magnetic disturbance, 14 as compared with calm days. 15 Cumu
lative distribution curves of daily averages of daylight field strength of 
\VNL (Rocky Point to Cupar, Scotland) for 1930 and 1933 are shown in 
Fig. 7, for calm and disturbed days. * Similar data for east-to-west 

* A magnetically calm day is defined for the purposes of this paper as a day for 
which the international magnetic character figure "C" is from 0.0 to 0.3. A mag
netically disturbed day is here characterized by a figure from 1.2 to 2.0. 
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transmission from Rugby to Houlton were obtained bu t are not 
reproduced. (It will be observed that the antenna current to which 
the data are corrected is different for different years. This basis 
results in a convenient spacing of the distribution curves to prevent 
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overlapping.) The year 1930 was magnetically more disturbed than 
1933. Because of the few days' lag (Fig. 5) of the increase in daylight 
field strength behind magnetic storms, the full effect that accompanies 
magnetic disturbances is not revealed by these curves. 

No consistent relationship between night-time long-wave fields and 
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magnetic disturbance is obtained from similar analyses. Lowered 
night-time fields on East-West (GBT, GBY) transmission were found 
to accompany magnetic disturbances in both quiet and disturbed years. 
However, from Fig. 8, it is seen that on West-East (\VNL) trans-
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mission, the same result appears only in 1933, whereas in 1930 and 
1932 night-time fields averaged higher on disturbed days than on calm 
days. No reason for this inconsistency has been found. 

CoRRELA TION WITH WEATHER 

Other investigators have shown some relation between long-wave 
field strength and temperature 16 and barometric pressure at short 
distances.U Because of the greater range of weather conditions, the 
relation is expected to be more obscure on long distance transmission. 
However, on European signals (15 to 20 kc.) received at \Vashington 
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from 1924 to 1929, during the periods from September 15 to May 15, 
there appears 18 "to be a decided drop in signal intensity (measured at 
10:00 A.M. and 3 :00 P .l\1.) coincident with heavy rainfall, rising temper
ture, and falling barometer, at the receiving station at the time of 
general storms, and an increased signal intensity as the storm center 
passes and is followed by clear and cold er weather." A conclusion was 
presented 18 that " either radio waves are subject to large absorption in 
the lower atmosphere, due to a degree of ionization not known to exist, 
or surface storms are influenced by conditions existing at great 
heights." 

Disturbed weather conditions may be part of the reason for disturbed 
transatlantic long-wave (60 kc.) radio reception, but the authors favor 
the hypothesis that local weather storms are more a . symptom of 
disturbed conditions in higher regions. The same could be said of 
earth currents. 19 However, since reflection probably occurs at the 
surface of the earth one or more times on the transatlantic paths, as 
will be discussed more fully in a paper now in preparation, signals using 
these paths probably encounter surface weather conditions and earth 
current influences at least three times. 

CoRRELATION WITH METEOR SHOWERs 

An attempt was made to find some correlation between meteor 
showers and long-wave radio transmission. The sketchy nature of the 
available meteor data does not provide a satisfactory basis for such a 
study. Comparison of monthly average meteor hour rates 20 with 
monthly average radio transmission showed little or no promise of 
significant relations. Although meteors probably do exert an influence 
on radio transmission 13 • 21 • 22 by causing random variations of the 
received signal, due to changes in ionization of the transmission path, 
the evidence for major changes in field strength at times of meteoric 
activity apparently is lacking in our data. 

During the four-month period centering on the Perseid shower, * 
Pickard 23 observed a considerable depression in the day reception of 
long-wave signals from Nauen (23 kc.) and a considerable increase in 
medium-wave signals at night from WBBM (1330 kc.), with maximum 
effects close to the day of meteor shower maximum. No such effcct 
was detected, however, in the data on the long-wave transatlantic radio 
telephone circuits for the period from 1923 to 1933. In fact, as shown 
in Fig. 4, if the Perseid shower could be credited with having con-

* According to Olivier in Bulletin No. 8, thc American Meteor Society (quoted 
a lso in reference 23), the Perseid shower is by far the Iongest and largest annual 
meteor shower and extcnds about 17 days on cach side of August 11 . 
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siderable effect on long-wave radio transmission, the effect would 
apparently be an increase in field strength in daytime, opposite to thc 
result observed by Pickard on signals from Nauen. For the period 
covered by the curves in Fig. 4, the increased daylight field strengthin 
August is not explained by correlation with the curves of magnetic 
activity. 

NATURE AND SouRcEs oF DATA 

The long-wave radio telephone data used in this study are measure
ments of field strength at the receiving stations, and each individual 
observationisasimple physical measurement. The data taken before 
1927, although relatively meager, were observations made under 
controlled conditions, a single-frequency signal being employed. Since 
1927 the data, while much more abundant, had to be taken under 
operating conditions with speech transmission. However, since such 
measurements can be made on a commercial circuit only when in the 
judgment of the operating forces it is desirable and feasible to establish 
that circuit, it is inevitable that the overall picture will be distorted by 
the requirements of practical circuit operation. This could readily 
obscure such minor effects as correlation with meteoric showers, and 
would be Iikely to introduce some discrepancies between day and night 
behavior. 

Sources of the data used in Figs. 2 and 3 are as follows: 

Ultra-violet and sunspot data from Terrestrial Magnetism, 39, 234, September 1934. 
Solar limb-prominences data from Astronomische Mitteilungen, 130, 217, 1933, and 

from 131, 23, 1934. 
Data for the Washington measurements-for 1923, figure by correspondence with the 

Bureau of Standards; for 1924 to 1930, reference 24; for 1931-1932, reference 
25; observations were discontinued in 1933. 

Magnetic characterdata, "C" measure, from volumes 29 to 39, inclusive, of Terrestrial 
Magnetism . 

. Magnetic activity, u 1 measure, from references 10, 26, and 28. 
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APPENDIX I 

MEASURES OF TERRESTRIAL MAGNETIC ACTIVITY 

"C" AND "1l]" 

Characferizaticm ( C) 

"Terrestrial-magnetic activity at a given station, and in a certain 
interval, may be defined as an expression for the frequency and 
intensity of magnetic disturbances in that interval. There are many 
ways in which this general definition may be expressed as a numerical 
measure. Characterization, the simplest, is now widely used. In this 
measure every observatory assigns, from the character of its photo
graphic records, to each interval of 24 hours, between successive 
Greenwich midnights, a character-figure, '0' for quiet, '1' for moder
ately disturbed, and '2' for greatly disturbed days. The average for 
all collaborating observatories (the number of which increased from 30 
to about 45, since this measure was begun in 1906) is the international 
magnetic character-figure C." 10 

"A primary desideratum is to arrive at a clear idea of exactly what it 
is we want to measure. lf our object is simply to discriminate between 
the days of a single month, with a view to selecting for special purposes 
the five quietest or five most disturbed days of the month, it is very 
doubtful whether the existing scheme of international 'character' 
figures can be improved on. Its simplicity and the small amount of 
Iabor it entails are great recommendations. The disadvantages it 
seems to me to possess are : 1. The significance of any particular 
'character' figure, e.g., 1.5, is variable; it connotes decidedly Iess 
disturbance in a quiet than in a disturbed year. Also, while the mean 
'character' figure for the year does to a certain exten t wax and wane 
with disturbance, the variation seems to me inadequate. 2. The 
assigning of 'character figures' at an individual station is largely a 
psychological process, depending on the temperament and knowledge 
of the judge. The standards in use at different stations at the same 
time are widely different, and the standard in use at any particular 
station may vary Iargely from time to time. The 'character' figures 
supplied by any two stations do not suffice for a satisfactory inter
comparison of the stations, and if we wish to compare one year or 
season with another the international 'character' figures leave a great 
deal to be desired." 27 

The "C" measure of magnetic activity may be inferior as a basis 
for comparing years, but is relatively safe for comparing short intervals 
such as days within a month. For comparing Ionger intervals a 
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different measure is desirable, having a homogeneous standard of 
evaluating magnetic activity from year to year and for all time. This 
standard measure was called "u," from which was derived the "u1" 
measure used in this paper. 

u 1 lvf easure 

"A short definition of u may be repeated as the average change, taken 
without regard to sign, measured in the unit 0.0001 c.g.s. = 10y, of the 
daily means of horizontal intensity on the magnetic equator of the 
earth. The monthly means of U1 are derived from those of u: 
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For values of u from 0.0 to 0.6, u 1 = 100u - 30. 

For higher values,10 

0.6 to 1.6, u1 = 30 + 100(u - 0.6) - 30(u - 0.6)2, 

1.6 to 3.6, u1 = 100 + 40(u - 1.6) - 10(u - 1.6)2, 

3.6 to oo, u1 = 140, 

u 1 increases less rapidly, approaching asymptotically the limiting value 
140. The quantity u1 has been introduced in order to obtain a measure 
of activity which has a frequency-distribution similar to that of the 
relative sunspot-numbers, and therefore is more suitable for research on 
correlations between terrestrial-magnetic activity and solar activity." 26 

APPENDIX II 

Data for East-West transmission were combined with data for 
West-East transmission for two illustrations, Figs. 4 and 5, given in 
this paper. Two unpublished studies by the authors of this paper 
showed that the correlation between transmission from Rugby to 
Houlton on 68 kilocycles and transmission from Rocky Point to Cupar 
on 60 kilocycles was very high, 0.80 ± 0.01. The scatter diagrams 
for these studies were so similar that only one is shown here, Fig. 9. 
For transmission on 60 kilocycles in both directions the correlation was 
0.76 ± 0.02. These results are considered sufficient justification for 
combining East-West and West-East radio transmission data to 
obtain average curves. 



TECHNICAL DIGESTS 

With this issue the first of a series of briefer articles, known 

as " Technical Digests," is being introduced. These will re

view papers by Bell System authors which appear in the 

current numbers of other scientific or engineering periodicals. 

The purpose of these digests, which in length will run to 

several times that of the usual abstract, may be given as two

fold. By eliminating the need hitherto feit that numerous 

articles be reprinted in full, a larger variety of subjects will find 

compass in a given number of Technical Journal pages. Sec

ondly and more important, it is hoped that the digests will 

succeed in so outlining the important features of their respec

tive articles as to make them available to a much wider circle of 

readers than would have opportunity for a detailed reading or 

study of the original. 



Superiorities of Lead-Calcium Alloys for Storage 
Battery Construction * 

RECENT investigations, conducted at the Bell Telephone Labora-
tories and elsewhere, have demonstrated that the lead-antimony 

alloys almost universally employed in storage cell construction are far 
from ideal for the purpose from the electrochemical standpoint. It has 
been shown that in tlze course of normal operation of the present type 
cell, antimony is leached out of the positive electrode, passes through 
the solution and deposits on the negative, where it promotes "local 
action" and self-discharge. Also, it has been demonstrated that 
stibine is generated in perceptible amounts by the present type 
battery on over-charge. 

The continued use of Iead-antimony alloys for over fifty years has 
been due primarily to their desirable metallurgical and physical 
characteristics and the fact that other equally satisfactory alloys of Iead 
have not been available. Electrochemical theory indicates that for 
use in storage cell construction, Iead should be alloyed only with metals 
electronegative to it. The alloying constituents should have little 
tendency to diffuse or segregate at the normal operating temperatures 
reached in a cell. The resulting alloy should be considerably stronger 
than Iead, easily cast, and resistant to electrolytic corrosion. It should 
also have high electrical conductivity and small solidification and 
thermal contraction. 

As a result of a comprehensive investigation of Iead-calcium alloys in 
connection with cable sheathing materials, data were accumulated at 
the Bell Telephone Laboratories which suggested the use of certain of 
these alloys for storage battery grids and plates. Tests have been 
conducted to determine the value of this suggestion, and with very 
promising results. 

In the course of the cable sheath studies, the thermal equilibrium 
diagram of lead.:.calcium alloys containing a very small percentage of 
the calcium component was determined and is illustrated in Fig. 1. 
This diagram shows that the amount of calcium soluble in solid Iead 

*Digest of Two Papers: "The Electrochemical Behavior of Lead, Lead-antimony 
and Lead-calcium Alloys in Storage Cells" by H. E. Haring a nd U. B. Thomas, and 
"Some Physical and Metallurgical Properties of Lead-calcium Alloys for Storage 
Cell Grids and Plates" by E. E. Schumacher and G. S. Phipps. These papers are, 
being presented before the Convention of the Electrochemical Society in \Vashington, 
October, 1935, and published in the Transactions of the Society. 
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Fig. 1- A partial equilibrium diagram of the system Iead-calcium, according to 
Schumacher and Bouton. 

varies continuously from 0.10 per cent at 328° C. to about 0.01 per cent 
at room temperature. Moreover, when the 0.10 per cent alloy is 
cooled below 328° C., the calcium precipitates out of the solid solution 
in the form of Pb3Ca. This precipitation, while a gradual process, 
can be hastened by suitable heat treatment. Physically, the effect of 
the Pb3Ca molccules highly dispersed throughout the body of the alloy 
is to strengthen and harden it very materially. Thus, the alloy with a 
calcium content of 0.10 per cent has a tensile strength of araund 

· 8,000 pounds per square inch, a value comparablc to that reached by 
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the lead-antimony alloys most generally used in storage battery con
struction. It has been found, furthermore, that at ordinary tempera
tures no decrease of tensile strength occurs with age. This main
tenance of strength is probably related to the low rate of diffusion of 
the hardening constituent PbaCa which, being a large and stable mole
cule, does not diffuse readily in the matrix. The electrical conductivity 
of this Iead-calcium alloy is approximately 20 per cent greater than that 
of lead-9 per cent antimony, a factor of importance in securing uniform 
distribution of current when large currents are drawn from a battery. 

Experimental cells of both Plante and Faure (pasted) types have 
been constructed and are being subjected to a variety of tests. To 
date, forty-two cells of the starting and lighting type have been pasted, 
assembled, formed and cycled. This investigation has progressed 
sufficiently to make it quite evident that the behavior of a complete 
ce.ll can be predicted with a high degree of accuracy if the electrochem
ical properties of the structural alloy are known. It has been definitely 
established that when the negative electrodes of lead-calcium cells 
of the starting and lighting type (previously subjected to 100 Charge
discharge cycles) are charged and allowed to stand one month, they 
lose 6nly 4 to 5 per cent of their charge as compared to 20 to 25 per cent 
for lead-antimony cells similarly treated. The efficiencies of lead
calcium cells have been found tobe superior to those of lead-antimony 
cells. No undue corrosion of lead-calcium grids has been observed. 



Marine Radio Telephone Service for Boston Harbor * 
By F. A. GIFFORD and R. B. MEADER 

T HERE has been a constantly increasing interest in an inexpensive 
service for small harbor and coastal craft such as tugboats, 

private yachts, coastal passenger ships, merchant craft and fishing 
vessels. This interest became particularly evident in New England 
in 1931 and since equipment suitable for the purpose had recently 
been developed by Bell Telephone Laboratories, the New England 
Telephone and Telegraph Company undertoe>k the establishment of a 
marine radio telephone service. 

A survey consisting of a comprehensive series of field strength 
measurements on shipboard and at various points along the coasts of 
Massachusetts and Cape Cod Bays resulted in selecting Green Harbor 
as the location for a shore station. Green Harbor is in the town of 
l\1arshfield, Massachusetts, about 28 miles southeast of Boston. 

A commercial survey indicated that initially the service would be 
of interest chiefly to the Boston fishing industry. Consequently, boat 
radio telephone equipment was installed on the trawler "Flow" of the 
Bay State Fishing Company and the servicewas opened in J une, 1932, 
on a demonstration basis. As tests with this vessel progressed, it 
became evident that the radio telephone service would fulfill the com
munications requirements of the fishing industry. I t also became 
apparent that a complete service of this type should include some 
means for determining the vessel's position at any time by means of 
radio. Therefore, the development of such equipment was initiated ' 
by Bell Telephone Laboratories as an adjunct to the radio telephone 
service, and the outcome of tests of an experimental model indicates 
that the problern of providing suitable. radio compass equipment in the 
price range satisfactory to the fishing fleet owners has been satis
factorily solved. 

The radio transmitter is a 400-watt crystal-controlled type similar 
to those designed for use at aviation ground stations and adjusted to 
operate at a frequency of 2506 kilocycles. This frequency is main
tained within Iimits of better than 0.025 per cent. 

In order to combine the two unidirectional radio channels into a two
way circuit suitable for connection to thc ordinary wire circuits in the 

* Digest of a paper to be published in full in Communicatio11 and Broadcasl 
Engineering, October, 1935. 
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land telephone network, apparatus similar to that provided at thc 
terminals of the transatlantic and high seas ship-to-shore radio tele
phone circuits has been provided. This apparatus includes controls 
for adjusting the volume of speech into the transmitter from thc 
receiver to the wire lines and the usual voice operated devices (termed 
"vodas ") provided for the suppression of echoes and singing. 

The apparatus mentioned, together with a volume indicator, means 
for talking, monitaring and signaling, and testing apparatus, is as-

Fig. 1-Installation of control unit on fishing trawler. 

sembled on one floor-mounted apparatus bay. This, mounted ad
jacent to the bay containing the receiver and a noise suppression de
vice, constitutes the operating position. This position is continuously 
attended by a technical operator who adjusts the controls during the 
progress of each call, guided by indications of the meters provided, to 
insure the best possible connection under the conditions obtained at 
the time. Power for the terminal apparatus is supplied by a motor 
generator set Operating from a 110-volt 60-cycle source. 



704 BELL SYSTE1~1 TECHNICAL JOURNAL 

The noise suppression device, termed a "codan" (carrier operated 
device anti-noise) is employed in connection with the receiver which 
introduces a predetermined high loss into the audio-frequency portion 
of the radio re_ceiver during intervals when there is no incoming carrier, 
and insures relatively quiet conditions on the receiving line. \Vhen a 
carrier is received, the codan action removes this loss, allowing the 
speech with which the carrier is modulated to pass from the receiver 

Fig. 2- Marine radio compass installed on a trawler. 
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output to the receiving line. This device makes it possible to deliver 
higher speech volumes to the telephones on shore since it prevents the 
operation of the receiving vodas relays on radio noise during the idle 
intervals. I t also prevents the high radio noise which would other
wise result due to the increase in gain inserted by the automatic volume 
control whenever the carrier is interrupted. 

I t can be seen from this discussion that the use of the codan pre
supposes suppression of the carrier of the distant transmitter except 
when the user wishes to talk. This method of operation has been 
adopted for this type of marine radio telephone service. 

A 10-kw. 220-volt three-phase 60-cycle alternator driven by a 
Buffalo gasoline engine has been provided to furnish the necessary 
emergency power supply in case the normal commercial supply fails. 

The frequency designated by the Federal Communications Com
mission for use by ships communicating with the shore through the 
Green Harbor radio telephone station is 2110 kilocycles. This carrier 
frequency is maintained within Iimits of 0.025 per cent. 

Two crystals are provided and the circuit arranged so that the 
receiver may be quickly adjusted to operate on either of two frequencies 
by means of a local mechanical or an electrically operated remote 
control. The receiver is so designed as to make possible boat-to-boat 
conversations on aseparate frequency. 

The signaling unit which is normally connected to the output of the 
radio receiver consists of a selector operated under the control of an 
arrangement of relays which in turn are controlled by incoming signal 
pulses of 600 and 1500-cycle tones. The bell on each vessel is oper
ated only in response to the particular code of pulses to which the 
selector is adjusted. Arrangements are also included so that the 
vessels of any one fleet may be called simultaneously. 

A motor generator set operates continuously while the vessel is 
standing by for the reception of signals and furnishes 12- and 200-volt 
power for the Operation of the radio receiver and signaling unit. A 
second motor generator set is automatically started when the handset 
is lifted from the switch hook to place a call or in response to an in
coming signal, and furnishes power to operate the transmitter. On 
several of the smaller boats having 32-volt power supply with wide 
voltage fluctuations, power supply equipment consisting of two 
dynamotors operated from a 12-volt battery charged from the vessel's 
storage battery has been employed successfully. 

The control unit for the radio telephone consists of a small panel on 
which are mounted a switch for turning the set on and off, a meter for 
indicating antenna current, a manual volume control, pilot lamp 



706 BELL SYSTEM TECHNICAL JOURNAL 

signals and a bell for announcing incoming calls. A special handset 
with push button completes the control unit assembly. 

At Boston, the marine radio telephone traffic is handled at two 
positions on the outgoing toll board especially modified for this pur
pose. The wire lines from the Green Harbor station terminate at this 
point, and calls from vessels can be switched by the operator to any 
point connected to Bell System facilities. The normal wire lines are 
three loaded cable pairs. One pair is used for transmission from the 
shore telephone to a boat, the second conducts speech received from a 
boat through the toll position to the land line telephone, and the third 
is employed as an order vvire for communication between the operator 
at the marine position and the technical operator at the Green Harbor 
station. All of these circuits are duplicated over an alternate route 
for use in case of trouble on the normal facilities. 

The marine operator dials the code assigned to the vessel desired. 
The dialing operation produces the desired grouping of 600 and 1500 
cycle pulses which modulate the radio transmitter carrier frequency 
of 2506 kilocycles. The signaling unit on the vessel is actuated by 
these pulses and the bell rings. The captain raises the handset from 

' the switch hook on the control unit, presses the push button in the 
handle of the handset and announces the name of his vessel. The 
operator then completes the connection and the conversation takes 
place. 

In placing a call from boat to shore the captain or member of the 
crew raises the handset from the switch hook and, after listening to 
ascertain that no conversations are in progress, presses the push button 
and calls "marine operator." The marine operator who is normally 
monitaring on the channel ascertains the name of the calling vessel, 
the shore station desired and other necessary details, and while the 
calling party holds the line proceeds to call the land line telephone and 
establish the connection. 

\Vhen a person on one boat wishes to talk with a person on another 
boat, the procedure in placing the call and establishing the connection 
is the same as in the case of a ship-to-shore call, except that when both 
are prepared to talk, the technical operator at Green Harbor operates 
a by-pass key which connects the radio receiver output and radio 
transmitter input without including the voice operated device and 
other equipment associated with the land circuits. The land Iine is 
bridged onto the circuit so that the marine Operator may be advised of 
any difficulties which arise in carrying on the conversation. 

During the more than two years that the system has becn in experi
mental service, the transmission results up to distances of 500 milcs 
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from the shore station have been quite satisfactory. Of course , d uring 
periods of abnormally heavy static the norma l range is somewhat 
reduced. The service is availa ble a t a ll times, but practicall y a ll 
business is handled between the hours of 8 A.l\1. and 6 P .M. so that 
the relatively poor atmospheric condi t ions usua lly existing duri ng 
summer nights do not adversely affect t he radio telephone traffic. 
However, experience has indicated that calls originated d uring such 
periods from vessels within the norma l ra nge can be handled satis
factorily. During some periods of favorable atmospheric conditions 
experimental transmissions over dista nces greatly in excess of t he 
normal range have been successfully conducted. 

On fishing vessels the radio telephone equipment is accessib le for 
maintenance work only at the conclusion of trips which a re usua ll y of 
about ten days' duration. I t is obvious, therefore, tha t the equipment 
must be designed for reliable operation over long periods and experience 
indicates that these requirements have been we11 satisfied. 

Fishing craft normally make use of the service for reporting t he 
details of the catch, for making arrangements toreturn to port and for 
talking with other fishing vessels to Iocate points where fishing is best. 
The radio telephone has proved of vital importance on several occasions 
where engine breakdowns necessitated advice from shore in order to 
make repairs and having replacement parts available upon the vessel 's 
arrival at port. In several instances of sickness and accidents to 
members of a crew, medical advice has been obtained or the Coast 
Guard summoned to remove the injured man for quick transportation 
to a hospital. In one case of severe darnage to a trawler as a result of 
a collision, the Coast Guard were summoned and the owners were able 
to keep in constant tauch with the situation . 



Harbor Craft Ship-to-Shore Radio Telephone Service in 
Puget Sound Area * 

By E. B. HANSEN 

PUGET SOUND with an area of about 6,000 square miles serves a 
large region whose principal resources are lumber and fishing, 

Movement of the raw products to points where the manufacturing and 
processing are carried on comprises a major part of the short-haul 
shipping in the Puget Sound area. Large lumber and pulp mills have 
been permanently established at locations where deep sea shipping and 
rail facilities are readily available. Logs in the form of large booms are 
towed to the mills from the sources of supply which extend throughout 
the area drained by the Puget Sound. The average haul of each boom 
is about 7 5 miles and consumes several days. Because of the relatively 
long time a tug is isolated in each operation, some economical means 
of dispatehing and directing the activities of the tow boats from the 
land headquarters is desirable. In the case of fishing, there is an even 
greater need than in the case of log towing for close contact between 
fishing boat and cannery in order that both the fishing and cannery 
activities may be coordinated so as to prevent waste of fish during 
large runs. 

From the above, it is clear that some means of communication be-
tween harbor craft and land stations would be useful. A preliminary 
view of the problern indicated that low-powered radio telephone chan
nels from each of these boats to a single land station and .thence by 
wire lines to any telephone, would be the most economical and practical 
means from the standpoint of the ship owners. Furthermore, the 
government regulations covering the issuance of Operators' licenses for 
radio telephone transmitters of 50 watts or less poweraresuch that the 
average member of a ship's crew can qualify after a few hours' instruc
tion, thus making it unnecessary for vessels employing this equipment 
to carry a special radio operator. 

After it was decided that this service was feasible and should be 
established the initial order of procedure was the selection of the site 
for the land station. 

Due to the fact that it is desirable to locate the transmitter and re
ceiver in juxtaposition, a wide variety of factors had to receive con-

* Digest of a pa per published in Electrical Engineering, August, 1935, pp. 828- 831. 
708 



HARBOR CRAFT SFIIP-TO-SHORE TELEPHONE ·SERVICE 709 

sideration. As to transmission, the distances involved in the harbor 
area are such as to make it advantageous, from the standpoint of 
quality and freedom from fading, to make use of a frequency which 
will permit covering the entire area with the direct or "ground" wave. 
The signal strengths obtained with ground wave transmission, however, 

1.) 

u.. 

1.) 

c( 

Q. 

VANCOUVER 

ISLAND 

0 10 20 30 

SCALE OF MILES 

30 

INTERNATIONAL 

BOUNDARY 

Fig. 1-Field strengths are indicated in decibels above one microvolt per meter. 

are affected considerably by the terrain, and the location of the station 
as much as amileinland might reduce the over-water range as much as 
50 miles. The selection of a receiving site involved a consideration of 
interference from a variety of sources including high voltage power 
lines, automobiles and motor boats as weil as atmospheric disturbances. 
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After a survey involving transmitted field strengths and noise measure
ments, a 13-acre plot of tide and water land having ready access to 
power supply and telephoneconnectionswas selected on Point Edwards 
about one mile south of Edmonds, \Vashington, and fifteen miles from 
Seattle. 

Due to the fact that the site for the transmitting and receiving station 
is under waterat high tide, the building housing the radio equipment is 
of frame construction erected on treated piling. 

The transmitting and receiving antennas, located 200 feetapart and 
near the building are also supported by piling. Both antennas are of 
the simple vertical type, the former 80 feet in height and supported by 
a single pole 110 feet high, and the latter 40 feet in height. A tuning 
unit is mounted in a weather-proofed box on the receiving antenna pole. 
The transmission line from the receiving antenna to the receiver1 in the 
radio equipment building is a special armored and Iead covered concen
tric conductor type. 

The equipment at the land station consists of a 400-watt transmitter 
with a rectifier unit for power supply similar to the type generally used 
for aviation service. The frequency stability is obtained by the use of 
a quartz crystal frequency control and will maintain its frequency to 
better than 0.025 per cent. I t is designed for substantially ·complete 
modulation of the carrier and under this condition little distortion oc
curs to the speech frequencies. A tuning unit for tuning the trans
mitting antenna to resonance is also housed in the building. 

As shown on the block diagram Fig. 2, a four-wire circuit is used to 
connect the radio station and the Seattle office where the circuit be
comes two-wire for switching to land subscribers. The equipment in
cludes means for regulating speech volumes; outgoing, so as to always 
properly load the radio transmitter, and incoming so as to give the 
shore subscriber the best received volume. A voice-operated device 
known as the "vodas" provides means for suppressing echoes and sing
ing. This device is essentially the samein principle andin its operation 
as those used in intercontinental service which have been described in 
detail in previous publications. In addition to the above units ap
paratus for monitaring and testing is provided. 

The harbor station, moreover, is arranged for remote control Opera
tion, equipment being provided so that the transmitter is automatically 
turned on when the operator inserts a plug in the "Harbor Circuit" jack. 

During operation the transmitter is continuously monitared by 
means of an auxiliary radio receiver in Seattle tuned to the transmitter 
frequency. In addition, the two-way portion of the voice-frequency 

1 Fora description of the receiver see the following digest. 
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circuit is monitared by rneans of an arnplifier and loud speaker bridged 
across the circuit through a high irnpedance coil. This, of course, indi
cates to the attendant the general status of each connection as to trans
rnission in both directions. Monitaring by rneans of a headset is also 
available and is usually resorted to in those instances where conditions 
require close attention to the adjustrnent of the apparatus to insure a 
satisfactory connection. 

\Vhen a call originates on land, the toll operator connects the land 
Iine frorn the shore subscriber to the radio circuit, designated "Harbor," 
by rneans of a regulartoll cord circuit. This operation, which requires 
the insertion of a plug in the jack of the radio circuit, autornatically 
starts the transrnitter at Point Edwards. It also indicates to the radio 
attendant by rneans of an alarrn that a connection is being rnade and 
that his attention is required to ascertain whether any adjustrnents 
under his control are necessary for proper Operation of the circuit. The 
switchboard operator then rings with a 1000-cycle signal which registers 
as an attention call to all ships which have their receivers operating. 
Selective ringing is available but requires that ships as weil as station 
be properly equipped. The particular vessel to which a connection is 
tobe rnade is called by narne and station Ietter. This ship then starts 
its transrnitter and reports and the two-way connection is established. 

On calls originating frorn a ship, the boat's transrnitter is energized 
and its carrier operates the codan circuit associated with the land 
station receiver. An auxiliary circuit actuated by the codan functions 
to signal the Seattle long distance operator by rneans of the regulartoll 
line larnp signal. It also signals the radio attendant to stand by in the 
rnanner described above. The switchboard operator in responding to 
the signal inserts the answering plug of a cord circuit in the "Harbor" 
jack which energizes the land transrnitter. Two-way telephone con
tact is then established with the ship, and from this point on the regular 
traffic operating procedure is followed in connecting the ship with the 
desired telephone station. 



Ship Sets for Rarbor Ship-to-Shore Service * 
By H. N. WILLETS 

A STUDY of conditions on boardfishing trawlers and harbor craft 
indicates that the radio units must be small in size, rugged in 

construction and adaptable to remote control. Further, the units 
must permit operation by non-technical personnel and require a 
minimum of power for their proper functioning. 

The striking similarity between these co.nditions and those already 
encountered in the furnishing of radio telephone equipment to aircraft 
permitted the use with small modification of a radio system already 
proved by years of use on this country's major airlines. 

The ship transmitter, coded the 13-A, has an output of 50 watts. 
Its size is 13!'' X 18i" X 10", its weight about 34 pounds. 

The tube complement comprises a 5-watt audio-frequency amplifier 
tube, a 5-watt oscillator tube which is controlled by a quartz crystal 
oscillating at one-half the desired frequency and connected to the grid 
circuit of the oscillator tube, and a SO-watt screen grid tube as a first 
radio-frequency amplifier. Th~ coupling from the oscillator is supplied 
by a radio-frequency transformer which freely passes the first harmonic 
of the quartz plate to drive the first radio-frequency amplifier. The 
outputstage consists of two similar tubes in parallel to form a second 
radio-frequency amplifier. The two radio-frequency amplifier stages 
are coupled by a transformer which also acts as a band-pass filter and 
freely passes the output frequency. The two radio-frequency trans
formers are mounted in a single plug-in unit. The audio amplifier 
modulates the screen bias on the first and second radio-frequency 
amplifiers, giving substantially one hundred per cent modulation. 
The filament of each of the three radio-frequency amplifier tubes is in 
series with a bailast tube to protect them from fluctuations in the power 
supply. 

The quartz crystal oscillator has the recently developed low tem
perature coefficient cut and the crystal holder is arranged with a heater 
which operates only should the temperature drop below zero Centi
grade. The transmitter is arranged for one, two or three carrier 
frequencies, each requiring a separate crystal. If more than one fre
quency is provided, change from one to another is accomplished by a 

* Digestof discussion prepared for Pacific Coast Convention, A.I.E.E., August ,1935. 
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single mechanical control. Remote selection of frequency may be by 
a flexible shaft or by a pull-wire arrangement. 

The companion receiver, coded the 12-C, is a compact unit weighing· 
about 16 pounds. It has a superheterodyne circuit employing six 
tubes and permits a quick shift between two fixed frequencies. High 
sensitivity and unusual selectivity are obtained. The antenna circuit 
is series tuned. The beating oscillator and modulator are combined 
in one tube while a quartz crystal assures the correct beating frequency. 
I t is a plug-in unit similar to that used in the transmitter and ground 
to the carrier frequency plus the intermediate frequency of 385 
kilocycles. Two stages of intermediate radio frequency are used. 
A duo diode triode tube is used as detector and fi.rst stage of audio
frequency amplifi.cation. The second audio and output tube is a 
pentode. Automatie volume control provides uniformity of output 
signal. A bailast tube protects the fi.laments against valtage fluctua
tions in the power supply. 

Space is provided for two crystals and remote selection of either. 
frequency may be provided by flexible shaft or pull wire. The controls 
are tied tagether through the receiver and transmitter mountings so 
that the frequency of both may be shifted simultaneously from a 
remote point. 

While in the aircraft system the air pilot has his receiver always in 
use as he checks periodically on his raute, it is obvious that the marine 
pilot would not require this constant contact with the shore station. 
To eliminate the necessity of Ioud speaker monitoring, selective 
ringing is available. It works from the output of the radio receiver 
with a conventional type selector which is stepped up in response to 
the impulses received from a dial actuating the shore transmitter. 
With this arrangement, any particular boat may be called, a bell 
announcing the incoming call. 

For convenience of installation, the transmitter, receiver and 
selective ringing unit are mounted in a small metal cabinet. The 
cabinet provides protection to these units and incorporates the remote 
frequency change equipment and a junction box. All the connections 
between the unit mountings in the cabinet are permanent and termi
nate in the junction box. Provision is made in the base of the cabinet 
for two cables, one to the control equipment and the other to the power 
supply. The cabinet is provided with rubber feet which permit its 
installation in places subject to considerable vibration. One of the 
features of the installation is the ready access to any of the units for 
maintenance and test. The top and front of the cabinet may be 
removed and each unit, being "plug-in" mounted, is easily removable 
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without disturbing Connections. Adequate ventilation is provided as 
weil as protection against direct splashing from above. 

The power supply includes 12 volts for the filaments of the trans
mitter, receiver and selective signaling unit; 200 volts for the plate 
supply of the radio receiver, and 1,050 volts for plates of the tubes in 
the radio transmitter. For efficient Operation these voltages must be 
held to reasonably close Iimits and experience has shown that wide 

Fig. 1-Cabinet housing radio equipment; front panel removed showing Ieft top 
radio transmitter, right top radio receiver, ringing unit beneath. 

variations in the boat's power supply are to be expected. Therefore, 
two forms of power supply are generally recommended: 

1. Motor generators for both transmitter and receiver; 
2. A 12-volt storage battery and charging unit with dynamotors for 

the plate supply of the transmitter and receiver. 

In the case of motor generators, two machines are provided, each 
consisting of a driving motor and a double winding generator moun ted 
on a common cast iron base. The machines are of splash proof con-
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struction. The driving motors depend upon the source of power of 
each installation. \Vhere the variation of the d-c. supply is greater 
than ± 3 per cent, a speed regulator is provided. 

The generators of the double-voltage type have both a high and a 
low-voltage winding. One supplies 10 amperes at 13 volts and 0.1 
ampere at 200 volts to the receiver; the other 15 amperes at 13 volts 
and 0.35 ampere at 1,050 volts to the transmitter. The units are 
equipped with filters to prevent disturbance in the radio equipment. 

When voltage variations on shipboard are extreme, a 12-volt storage 
battery may provide the filament source as weil as operate both a 
200-volt and a 1,050-volt dynamotor. The battery charger may be 
of the automatic type or arranged for periodic charging. 

The control unit is designed for installation at any convenient 
location. It provides facilities for remote starting and stopping the 
radio apparatus. It consists essentially of a single master-control 
switch, a telephone handset, call bell, a volume control for the receiver 
in the handset, and an antennce meter for visual indication of the 
transmitter operation. A small lamp on the unit indicates when 
the receiver is in operation. To call or answer a call, one operates the 
single master-control switch and removes the handset from its hook 
switch. This controls the power to the radio transmitter. A push 
button in the handset handle automatically switches from receive to 
transmit position. 

As an adjunct to the two-way radio telephone system, a radio com
pass has been developed which is essentially composed of a highly 
sensitive radio receiver and of a loop and "sense-indicating" antenna, 
and is extremely simple to operate. The accuracy of the arrangement 
is in the order of one degree when 200 to 300 miles from the marine 
radio beacon. Taking bearings on marine radio beacons is facilitated 
by a scale on the receiver calibrated directly in kilocycles and a chart 
on the receiver panellisting the radio beacons. After tuning, the loop 
is rotated by a hand wheel until the needle of a center-reading meter 
points to zero. A unique arrangement of the antenna permits a scale 
on the shaft of the loop to indicate the azimuth between the ship's 
heading and the direction of the received radio beacon when the meter 
reads zero. As the loop is turned to the right or left, the needle on 
the meter likewise swings to the right or left. There is no doubt as 
to the "sense" of the bearing as the meter gives positive visual indica
tion when the loop is rotated. By plotting the direction of the boat 
from two or moreradio beacons on the nautical chart, the intersection 
of these plotted lines determines the ship's position. 

The direction-finding receiver employs a superheterodyne circuit, 
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covering the frequency band from 242 to 515 kilocycles. A single 
control tunes the entire frequency range providing coverage of aii 
the marine beacon stations and aii the ship telegraph frequencies. 
The power supply for the receiver is the same as that for the other 
radio units. A loud speaker may be provided for identifying the 
station and to facilitate tuning. It may also be used for taking a 
bearing under severe static conditions. The loop assembly consists of 
a statically shielded loop winding, a supporting pedestal with shaft, a 
mounting Bange, a hand-wheel, an azimuth scale, a compensator, an 
indicating meter, slip rings, lamp and terminal strip. 

I 



An Electromechanical Representation of a Piezoelectric 
Crystal Used as a Transducer * 

By W. P. MASON 

T HE equivalent electrical representation of a piezoelectric crystal 
when used as an elementinan electrical circuit has been discussed 

by several investigators,l who have arrived at the circuit shown on 
Fig. 1. Apparently, however, no circuit has been evolved for repre-
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CA 

Fig. 1-Electrical representation of a piezoelectric crystal. 

senting a crystal when it is used as a transducer to couple electrical 
circuits to mechanical systems. Since .such crystals 2 are used in loud 
speakers, microphones, supersonic radiators, and other apparatus, it is 
a matter of importance to obtain such a representation. This paper 
discusses such an equivalent circuit and relates the elements to the 
mechanical, electrical, and piezoelectric constants of the material. 
When used as a purely electrical circuit, this representation reduces to 
that of Fig. 1. 

When piezoelectric crystals are used to drive external mechanical 
systems, the modes of motion most often used are longitudinal vibra
tions perpendicular or parallel to the applied electric field. Accord
ingly, the elements of the equivalent network are derived for these cases 
only. Th.e network can, however, represent any type of motion driving 
a Ioad just as the network of Fig. 1 can represent the crystal for any 
type of motion. 

Let us consider first the case of a crystal vibrating perpendicularly to 

*Digest of an article appearing in the Proc. I. R. E. for October, 1935. 
1 \V. G. Cady, Phys. Rev., XXIX, 1 (1922); Proc. I. R. E., X, 83 (1922). K. S. 

VanDyke, Ab. 52, Phys. Rev., June, 1925; Proc. I. R. E., June, 1928. D. \V. Dye, 
Proc. Phys. Soc. (London), XXXVIII, (5), pp. 399-453 . P. Vigoreaux, Phil .. Mag., 
December, 1928, pp. 1140-53. 

2 A. M. Nicolson, Proc. A. I. E. E., 38, 1315- 1333, 1919. E. B. Sawyer, Proc. 
I. R. E., 19, No. 11, p. 2020, November, 1931. S. Ballantine , Proc. I. R. E., 21, 
No. 10, p. 1399, October, 1933. 
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the direction of the applied field . Two subdivisions of this case are 
usually of interest, the first when the crystal is supported at its center 
and drlves two symmetrical Ioads, and t he second when the crystal is 
supported on one end and drives a Ioad on the other end. The sym
metrical case is considered first . 

By employing the weil known analogies between electrical and me
chanical systems, it is possible to obtain a simple network, expressed in 
terms of electrical symbols, which represents t he properties of a piezo
electric crystal. In this representation , force is the analogue of voltage, 
mechanical displacement of electrical charge, and velocity of electrical 
current. When the electrodes are attached to t he crystal faces, t he 
equivalent network of the crystal is shown by Fig. 2, The voltage E 

-o~ 

rll 
1 co 
E 

I 

Fig. 2-Eiectromechanical representation of a symmetrical 
piezoelectric crystal. 

3 

F 

is the voltage applied across the plates of the crystal, the force F is 
the force applied to each end of the symmetrical crysta l, Q1 is the elec
trical charge flowing in the wires connected to the crystal and Q2 and Q3 
are the mechanical displacements of the ends of the crystal which are 
equal on account of the symmetry of the cryst al. 

The constants of the crystal can be evaluated by considering limiting 
cases. The capacitance Co is the electrostatic capacitance of t he 
crystal clamped. The compliance CE is the mechanical compliance of 
the crystal. In c.g.s. electrostatic and mechanical units, t hese have 
the values 

C 
slrn 

E = lelo' (1) 

where K is the dielectric constant of the crystal clamped, le the dimen
sion of the crystal in centimeters perpendicular to the surfaces of the 
electrodes, lm the length of the crystal in t he direction of vibration, lo the 
length of the third axis, and s the modulus of compliance of the crystal 
(the inverse of Young's modulus) along the axis of vibration. The 
inductance L E represents t he mass reaction of half the crystal. At Iow 
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frequencies this will be equal to half the mass of the crystall but at 
higher frequencies will be less due to the fact that the crystal does not 
move as a whole. 3 In order to resonate with the compliance CE at the 
mechanical resonance frequency of the crystall LE must equal 

LE = 2lclmlop 
2 I 

7r 
(2) 

where p is the density of the crystal. The resistances R shown include 
the dissipation due to internal friction 1 supersonic radiation from the 
ends of the crysta1 1 friction at the point of support and all other sources 
of dissipation. 

If F0 is the force required to keep the crystal from expanding when an 
electric charge Q1 is applied to the crystal then C.u the mutual capaci
tance-compliance of the crystal is equal to 

C.~I = Qd Fo. (3) 

Similarly if Eo is the open circuit voltage for a given expansion (Q2 + Qa) 
of the crystal then 

(4) 

In order to evaluate C.lf in terms of the piezo-electric coefficient d, it 
is necessary to find the displacement for a free crystal when an electrical 
potential is applied to the crystal. Short circuiting the network of 
Fig. 2 on the mechanical ends and setting F = 0, we find 

Ek,~ 
1 - k2 I 

(5) 

where k is the coefficient of coupling between the electrical and mechan
ical system is defined by the equation 

(6) 

Use is now made of the piezo-electric equation 

e = dV1 (7) 
3 Strictly speaking the value of CE is also a function of frequency, but at the first 

resonance it can be shown that it differs from its static value by the factor 
8/[n·2 

- k2(n·2 - 8)] and LE = l<lmlop/4. For a highly coupled crystal, this factor 
does not differ much from unity, and hence in the interest of simplicity, the variations 
of CE have been neglected. 
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where e is the strain (elongation per unit length) produced in the crystal 
by an applied potential gradient V. Comparing (5) with (7) and not
ing that Q2 + Q3 = elm, and v· = E/lc, we have on the insertion of thc 
values for Co and Ce from (1) 

Solving for k we find 

k{Ks 
\}~ 

d=--· 
1 - k2 (8) 

k = __!_ /Ks [ _ 1 + /1 + 161rd
2

] = d /47r , (9) 
2d \j 47r \} Ks \} Ks 

when 167rd2/Ks is a small quantity as it is for quartz. 
\Vhen the crystal is used as an element in an electrical network, and 

allowed to vibrate freely, the force F of Fig. 2 can be set equal to zero 
and the network short-circuited. Solving for the impedance on the 
electrical side we find 

(10) 

where fl = f A2 ; !12 = f A2(1 - k2) (JA being the natural mechanical 
resonance frequency of the crystal), and q is the ratio of the reactance 
of the condenser CE to the resistance R /2 or 

(11) 

It is easily shown that the impedance Z c is also the impedance of the 
network of Fig. 1 if 4 

CA = Co; 
CB = Cok2/(1 - k2); 

L B = 1/47r2
j A2k2Co; 

RB = 1/2 7rfACok2q. 

(12) 

Hence the representation in Fig. 2 reduces to the weil known Fig. 1, 
when the crystal is free to vibrate. 

A network representin:g the second case, when one end is supported 
with the other end used to drive a Ioad, is shown on Fig. 3. The 
method of deriving the constants is the same and all of the constants " 

4 If account is taken of the variation of Ce and LE \Vith frequency, the elements are 

8k2C0 1 1 
C.1 = Co; Cs = 7r2(l _ k2) ; LB = 32k2JA2Co ; RB = 1/2rrfACok2q where q = rrR CEJA. 
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Fig. 3-Eiectromechanical representation of a piezoelectric crystal 
clamped on one end. 

F" 

I 

are the same except LE, which is twice as large since twice the mass is 
moved from the clamping position. 

\Vhen the direction of motion is parallel to the direction of the applied 
field, the same networks hold but the elements have different lengths 
entering into their determinations. The direction of the applied field 
and of the motion is designated by le. The other two axes are still 
designated by lm and l0• The resulting constants are 

er) Klmlo c sle . Ks 
4trle 

; E = lmlo; c!II = 4trd ; 

LE = 2plrlolm 4plelolm 
(13) 

LE2 
I 7r2 

= _7r_2_ 

where LE1 is the mechanical inductance for the symmetrical case (Fig. 
2) and LE

2 
for the dissymmetrical case (Fig. 3). 

A simple example of the use of Fig. 2 in determining the effect of a 
mechanicalload on the impedance of a crystal is the problern of finding 
out how much the energy radiated by a crystal to the surrounding air 
affects the decrement of a quartz crystal vibrating longitudinally. 
When a crystal vibrates, energy is radiated to the surrounding medium 
by the motion of the ends of the crystal. If the dimensions of the 
ends of the crystal are comparable to a wave-length or greater-which 
they will ordinarily be for a crystal vibrating at a high frequency-it 
is weil known 5 that the radiating surface experiences a resistance to 
motion equal to 

Ru = P1tb (mechanical ohms) (14) 

per square ccntimeter, where PA is the density of the medium and b 
the velocity of propagation. For air Ru is about 41 ohms per square 
centimeter. Hence the equivalent circuit for a crystal vibrating in 
air is Fig. 2 terminated at the terminals 3- 4 and 3- 5 by the mechanical 

5 See "Theory of Vibrating Systemsand Sound," I. B. Crandall, Chap. 4, D. \'an 
Nostrand Co. 
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resistances 

(15) 

If all other sources of dissipation were eliminated, the radiation rc
sistance would produce a limiting value for the decrement of a crystal 
which may be calculated as follows. From equation (11), the valuc 
of q for the mechanical system is 

(16) 

on inserting the values of Rn, CE, and JA = 1/2lm-YPs. Since p = 2.65 
and s = 1.27 X 10-12 for a perpendicularly cut quartz crystal 

q = 2.24 X 104• 

The decrement of a crystal in terms of the circuit of Fig. 1 is 

R s 
0 

= 2fAL;. 

Inserting the values of footnote ( 4) we find 

o = ~ = 1.14 X 10-4• 
'Jrq 

(17) 

(18) 

(19) 

Van Dyke 6 has measured the limiting value of the decrement of a 
perpendicularly cut quartz crystal vibrating in air and finds it to be 
1.26 X 10-4• Since the residual Iosses were about 5 per cent of the 
radiation losses, this agrees well with the value found in equation (19). 

The equivalent circuits of Figs. 2 and 3 may also be used as the 
basis of design for mechanical systems, such as loud speakers, micro
phones and supersonic radiators. 

6 Proc. I. R. E., April, 1935. 



Abstracts of Technical Articles from Bell System Sources 

Some Afetlzods for Afaking Resonant Circuit Response and Impedance 
Calculations. 1 H. T. BuDENBOM. This article presents a series of 
short-cut methods for the computation of the amplitude and phase
response characteristics of one- and two-mesh circuits; the extension 
of the method to three- and four-mesh networks is carried out formally. 
I t also treats the impedance-frequency characteristics of singly reso
nant circuits. The plan of attack in the single-circuit impedance and 
multi-mesh response cases is to express the desired circuit or transfer 
impedance as a polar numeric multiplied by a sizing constant which 
turns out to be a simple reactance element of the circuit. 

A Rapid lvfetlzod for tlze Determination of Sulfur in Ferromagnetic 
Alloys.2 B. L. CLARKE, L. A. \VooTEN, and C. H. PoTTENGER. A 
method is described for the determination of sulfur in ferrous alloys 
of high-niekel content, wherein the sample is heated in hydrogen at 
1100° to 1200° C., and the liberated hydrogen sulfide absorbed in 
ammoniacal cadmium nitrate solution. The method is generally 
applicable to iron-nickel-cobalt alloys. 

The precision of the method for the range of 0.005 to 0.020 per cent 
sulfur is shown to be ± 0.001 per cent sulfur on the basis of a 10-gram 
sample. 

The Newly Discovered E/.ementary Particles. 3 KARL K. DARROW. 
During the three years following the discovery of heavy hydrogen in 
the latter part of 1931, four additional elementary particles of matter 
lighter than the alpha particle (nucleus of the ordinary hclium atom) 
have been discovered where only two were known previously. This is 
considered extraordinary even for the present rapid pace of physics 
which sometimes requires physicists to revise their fundamental 
concepts of matter almost overnight. These five newly discovered 
particles formcd the subject matter of a highly intcresting and instruc
tive address delivered recently by Doctor Darrow at a mccting of the 
American Institute of Electrical Engineers' New York Section; the 
essential substance of this illuminating address is presented in the 
published article. 

1 Radio Engg., August, 1935. 
2 Indus. & Engg. Chem., Analytical Edition, July 15, 1935. 
3 Elec. Engg., August, 1935. 
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llfagnetic Hysteresis at Low Flux Densities. 4 \V. B. ELLWOOD. 
The energy loss per cycle in a ferromagnetic material subjected tosmall 
alternating fields is sometimes separatecl into three parts: the first 
due to eddy current loss, the second to hysteresis presumed to follow 
Rayleigh's laws at these flux densities ; the origin of the remainder is 
unknown and is the subject of much controversy; it has been variously 
termed "magnetic viscosity," "after effect," and "square law hystere
sis." In studying energy loss in a ring of compressed iron dust, 
hysteresis loops have been measured ballistically by a new method with 
a relative error in Bm as low as 0.01 per cent. The range in maximum 
flux density is from 2 to 100 gauss. The loops are lenticular and very 
slender, Bm being about 1500 times the remanence for the smallest 
loop. The smaller loops are at flux densities considerably below those 
investigated by Rayleigh. His findings as to variation of a rea, of 
remanence, and of permeability with loop amplitude are confirmed and 
extended through the new range of flux densities, though the shape of 
the loops is not as simple as that he proposed. The energy loss per 
cycle is proportional to Bma while the remanence is proportional to 
Bm2. The ballistic measurements have been compared with a-c. 
bridge measurements on the same specimen. The loss of unknown 
origin is not included in the hysteresis loss measured ballistically. 
Comparison is made between the third harmonic induced voltage com
puted by a Fourier series analysis of the ballistic loops and the bar
monie actually generated by the specimen. Agreement is found be
tween the measured and the computed values. Possible explanations 
of the discrepancy between the ballistic observed energy Iosses and 
a-c. findings are discussed. 

A Fugue in Cycles and Bels. 5 J OHN l\1ILLS. Engineers who are 
questioned by their musical acquaintances about electrical transmis
sion and what it is likely to do to the art are likely to find an explana
tion, even in the siruplest of terms, shooting over the heads of thcir 
audience. The reason lies not in the inherent difficulty of the concepts, 
but in their number, which exceeds the power of memory to retain as 
unrelated facts. In this volume J ohn l\1ills has strung his facts to
gether on the thread of logical relationship, but he has tied them into 
his readers' existing knowledge by many a deft touch of anecdote or 
humor. Frequency, with its relation to harmony and discord, opens 
the volume; there follows a physical picture of vibrations in various 
media and how one form is transformed into another. Pitch and ~ 

intensity are next considered. An entire section is devoted to telc-
4 Physics, July, 1935. 
5 Published by D. Van Nostrand Company, Inc., I\"ew York, N. Y., 1935. 
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phonic studies of hearing; it incfudes such topics as the ear, the ampli
fier, transmission, loudness, overloading and distortion. 

A third section, which discusses the electrical future for music, 
will most intrigue the musician. After surveying the present state of 
the art of pick-up, transmission, recording and reproduction of music, 
the author visualizes some of the possibilities which might be most 
immediately realized: reproduction in auditory perspective, electrical 
music and electrical aids in teaching. 

To permit a rapid survey by the general reader, l\1r. l\lills has with
drawn all tables and graphs from the main text and has grouped them, 
with necessary explanations, at the end. This section forms a useful 
compendium of numerical information on frequencies, decibels, 
thresholds, response curves of microphones and loud speakers, loudness 
and energy Ievels, masking and the like. 

The engineer will find "A Fugue in Cycles and Bels" interesting and 
easy to read, and a source of data not always available, and he can 
recommend it to those musicians whose serious interest in their art 
Ieads them to delve into its physical basis. 

lnfluence of Experimental Technique on the 1\Ieasurement oj Differential 
Intensity Sensitivity of the Ear.6 H. C. l\1oNTGOMERY. The Iack of 
agreement among previous measurements of differential intensity 
sensitivity indicates that the values obtained depend to a large extent 
on the experimental conditions. The relative importance of various 
factors is indicated, and a procedure is suggested which was designed 
to give the smallest possible values of differential intensity sensitivity. 
Intensive measurements made by this method upon a single subject, 
using a pure tone of 1000 cycles, gave values consistently smaller than 
any previously reported. There is no sharp division between intensity 
changes which can be perceived and those which cannot. The response 
of the subject is essentially variable and can be described only by 
statistical methods. 

Diurnal and Seasonal Variations in the Ionosphere During tlze Years 
1933 and 1934. 7 ]. P. SCHAFER and \V. l\1. GooDALL. The most im
portant results of daily ionospheric measurements made at Deal, 
Ncw Jersey, latitude 40° 15' N., longitude 74° 02' \V., over the period 
from l\1arch, 1933, to l\'lay, 1934, are give11 in this paper and may be 
summarized as follows: 

1. There was a definite correlation betwee11 the 110011 value of 
ionic dcnsity of thc F1 region and magnetic disturbanccs, a dccrcasc in 
ionic density bcing obtaincd on magnctically disturbed days. 

6 Jour. Acous. Soc. Amer., July, 1935. 
7 Proc. I . R. E ., June, 1935. 
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2. The noon value of ionic density of the E and F 1 region attained a 
maximum in summer and a minimum in winter whereas thc reversc 
condition, of minimum in summer and maximum in winter, was found 
for the F2 region. 

3. The time of maximum ionic density of the F 2 region varied with 
the seasons of the year, occurring near noon in winter and near sunset 
in summer. 

The paper also shows a series of virtual height contour maps for the 
four seasons of the year. 

Utilization of Electrical R esistance llfeasurements for Controlling tlze 
Composition of Alloys. 8 E . E . SCHUMACHER and L. FERGUSON. To 
stimulate interest in the more general use of the electrical rcsistance of 
solid solutions for indicating t he composition of alloys, details con
cerning one application are set forth in this paper. \Vhile for other 
systems certain elements of the method as outlined here might have 
to be modified, it appears that the general principle could be ad
vantageously utilized in many inst ances. T his paper presents, 
therefore, a practical resistance method of supplementing ordinary 
chemical analyses in the determination of the antimony content of 
lead-antimony alloys ranging at least from 0.4 t o 1.1 per cent. It has 

· been found that, within this range, a 1 per cent change in resistance is 
produced by a change in antimony content of less than 0.1 per cent 
and that the maximum deviation in resistance data may reasonably 
be made so small as to correspond to not more than ± 0.01 per cent 
antimony. 

8 Metals and Alloys, June, 1935. 



Contributors to this Issue 

LEONARD GLADSTONE ABRAHAM, B.S., 1922, l\1.S., 1923, University 
of Illinois. American Telephone and Telegraph Company, Depart
ment of Development and Research, 1923-34; Bell Telephone Labora
tories, 1934-. l\tfr. Abraham has been engaged in transmission de
velopment work on toll telephone systems. 

AusTIN BAILEY, A.B., University of Kansas, 1915; Ph.D., Cornell 
University, 1920; Instructor in Physics, Cornell University, 1915-18; 
Signal Corps, U. S. A., 1918-19; Assistant Professor of Physics, 
University of Kansas, 1921-22. American Telephone and Telegraph 
Company, Department of Development and Research, 1922-34; Bell 
Telephone Laboratories, 1934-. Dr. Bailey's work has been largely 
along the line of methods for making radio transmission measurements 
and of long-wave radio problems. 

F. A. GIFFORD, B.S., Tufts College, 1920. General Electric Com
pany, Lynn, Massachusetts, 1920-22; American Radio and Research 
Corporation, Medford, Massachusetts, 1922; New England Telephone 
and Telegraph Company, Engineering Department, Boston, 1922-. 
Mr. Gifford has been engaged on various types of telephone engineer
ing work, devoting a large part of his time during the past four years 
to problems in connection with the Boston l\1arine Radio Telephone 
Service. 

EARL B. HANSEN, B.S. in Electrical Engineering, University of 
California, 1920. Pacific Telephone and Telegraph Company, 1920 
to present date. Latterly, Mr. Hansen's duties have been in the field 
of toll transmission. 

H. E. HARING, B.S., Franklin and Marshall College, 1916; 1\T.A., 
Princeton University, 1917. Assistant Chemist, Ordnance Depart
ment, U. S. Army, 1917-19; Associate Chemist, U. S. Bureau of 
Standards, 1919-28; Electrochemist, Victor Talking l\'lachine Com
pany, 1928-29; Bell Telephone Laboratories, 1929-. Since 1919 l\1r. 
Haring has been engaged in electrochemical research in connection 
with storage batteries and other electrochemical apparatus, electro
deposition, and corrosion. 

H. R. HUNTLEY, B.S., University of vVisconsin, 1921. \Visconsin 
Telephone Company, Engineering Department, 1917- 30; American 

728 



CONTRIB UTORS TO THIS ISS UE · 729 

Telephone and Telegraph Company, Department of Operation and 
Engineering, 1930- . Mr. Huntley's work has been conccrned prin
cipally with transmission and inductive coordination mattcrs. 

DR. ]EWETT, as Vice President of the American Telephone ancl 
Telegraph Company and President of t he Bell Telephone Laboratories, 
needs no introduction to T echnical Journal readers. 

S. A. LEVIN, E.E., Chalmers T echnical Institute, Gothenburg, 1919; 
Technische HochscJmle, Berlin , 1920-2 1; T echnische Hochschule, 
Dresden, 1921-23. Radio Department, General Electric Company, 
Schenectady, N. Y., 1923- 26; Engineering Department, National 
Electric Light Association, New York, N . Y., 1926-30 ; Bell Telephone 
Laboratories, 193G-. Mr. Levin's work has to do with t he develop
ment of high-frequency measuring equipment for carrier systems. 

FREDERICK B. LLEWELLYN, M.E., Stevens Inst itute of T echnology, 
1922; Ph.D., Columbia University, 1928. Western Elect ric Company, 
1923-25; Bell Telephone Laboratories, 1925-. Dr. Llewellyn has been 
engaged in the investigation of special problems connected with radio 
and vacuum tubes. 

W. P. MASON, B.S. in Electrical Engineering, Universi ty of Kansas, 
1921; M.A., Columbia University, 1924; Ph.D., 1928. Bell T elephone 
Laboratories, 1921-. Dr. Mason has been engaged in investigations 
on carrier transmission systems and more recently in work on wave 
transmission networks, both electrical and mechanical. 

R. B. MEADER, B.S., University of New Hampshire, 1921. New 
England Telephone and Telegraph Company, 1922-. Since 1930 l\Ir. 
Meader has worked chiefly on radio telephone field strength surveys 
and other activities leading to the establishment of the Green Harbor 
Radio Telephone Station and the development and operation of the 
Boston Marine Radio Telephone Service. 

E. J. O'CoNNELL, B.S., Northwestern University, 1924. American 
Telephone and T elegraph Company, Long Lines Department, 1924-25; 
lllinois Bell Telephone Company, Engineering Department, 1925- 28; 
American Telephone and Telegraph Company, Department of Opera
tion and Engineering, 1928- . Mr. O'Connell's work has bcen con
cerned principally with inductive coordination matters. 

Lrss C. PETERSON, E.E., Chalmers T echnical Institute, Gothenburg, 
1920; Technische Hochschule, Charlottenburg, 192ü-21; Technische 
Hochschule, Dresden , 1921-2 2 ; Signal Corps, Swedish Army, 1922- 23. 



730 BELL SYSTEM TECH NI CAL JO URNAL 

American Telephone and T elegraph Company, 1925- 30; B'ell Tele
phone Laboratories, 1930-. 1\'Ir. Peterson is engaged in the study of 
modulation and other problems connected with high-frequency carrier 
systems. 

G. S. PHIPPS, B.S. in Electrochemical Engineering, Pennsylvania 
State College, 1930. Bell Telephone Laboratories, 1930-. ~Ir. 

Phipps has been engaged principally in the m~tallurgical investigation 
of lead, aluminum and zinc alloys. 

E. E. ScHUMACHER, B.S., University of :\lichigan; Research As
sistant in Chemistry, 1916-18. Engineering Department, \Vestern 
Electric Company, 1918-25; Bell Telephone Laboratories, 1925-. As 
Assistant Research l\1etallurgist, l\lr. Schumacher is in charge of a 
group whose work relates largely to research studies on metals and 
alloys. 

U. B. THOMAS, ]R., B.S. in Chemistry, \Villiam and l\1ary, 1929. 
Bell Telephone Laboratories, 1929-. l\'lr. Thomas has been engaged 
principally in the study of base meta] contacts, storage batteries, and 
allied electrochemical problems. 

HoWARD M. THOMSON, B.S. in E.E., University of \Vashington, 
1930. Bell Telephone ·Laboratories, 1930-32; American Telephone 
and Telegraph Company, Department of Development and Research. 
1932-34; Bell Telephone Laboratories, 1934-. l\lr. Thomson's work 
has been principally on studies of long-wave radio transmission and 
field tests on an experimental transmitting wave antenna. 

H. N. WrLLETS, Western Electric Company, Engineering Inspection 
Department, 1917-25; Philadelphia Instrument Shop, 1921-25; Supply 
Department, 1925-26. Graybar Electric Company, 1926-28; \Vestern 
Electric Company, 1928-. l\1r. \Villets is engaged in the promo
t ion of aircraft radio, broadcasting, and ship-to-shore radiophone and 
harbor craft radiophone. 














